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1. Introduction

First, we look for positive solutions of the following problem:

—Au+u=alx)uP + Ab(x)u?!, in RV,
u>0, inRY, (1.1)

ue H1<RN>,

where A > 0 is a real parameter, 1 <p <2< g <2*=2N/N -2, N > 3. We will impose some
assumptions on a(x) and b(x). Assume

(al) a(x) >0, a(x) € L @D (RN) 0 L*(RN), where 1 < a < 2*/p,
(b1) b(x) € C(RN),b(x) — b® >0 as |x| — oo,b(x) > b* for all x € RN,

Such problems occur in various branches of mathematical physics and population
dynamics, and sublinear analogues or superlinear analogues of problem (1.1) have been
considered by many authors in recent years (see [1-4]). Little information is known about
the combination of sublinear and superlinear case of problem (1.1). In [5, 6], they deal with
the analogue of problem (1.1) when R¥ is replaced by a bounded domain Q. For the R case,
the existence of positive solutions for problem (1.1) was proved by few people.
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In the present paper, we discuss the Nehari manifold and examine carefully the
connection between the Nehari manifold and the fibrering maps, then using arguments
similar to those used in [7], we will prove the existence of the two positive solutions by
using Ekeland’s Variational Principle [8].

In [5], Ambrosetti et al. showed that for A > 0 small with respect to g > 0 there exist
infinitely many solutions u € H} (Q) of the semilinear elliptic problem:

—Au = MuP?u + plu"u, inQ,
(12)
u=0 ono0Q,

with negative energy:

u)==| |Vul"==| [uf ==\ |ul7, 1.3
‘If()zglpoH qgll (1.3)

and infinitely many solutions with positive energy, where Q C RY is an open bounded
domain. In [9], Bartsch and Willem obtained infinitely many solutions of problem (1.2) with
negative energy for every A > 0. For the RN case, the existence of multiple solutions was
proved by few people.

Finally we propose herein a result similar to [9] or [10] for the existence of infinitely
many solutions (possibly not positive) of

—Au+u = pa(x)|[ulPu+Ab(x)|u|"*u, in RN,

ue H'(RY), 44

by taking advantage of the oddness of the nonlinearity.
Our main results state the following.

Theorem 1.1. Under the assumptions (al) and (b1), there exists \* > 0, such that for all A € (0, 1*),
problem (1.1) has at least two positive solutions ug and uy, ug is a local minimizer of Iy and I, (ug) < 0,
where 1 is the energy functional of problem (1.1).

Theorem 1.2. Under the assumptions (al) and (b1), for every A > 0 and p € R, the problem (1.4)
has infinitely many solutions with positive energy and for every pu > 0 and A € R, infinitely many
solutions with negative energy.

2. The Existence of Two Positive Solutions

The variational functional of problem (1.1) is
1 1 A
B = [(19ul+a) - [ aGou? -2 [, 1)
& 2 < > p q

here and from now on, we omit “dx” and “RN” in all the integrations if there is no other
indication.
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Through this paper, we denote the universal positive constant by C unless some
special statement is given. Let (-,-) denote the usual scalar product in H'(RY). Easy
computations show that I, is bounded from below on the Nehari manifold,

Ay = {ueH1<RN> (T} (u), 1) :o}. (2.2)
Thus u € A, if and only if

lull? - f a(Olul? - xfb(xnuw - 0. 2.3)

In particular, on Ay, we have

1w = (-5 Il -2(Z -2 ) [pnr
(ot

The Nehari manifold is closely linked to the behavior of the functions of the form
¢y ot — I (tu) (t > 0). Such maps are known as fibrering maps and were introduced by
Drébek and Pohozaev in [11] and are discussed by Brown and Zhang [12]. If u € H}(RN),
we have

(2.4)

utt) = S - & [ acorr -2 {ocae,
#u0) = tl? - [ aolur - et [, (25)
0 = P = (=12 [ aGolul? = 3(g - 1 [ bt

Similarly to the method used in [7], we split A, into three parts corresponding to local
minima, local maxima, and points of inflection, and so we define

Af={ueh, :¢,)1) >0},
A ={ue :¢,1) <0}, (2.6)
A) ={ueA, :¢,1) =0},

and note that if u € A, thatis, ¢;,(1) = 0, then

{0 = @=plIP - 1(q-p) [ bl
2.7)

- @-)lulF - (p-9) [P
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This section will be devoted to prove Theorem 1.2. To prove Theorem 1.2, several preliminary
results are in order.

