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1. Introduction

In this paper we will study the time almost periodic viscosity solutions of nonlinear parabolic
equations of the form

o1 + H<x, u, Du, D2u> =f(t), (xt)eQxR,
(1.1)
u(x,t) =0, (x,t) €0Q xR,

where Q € RV is a bounded open subset and 0Q is its boundary. Here H : RN x R x RN x
S(N) — R and S(N) denotes the set of symmetric N x N matrices equipped with its usual
order (i.e., for X,Y € S(N), we say that X < Y if and only if p'Xp < p'Yp, (Vp € RN));
Du and D?u denote the gradient and Hessian matrix, respectively, of the function u w.r.t
the argument x. f is almost periodic in t. Most notations and notions of this paper relevant
to viscosity solutions are borrowed from the celebrated paper of Crandall et al. [1]. Bostan
and Namah [2] have studied the time periodic and almost periodic viscosity solutions of
first-order Hamilton-Jacobi equations. Nunziante considered the existence and uniqueness
of viscosity solutions of parabolic equations with discontinuous time dependence in [3, 4],
but the time almost periodic viscosity solutions of parabolic equations have not been studied
yet as far as we know. We are going to use Perron’s Method to study the existence of time
almost periodic viscosity solutions of (1.1). Perron’s Method was introduced by Ishii [5] in
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the proof of existence of viscosity solutions of first-order Hamilton-Jacobi equations, Crandall
et al. had applications of Perron’s Method to second-order partial differential equations in [1]
except to parabolic case.

To study the existence and uniqueness of viscosity solutions of (1.1), we will use some
results on the Cauchy-Dirichlet problem of the form

Ol + H(x, t,u,Du, D2u> =0, in Qx(0,T),
u(x,t) =0, forxeoQ, 0<t<T, (1.2)

u(x,0) = up(x), forxeQ,

where uy(x) € C(Q) is given. Crandall et al. studied the comparison result of the Cauchy-
Dirichlet problem in [1], and it follows the maximum principle of Crandall and Ishii [6].

This paper is structured as follows. In Section 2, we present the definition and some
properties of almost periodic functions. In Section 3, first we list some hypotheses and some
results that will be used for existence and uniqueness of viscosity solutions, here we give an
improvement of comparison result in paper [2] to fit for second-order parabolic equations;
then we prove the uniqueness and existence of time almost periodic viscosity solutions. In the
end, we concentrate on the asymptotic behavior of time almost periodic solutions for large
frequencies.

2. Almost Periodic Functions

In this section we recall the definition and some fundamental properties of almost periodic
functions. For more details on the theory of almost periodic functions and its application one
can refer to Corduneanu [7] or Fink [8].

Proposition 2.1. Let f : R — R be a continuous function. The following conditions are equivalent:

(i) Ve > 0,3l(e) > O such that Ya € R, 3t € [a, a + I(¢)) satisfying

|ft+1) - f(B)| <&, VteER; (2.1)

(ii) Ye > O, there is a trigonometric polynomial Tc(t) = X}, {ax - cos(Akt) + by - sin(Axt)}
where ag, bi, \x € R,1 < k < nsuch that |f(t) - T:(t)| <¢, VteR;

(iii) for all real sequence (h,), there is a subsequence (hy, ), such that (f (- + hy,)), converges
uniformly on R.

Definition 2.2. One says that a continuous function f is almost periodicif and only if f satisfies
one of the three conditions of Proposition 2.1.

A number 7 verifying (2.1) is called € almost period. By using Proposition 2.1 we get
the following property of almost periodic functions.

Proposition 2.3. Assume that f : R — R is almost periodic. Then f is bounded uniformly
continuous function.
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a+T

Proposition 2.4. Assume that f : R — R is almost periodic. Then (1/T)[ " f(t)dt converges as
T — +oo uniformly with respect to a € R. Moreover the limit does not depend on a and it is called
the average of f:

a+T
A(f) = Tlir?m%f ftdt, uniformly w.r.t. aeR. (2.2)

Proposition 2.5. Assume that f : R — R is almost periodic and denote by F a primitive of f. Then
F is almost periodic if and only if F is bounded.

For the goal of applications to the differential equations, Yoshizawa [9] extended
almost periodic functions to so called uniformly almost periodic functions.

Definition 2.6 ([9]). One says that u : QxR — R is almost periodic in t uniformly with
respect to x if u is continuous in ¢ uniformly with respect to x and Ve > 0, 3l(¢) > 0 such that
all interval of length I(¢) contain a number 7 which is € almost periodic for u(x,-), Vx € Q

[u(x, t+7) —u(x,t)| <e, Y(x,t)eQxR. (2.3)

3. Almost Periodic Viscosity Solutions

In this section we get some results for almost periodic viscosity solutions.
We consider the following two equations to get some results used for the existence and
uniqueness of almost periodic viscosity solutions. That is, the Dirichlet problems of the form

Ot + H<x, t,u, Du, D2u> -0, inQx(0,T),
(3.1)
u(x,t) =0, forxeoQ, 0<t<T,
H(x, u,Du, D2u> =0, inQ,
(3.2)
u=0, ono0Q,

in (3.2) Q is an arbitrary open subset of RV.
In [1], Crandall et al. proved such a theorem.

Theorem 3.1 (see [1]). Let O; be a locally compact subset of RN: fori=1,...,k,

O=0;%x--x0Oy, (3.3)

u; € USC(0O;), and ¢ be twice continuously differentiable in a neighborhood of O. Set

w(x) =uy(x1) + - +ur(xx) for x =(x1,...,x¢) €0, (3.4)
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and suppose X = (X1,...,Xk) € O is a local maximum of w — ¢ relative to O. Then for each € > 0
there exists X; € S(N;) such that

(Dap(®),X;) € To, wi(®) fori=1,...,k (35)
and the block diagonal matrix with entries X; satisfies

X; -+ 0
1
G| ooz |sara (36)

where A = D*¢p(X) € S(N), N = Ny +---+ Nj.

Putk=2, 01=0,=Q, u1 =u, up = -v, p(x,y) = (a/2)|x - ylz, where a > 0, recall

that Tg_v = —7?;(—17), then, from Theorem 3.1, at a local maximum (X, i) of u(x) — v(y) —
¢p(x,y), we have

Dxp(x,9) = -Dyop(x,y) = a(x - 7),

I -I (3.7)
A=a ) A% =2aA, | A =2a.

We conclude that for each ¢ > 0, there exists X, Y € S(N) such that

(@(z-9),X) €T u®, (a(x-7),Y)€Ta v(@),

1 10 X 0 I -I (3.8)
—<—+2(x>< >§< >§a(1+2ga)< >
£ 01 0 -Y -1 I

Choosing € = 1/a one can get

I0 X 0 I -1
-3a < < 3a . (3.9)
<0 I> <0 —Y) <—I I>

To prove the existence and uniqueness of viscosity solutions, let us see the following
main hypotheses first.

As in Crandall et al. [1], we present a fundamental monotonicity condition of H, that
is,

H(x,r,p,X) <H(x,s,p,Y) wheneverr<s, Y <X, (3.10)

wherer,s eR, x€Q, pe€ RN, X,Y € S(N) . Then we will say that H is proper.
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Assume there exists y > 0 such that
y(r-s)<H(x,r,p,X)-H(x,s,p,X), forr>s, (x,p,X) € QxRN xS(N), (3.11)
and there is a function w : [0, 0] — [0, o] that satisfies w(0+) = 0 such that

H(y,r,a(x-y),Y) - H(xr,a(x ~y),X) < w(alx-y[*+ |x - ])

whenever x,y € Q, r e R, X,Y € S(N), and (3.9) holds.

(3.12)

Now we can easily prove the following result. There is a similar result for first-order
Hamilton-Jacobi equations in the book of Barles [10].

Lemma 3.2. Assume that H € C(Qx (0,T] x R x RN x S(N)) and u € C(Q x (0,T]) is a viscosity
subsolution (resp., supersolution) of oyu + H(x,t,u, Du, D*u) =0, (x,t) € Qx (0,T). Then uis a
viscosity subsolution (resp., supersolution) of d;u + H(x,t,u, Du, D*u) =0, (x,t) € Q x (0, T].