Lemma 2.1. Under the assumptions (al), (b1), there exists A* > 0 such that when 0 < A < \*, for
every u € H'(RN), u#0, there exist unique t* = t*(u) > 0, £ = t~(u) > 0 such that t'u € Aj,
t"u € AY. In particular, one has

. 2 -q)lul? >”<”‘2) i
t =tmax >t , 2.8
><(p—q>fa(x>|u|” g 28)

I (t"u) = mingejg e 1) (tu) < 0 and 1) (t"u) = maxp,- I (tu).

Proof. Given u € H'(RN) \ {0}, set ¢, (t) = £27||u||* = #~7 [ a(x)|ul’. Clearly, for t > 0, tu € Ay
if and only if ¢ is a solution of

pult) = Afb(xnuw. 29)
Moreover,
9L = 2 - @)l - (p - )17 j a(lul, (2.10)

easy computations show that ¢, is concave and achieves its maximum at

(2~ q)ljulP >”("‘”
tmax = . 211
<(p ~9) JaP @1)

If A > 0 is sufficiently large, (2.9) has no solution, and so ¢, (t) = I, (tu) has no critical
points, in this case ¢,, is a decreasing function, hence no multiple of u lies in A).

If, on the other hand, A > 0 is sufficiently small, then there exist exactly two solutions
t(u) >t~ (u) > 0 of (2.9), where t* =t"(u), t~ =t (u), ¢, (t7) >0, and ¢, (t") < 0.

It follows from (2.7) and (2.10) that ¢}, (1) = t9*¢) (), and so t'u € A}, t'u € A};
moreover ¢, is decreasing in (0,¢7), increasing in (7, "), and decreasing in (t*, o).

Next, we will discussion the sufficiently small 1*, such that when 0 < 1 < \*, there
exist exactly two solutions of problem (2.9) for all u € H'(RN) \ {0}, that is,

2_a\CD/ P s o @p-29)/ (p-2)
Ajb(x)lulq < @u(tmax) = (—q> (p > el Ry (2.12)
P-4 P-4/ (fa(x)up)®?*?
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Since

P P
fﬂ(X)lulp < lall ol < lallieas Sapllull?, (2.13)

where S, denotes the Sobolev constant of the embedding of H(RY) into L (R"), hence,

2_ g\ 29/(p-2) -2 ul|@-29)/ (p-2)
iz (8 ()

- - (2-q)/(p-2)
poa P97 (11all oy Stpllull”)

_ Z—q (2-9)/(p-2) P_Z ”qu
- <P‘4> <P—q> ( >(2—q)/(p—2)’

l1all pora Shy

(2.14)

and then
fb(xnurf < Mjull%, < MS3ju]j?

—q\ &/ e rp - -0/ (p-2) 2.15
< MSZ <%> (%) <||a||Lﬂ/(ﬁ*1) SZp) Py (tmax) ( )

=Cy (tmax)/

where S, denotes the Sobolev constant of the embedding of H LRN) into L1(RN), c is
independent of u, hence

(Pu(tmax) - )‘J‘b(x)luw > (Pu(tmax) - )LC(Pu(tmax) = (Pu(tmax)(l - )‘C)/ (216)

and so A [b(x)|u|? < @y (tmax) for all u € H'(RN) \ {0} provided A <1/2c = A*.

Hence when 0 < A < A%, ¢, has exactly two critical points—a local minimum at t~ =
t~(u) and a local maximum at t* = t*(u); moreover I, (t"u) = ming[o+ )1y (fu) < 0and I) (tTu) =
maxsst- I (tu).

In particular, we have the following result. O

Corollary 2.2. Under the assumptions (al), (b1), when 0 < X < X*, for every u € Ay, u#0, one has
@-lulF - (p-a) [ atolu 20 (217)

(ie, A =0).



6 Boundary Value Problems

Proof. Let us argue by contradiction and assume that there exists u € A, \ {0} such that
Q2-g)llul> - (p-q) [ a(x)[ulP =0, this implies

A f b()[ul? = Jull? - f a()up

-(5=2) [acorur
= <’%> G “(x)lul”>(p_q)/(p_2)<J' a(x)|u|P>(q—2)/(p—2)
- (%) (ﬁ)wq)/(p2)<(p—q)fa(x)|u|”>(pq)/(p2)<f a(x)|u|p>(q2)/(;72)

2\ /2 =g\ @&D/(p-2) (4-2)/ (p-2)
GG pee(far)

=y (tmax)
(2.18)

which contradicts (2.12) for 0 < A < A*. O
As a consequence of Corollary 2.2, we have the following lemma.

Lemma 2.3. Under the assumptions (al), (b1),if 0 < A < X*, for every u € Ay, u#0, then there exist
ae>0andaCl-mapt=tw) >0, we H (RN),||w| < e satisfying that

t(0) =1, Hw)(u-w) e, for||lw|l<e,

(£(0),w) = LTV 1) ~p] j(x>|”|”’2uw g :(x)luwzuw. (2.19)
@-@)lull” = (p-q) [ al)lul

Proof. We define F : R x HY(RN) — R by

F(t,w) = t|ju — w]|* - 7! f a(x)|u—wfP — At} jb(x)|u —w|i. (2.20)

Since F(1,0) = 0 and Fi(1,0) = [[ul* = (p = 1) [ a(x)[ul’ =A(g—1) [b(x)|ul? = 2= )llull* - (p -
q) [ a(x)|ul’ #£0 (by Corollary 2.2), we can apply the implicit function theorem at the point
(1,0) and get the result. O

Apply Lemma 2.1, Corollary 2.2, Lemma 2.3, and Ekeland variational principle [8], we
can establish the existence of the first positive solution.

Proposition 2.4. If0 < A <\, then the minimization problem:

Cy = inf I)l =inf I)L (221)
Ay Ay
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is achieved at a point ug € A} which is a critical point for I with ug > 0 and I)(uo) < 0. Furthermore,
u is a local minimizer of 1.

Proof. First, we show that I, is bounded from below in A,. Indeed, for u € A,, from (2.13),
we have

1 = 3lP ~ facur - 7 [beonr

= (37 )war-(5-3) [ acorur 222)

1 1 1 1
> (E - a)HuH2 - <i_9 - 5>||a||La/<a-1>S§PH””P

and so I, is bounded from below in A,;.
Then we will claim that ¢y < 0, indeed if v € H'(RY)\ {0}, from Lemma 2.1, there exist
0 <t (v) < t"(v) such that t~ (v)v € A). Thus,

co <L(t (v)v) = temn}%r(}))]bt(tv) <0. (2.23)

By Ekeland’s Variational Principle [8], there exists a minimizing sequence {u,} C A,
of the minimization problem (2.21) such that

1
co < Iy(uy) <co+ o (2.24)

1
L) 2 I(un) = —llo - uall, Vv €A (2.25)

Taking n large enough, from (2.7) we have

nw) = (37 )l - (5-2) [aclur <cos - <0 (2.26)

from which we deduce that for n large

2 _
ja(x)|un|”zﬂco, il < 297 (o, (2.27)
P—q P\g-

which yields

by < ||unl| < b2 (2.28)

for suitable by, by, > 0.
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Now we will show that

|1, (un)|| — 0 as n — oo.

(2.29)

Since u, € Ay, by Lemma 2.3, we can find a e, > 0 and a C'-map t,, = t,(w) > 0, w € H(RN),

[lw]| < €, satisfying that

Uy = by(w) (U, —w) € Ay, for ||w|| < en.

(2.30)

By the continuity of t, (w) and t,(0) = 1, without loss of generality, we can assume ¢, satisfies

that 1/2 < t,(w) <3/2 for ||w|| < €.
It follows from (2.25) that

1t @)t = 0)) = T 0n) 2 =l ()t = ) =

that is,
<I;L(un)rtn(w) (up —w) - un> +o(||tn(w) (un — w) — uyl|)

> —%th(w)(un —w) — Uy||-

Consequently,
tn () (I} (), w) + (1 = tu(w)) (I} (tn), tn)

1
< ;H(tn(w) - 1)”11 - tn(w)w” + O(th(w)(un - w) - un”)-
By the choice of €, we obtain

) C . C
(I atn), ) < = [(6,(0), )] + o(lfol)) + [l
+0([(£,(0), @) | ([unll + I[0]]))-
By Lemma 2.3, Corollary 2.2, and the estimate (2.28), we have

2 (Vi Ve + u,w0) = p [ a(x) unlP st = Aq [ b(x) un|" 1w

t,,(0),
0 ) 2= q)llual = (p—q) [ a(x)ual”
< Clfwoll,

then from (2.34) we get

, C C
(I (un), w) < il + —lwll +o(|lwll),  for [[]| < .

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)
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Hence, for any € € (0,¢€,), we have

C
|13 () || = % sup (I} (un), w) < — + %o(e), (2.37)

llewl|=e

for some C > 0 independent of € and n. Taking ¢ — 0, we obtain (2.29).
Let up € H'(RY) be the weak limit in H'(RN) of u,,. From (2.29),

(I (), w) =0, Yew e H (RN> ; (2.38)

that is, 1y is a weak solution of problem (1.1) and consequently uy € A,. Therefore,

co < Ii(up) < lim Iy (uy) = co; (2.39)
n— oo
that is,
Ccy = I)L(uo) = lll\lf I)L. (240)
A

Moreover, we have ug € AjJ. In fact, if uy € A}, by Lemma 2.1, there exists only one t* > 0
such that t*ug € A}, we have t* =" (ug) =1, =t (uo) < 1. Since

dl(t"uo) _ 0 A*1) (t up)
dt ’ dr?

>0, (2.41)
there exists t* > t > t~ such that I, (fuo) > I, (t uo). By Lemma 2.1,

L(tu) <1 (Euo) < L(Fug) = L (uo); (2.42)

this is a contradiction.
To conclude that u is a local minimizer of I, notice that for every u € H'(RN) \ {0},
we have from Lemma 2.1,

(2.43)

2~ q)lulP >“(’””

L(su) 2 Li(tu) YO<s< <(P -q) [a(x)lul’

In particular, for u = ug € A}, we have

) (2 - q)lluol? >”<”‘”
=1 . 2.44
t™ (uo) < <(p—q)fa(x)|uo|p (2.44)
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Let € > 0 sufficiently small to have

2 — _ 2 1/(p-2)
1<<(p(—q>tf])a”(1(;|u:)—”w|ﬁ> o forffwl <e. (2.45)

From Lemma 2.3, let t(w) > 0 satisfy t(w)(up — w) € A, for every ||w|| < e. By the continuity
of t(w) and #(0) = 1, we can always assume that

) o\ Ve
tHw) < <(p (_ 5 ?)aliz(;m:]_”wlp) , for ||lw|| <e. (2.46)

Namely, t(w)(uo — w) € A] and for

(2= q)lluo - wlf? 1/(p-2)
0<s< <(P -q) [ a(x)|uo — wl’ , (2.47)

we have

I (s(ug — w)) > I (t(w) (1o — w)) > I) (o). (2.48)

Taking s = 1, we conclude

Iy (ug —w) > L) (H(w) (ug — w)) > I (ug), for ||w|| <e, (2.49)

which means that 1 is a local minimizer of I,.
Furthermore, taking t~(Juo|) > 0 with ¢ (|uo|)|uo| € A7, therefore,

LI (uo) < I (t (luoD)uol) < In(luol) < In (o). (2.50)

So we can always take 1y > 0. By the maximum principle for weak solutions (see [13]), we
can show that 1y > 0 in RN,

Since ug € AX and ¢y = infp, I = ianXI 1, thus, in the search of our second positive
solution, it is natural to consider the second minimization problem:

c1 =inf ;. (2.51)
Ay

Let us now introduce the problem at infinity associated with (1.1):
—Au+u=Ab%ut"!, inRN,

u>0, inRY, (2.52)

uEH1<RN>.
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We state here some known results for problem (2.52). First of all, we recall that Lions [14]
has studied the following minimization problem closely related to problem (2.52): S? =
inf{I®(u) : u € H'(RN), u#0, I (u) = 0} > 0, where I®(u) = (1/2)||ull* - (1/q)Ab™ [ |ul".
For future reference, note also that a minimum exists and is realized by a ground state w > 0in
RN such that S =I¥ (w) = sup oI (sw). Gidas et al. [15] showed that there exist a;,a; > 0
such that for all x € RV,

ar (x| + 1) N D267 < o (x) < ap(|x| + 1) N-D/2e71, (2.53)
O

Lemma 2.5. Let a(x) € L@ D(RN) n L2 (RN), where 1 < a <2*/pand 1 <p < 2. Ifu, — u
weakly in HY(RN), then a subsequence of {uy,}, still denoted by {u,}, satisfies

lim fa(x)|un —ulf =0. (2.54)

Proof. Since a(x) € L*/ @1 (RN), then for every e > 0, there exists Ry > 0 such that

(a=1)/a
f la(x)|* @D dx <e. (2.55)
|x|>Ro

Since u, — u weakly in H'(RV), u, — wu strongly in L] (RN), 1 <s <2N/N -2, then we

have
1/ap
(J [ty — u|“”dx> <e. (2.56)
|x|<Ro

Observe that by Hoélder inequality we have

fa(x)|un —ulPdx = f a(x)|u, — ufPdx + f a(x)|u, —ulPdx < Ce, (2.57)
[x[<Ro

[x[>Ro

hence limy, _, o, [ a(x)|u, —ul’ = 0. O
Our first task is to locate the levels free from this noncompactness effect.

Proposition 2.6. Every sequence {u,} C H'(RN), satisfying
(@) Iy (uy) =c+o(1) with c <co + ST,
(b) I (un) = o(1) strongly in HH(RN),

has a convergent subsequence.
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Proof. 1t is easy to see that {u,} is bounded in H*(RN), so we can find a u € H'(R") such
that u, — u weakly in H'(RN), u, — u almost every in RN, u,, — u strongly in L7 (RY),
1<s<2N/N - 2. From condition (b), we have

(@), w) =0, VweH'(RY); (2.58)

that is, u is a weak solution of problem (1.1) and u € A). Set v, = u, — u to get v, — 0 weakly
in H'(RN), v, — 0 almost every in RN, v, — 0 strongly in L] (RN),1<s <2N/N -2, we
can prove that there exists a subsequence of {v,} (still denoted by {v,}) satistying v, — 0
strongly in H'(RY). Arguing by contradiction, we assume that there exists a constant § > 0

such that ||v,|| > p > 0. Apply the Brezis-Lieb theorem (see [16]) and Lemma 2.5,

A
NG = 3llunl? = 5 [ a@ =2 [ oGl

=I1(u) + %an”2 - }9 f a(x)|v,|’ - g’[b(x)lvn|q +o0(1) (2.59)
_ LG+ 2_ A% g_A —b®)|v, |1
1@ + 3l = 2 [l = [0 1ol + o).

Moreover, taking into account (2.58),

0(1) = (I, (1tn), 1) = lltal? - f a(lunl Afb(xnum
= (1, @), ) + [0l —ja(xnvnv’ ) f b(x)[onl? + o(1) (2.60)

= JloalP - 26> f [0l Af(b(x) 6ol + o(1).

By (b1), for any € > 0, there exist: Ry > 0 such that |b(x) — b*| < € for |x| > Ry. Since v, — 0
strongly in L} (RN) for 1 <s <2N/N -2, {v,} is a bounded sequence in H'(R"), therefore,
J(b(x) = b=)|va|T < C[p [va|? + eC. Setting n — oo, then e — 0, we have

[ b -6 fonl = 001, (261)
Combining (2.60) and (2.59), we obtain

l|oa]]* = AD™ J [oa|7 = 0(1), L () > co + %||vn||2 - gb“’ f [0,]7 + 0(1). (2.62)
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Since ||v,|| > p > 0, we can find a sequence {s,},s, >0,s, — lasn — oo,suchthatt, =s,v,
satisfying ||t,||* — Ab® [ |t,|? = 0. Hence

L(u,) >co+ %Hin”2 - gbw J‘ [ta]7 +0(1) > co + ST +o(1); (2.63)

that is, ¢ = lim,_, Iy (1n) > co + S, contradicting condition (a). Consequently, u, — u

strongly.
Let e = (1,0,...,0) be a fixed unit vector in RN and w be a ground state of problem
(2.52). Here we use an interaction phenomenon between 1 and w. O

Proposition 2.7. Under the assumptions (al) and (b1), Then

Li(up +tw) < co + I (w) Vt>0. (2.64)
Proof.
1 , 1 A
I (up + tw) = §||u0 + tw||” - ; a(x)|up + tw|P - a b(x)|ug + tw|?

< (o) + gl =200 [bojeor

(2.65)
< 1) + gl - 20 [ o
= Iy (o) + I (1)
< co + I (w). -

Proposition 2.8. If 0 < A < X%, for ¢1 = infx; 1), one can find a minimizing sequence {u,} C A}
such that

(@) In(un) = c1 +0(1),

(b) I (uy ) = o(1) strongly in H™'(RN),

(c) c1 <co+SP.
Proof. Set X = {u € H'(RN) : ||lu|| = 1} and define the map ¥ : £ — A given by ¥(u) =
t*(u)u. Since the continuity of t*(u) follows immediately from its uniqueness and extremal

property, thus ¥ is continuous with continuous inverse given by ¥~ (u) = u/|[u||. Clearly A}
disconnects H' (RN) in exactly two components:

u = {u =0oru:|[u| < t+<i>},
(|
u
u ={u: u >t+<—>},

(2.66)

and A} C U;.
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We will prove that there exists t; such that ug+t1w € U,. Denote ty = t* ((uy+tw) /||uo+
twl]). Since t* ((ug + tw) /||uo + tew||) ((uo + tw) /||uo + tw||) € A}, we have

B B[ b(x)|uo + tew|? 1] [ a(x)|ug + tewl?

2 2.67
0 |[uo + tew||T |luo + tew| [P 267
Thus
/(g-2) /(q-2)
t0<[ l|tto + teo| ]q 1 :[ o/t + )| ]q I
"L b(x)fup + tew|T) (A b(x)luo/t + o))
< [ |0/t + w|| ]q/(q—2) (2:68)
T LA [ befug/t + w])

— |jw|| < 0 as t — oo.

Therefore, there exists t, > 0 such that tg = t*((ug + tw) /||ug + tw||) < 2||wl||, for t > t,. Set
>t + 2, then

lluo + trew||* = |Juo|* + £3||w]||* + 2t I(VuOVw + Ugw)

= [[uo|* + |w|* + 2616 J leo|" g (2.69)

> tillwl* > 4l|wl* > £,

hence ug + tjw € U,.

However, A| disconnects H'(R™N) in exactly two components, so we can find a s €
(0,1) such that ug + stiw € A]. Therefore, ¢; < I)(up + stiw) < co + ST, which follows from
Proposition 2.7.

Analogously to the proof of Proposition 2.4, one can show that the Ekeland variational
principle [8] gives a sequence {u,} C A] satisfying the conditions (a), (b), and (c). O

Proposition 2.9. If 0 < A < X*, then the minimization problem c1 = infa-Iy is achieved at a point
uy € A} which is a critical point for I) and u; > 0.

Proof. Applying Propositions 2.6 and 2.8, we have u, — wu; strongly in H'(RN).
Consequently, u; is a critical point for Iy, u; € A (since A is closed) and I) (u1) = c;.

Let t*(|u1]) > O satisfy t*(Juq|)[u1]| € Aj. Since u; € A}, t*(u1) = 1. From Lemma 2.1, we
conclude that

t+(|u1|) 2> tmax ([t11]) = tmax (u1), (2.70)

a1 =I(m) = max I(tu) 2 Lt (luaur) = Lt (a ] l) > ca. (2.71)

2tmax (111
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Hence, I(t*(Ju1|)|u1]|) = c1, So we can always take u; > 0. By standard regularity method and
the maximum principle for weak solutions (see [13]), we can show that u; > 0in RY. O

Proof of Theorem 1.1. Applying Propositions 2.4 and 2.9, we can obtain the conclusion of
Theorem 1.1. O

3. Proof of Theorem 1.2

In the sequel, X := H'(RY), (ex) denotes an orthonormal base of X,
X(j) =span(er,...,e;), Xi=oxX(j), X' :=eaX(j), (3.1)

and C,Cy,Cy, ..., denote (possibly different) positive constants.
If u € X, we let the variational functional of problem (1.4) be

I(u) = % f<|Vu|2 + u2> - % f a(x)ulf - g fb(x)|u|‘7. (3.2)

Proposition 3.1. Under the assumptions (al) and (b1), for every A > 0 and p € R, the problem (1.4)
has infinitely many solutions with positive energy I(u).

Proof. We will show that the energy functional I(u) satisfies the assumptions of Fountain
theorem in [17]. These assumptions are as follows.

(A1) The energy functional I € C!(X, R) and is even.

(A2) Every sequence u, € X with C := sup,I(u,) < oo and I'(u,) — 0Oasn — oo hasa
convergent subsequence.

(A3) infyso supuexk,Hu”sz(u) <0, forevery k € N.

(A4) sup,. inf,ex, =1 (1) — c0ask — oo.

We define
b(x)|u|) 1
Ak = m, (3.3)
ueXy—{0} [
then
A — 0, ask — oo. (3.4)

Indeed, clearly we have

0 < A1 < Ak (3.5)
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Assume that A\, — 1o > 0, as k — oo. Then for every k > 1, there exists u; € X such that
|[uk]| = 1 and

% < Jb(x)|uk|‘f. (3.6)

By definition, u; — 0 in X, this contradicts with Ay > 0. Now, let us prove (Al)-(A4). The
(PS)-condition (A2) has be shown as in Proposition 2.6. In order to prove (A3), since the
subspace Xk is finite dimensional, all norms on X* are equivalent, hence, we obtain

1 1
I(u) < zllull2 = CafJul]” = CoMJul]? < Ellull2 = Coful |- (3.7)

Therefore, the term —CyA||u||? dominates for ||u|| sufficiently large, and (A3) follows. To show
(A4), since p < 2, there exists R > (0 large enough so that

1
Ml Sty < (338)

for ||u|| > R. Then, for u € X, it follows from (2.13), (3.8), and (3.3) that

100 = 3l - & [ acolur - 2 [peopur

L (3.9)
2 gl - E)LZHqu-
Now we set r¢ = (SAAZ /)" @ so that
571 = Tl (3.10)
Clearly
ry — oo as k — oo, (3.11)

(A4) follows. Since the energy functional I(u) is even, then, by Fountain theorem, there exist
a sequence of critical points (vk) such that I(vx) — oo ask — oo. O

Proposition 3.2. Under the assumptions (al) and (b1), for every p > 0 and A € R, the problem (1.4)
has infinitely many solutions with negative energy I(u).
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Proof. We will show that the energy functional I(u) satisfies the assumptions of in [9,
Theorem 2]. These assumptions are as follows.
(B1) The energy functional I € C'(X,R) and is even.
(B2) There exists ko such that for every k > kj there exists Ry > 0 such that I(u) > 0 for
every u € Xj with ||u|| = Rg.
(B3) by :=infp I(u) — 0as k — oo, where By = {u € X : [|u|| < Ri}.
(B4) For every k > 1, there exist 7, € (0, Rx) and di < 0 such that I(u) < dj for every
u € X* with ||ul| = r¢.
(B5) Every sequence u,, € X", := Ga;Lan(j) with I(u,) < 0 bounded and (I[y. )(u,) — 0
asn — oo has a subsequence which converges to a critical point of I.

We define
1/
He= ue?{lkl—m}%' (3.12)
By Lemma 2.5,
ur —0, ask — oo. (3.13)
Indeed, clearly we have
0 < P+ < Yk (3.14)

Assume that yx — po > 0, as k — oo. Then for every k > 1, there exists ux € Xy such that
|[ukl| = 1 and

% < J-a(x)lukl”. (3.15)

By definition, 140 in X. By Lemma 2.5, this contradicts (3.15). Now, let us prove (B1)-(B5).
Since g > 2, there exists R > 0 small enough so that

A oo qd 1 2
ab Sqllull” < Zllull (3.16)
for ||u]| £ R. Then, for u € X, it follows from (3.16) and (3.12) that
1 1z X oca
1) 2 lulf - £ [ aGoluy - 26 ]ul?
2 P q

(3.17)

ul? - guiuunp.
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Now we set R = (4up /p)/®P) so that

1 H#
ZRi = i—ijRz. (3.18)
Clearly
Ry — 0 as k — oo, (3.19)

so there exists kg such that Ry < R when k > ky. Thus if u € Xk, k > ko satisfies ||u|| = Rk, we
have

1
@) 2 gl = el = 0 (3.20)

This proves (B2). Next, (B3) follows immediately from (3.19). On the other hand, since the
subspace Xk is finite dimensional, all norms on X are equivalent, hence, we obtain

1 1
I(u) < EIIMII2 = Cipllul? = Cofful|” < Ellull2 = Cuplful . (3.21)

Therefore, the term —Cy p||u|[P dominates near 0, and (B4) follows. This is precisely the point
where y > 0 enters. Finally, the (PS) condition (B5) has been shown as in Proposition 2.6.
Since the energy functional I(u) is even, all the assumptions of in [9, Theorem 2] are satisfied.
Then, there exists kg such that for each k > ko,

I(u) has a critical value ¢k € [by, dk], so that cxk, — 0 as k — co. (3.22)

This completes the proof of Theorem 1.2, since observe that (B3) and (B4) imply by < di <

0. O
Proof of Theorem 1.2. The proof follows from Propositions 3.1 and 3.2. O
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