Proof. Sinceu € C (Qx(0,T])isa viscosity subsolution of 0;u+ H (x,t,u, Du, D*u) = 0, (x,t) €
Qx (0,T), if Vo € C>(Q x (0,T]) and local maximum (%, t) € (Q x (0,T)) of u — ¢, we have

owp(%,) + H(x,Lu(%,F), Dyp(%,), D*p(%,F) ) <0. (3.13)

Now we prove that if (xo, T) is a local maximum of u — ¢ in Q x (0, T], then
dup(xo, T) + H (20, T, u(x0, T), Dp(xo, T), D?p(x0,T) ) <0. (3.14)
Suppose that (xp, T) is a strict local maximum of u — ¢ in Q x (0, T], we consider the function
e (x,t) = u(x,t) — p(x,t) —e(T - 1) (3.15)

for small ¢ > 0. Then we know that the function ¢ (x,t) has a local maximum point (x,,¢.)
such thatt, < T and (x¢,t.) — (x0,T) when ¢ — 0. So at the point (x,,t.) we deduce that

€ 2
Op(este) + o H (e te, u(xe, te), Dop(xe, 1), D*p(xe 1)) 0. (3.16)

As the term e/ (T — t,)? is positive, so we obtain
Ouip(xe, o) + H (e, te, (e, 1), Dp(e, 1), D*p(xe ) ) <0, (3.17)

The results following upon letting ¢ — 0. This process can be easily applied to the viscosity
supersolution case. O

By time periodicity one gets the following.
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Proposition 3.3. Assume that H € CQxRxRxRN x S(N)) andu € C(QxR) are T periodic
such that u is a viscosity subsolution (resp., supersolution) of Osu + H(x,t,u, Du, D?u) =0, (x,t) €
Q x (0,T). Then u is a viscosity subsolution (resp., supersolution) of O,u + H(x,t,u, Du, Dzu) =
0,(x,t) e QxR.

Crandall et al. have proved the following two comparison results.

Theorem 3.4 (see [6]). Let Q be a bounded open subset of RN, F € C(Q x R x RN x S(N)) be
proper and satisfy (3.11), (3.12). Let u € USC(Q) (resp., v € LSC(Q)) be a subsolution (resp.,
supersolution) of F = 0 in Q and u < v on 0Q. Then u < v in Q.

Theorem 3.5 (see [1]). Let Q € RN be open and bounded. Let H € C(Qx[0,T] xRxRN x $(N))

be continuous, proper, and satisfy (3.12) for each fixed t € [0,T), with the same function w. If u is a
subsolution of (1.2) and v is a supersolution of (1.2), then u <von [0,T) x Q.

We generalize the comparison result in article [2] for first-order Hamilton-Jacobi
equations, and get two theorems for second-order parabolic equations. Let us see a
proposition we will need in the proof of the comparison result (see [1]).

Proposition 3.6 (see [1]). Let O be a subset of RM, ® € USC(0),¥ € LSC(O),¥ >0, and

M, = sup(DP(x) — a¥(x)) (3.18)
o

for a > 0. Let —oo < limy—, oM, < o0 and x, € O be chosen so that

Jim (Mg = (@(xa) ~ a¥(x4))) = 0. (3.19)

Then the following holds:
(i) limaW¥(x,) =0,
(i) ¥(x)=0, lim M, = ®(x) = sup D(x) (3.20)
e (¥(x)=0)

whenever X € O is a limit point of x, as a — oo.

Remark 3.7. In Proposition 3.6, when M, O, x, ®(x), ¥(x) are replaced by 2N, O x
O, (x,y), u(x)-ov(y), 1/2)|x- y|2, respectively, we can get the following results:

(i) limalxs - ya|” =0,
(i) ¥(x)=0, lim M, = u(x) - v(x) = sup(u(x) — v(x)) (3.21)
a— o0 o

whenever x € O is a limit point of x, as & — oo.

Now we have the following.
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Theorem 3.8. Let Q € RN be open and bounded. Assume H € C(Q % [0,T] xR x RN x S(N))
be continuous, proper, and satisfy (3.11), (3.12) for each fixed t € [0,T). Let u, v be bounded 1.s.c.
subsolution of d;u + H(x,t,u, Du, D*u) = flx,t)inQx(0,T), u(x,t) =0 for x € 0Q and 0<
t < T, respectively, l.s.c. supersolution of 0;v + H(x,t,v, Dv, D*v) = g(x,t)inQx(0,T), v(x,t) =
0 for x €0Q and 0<t<T where f,g € BUC(Q x [0,T]).

ItI{%l(u(x, £ —u(x,0)), = ltl\r{)l(v(x, t) —v(x,0))_ =0, uniformly for x € Q,

(3.22)
u(-,0) € Buc(gz) or v(,0) € BUC(Q).
Then one has for all t € [0, T]
1|t ) = 0, ) @) < N(w(,0) = 0,0, - )
, (3.23)
[ e - 5D ey,
where y = Yr,, Ro = max(”””Lm@X(olT))/ “U”Lm@x(oj)))-
Proof. Let us consider the function given by
wa(x,y,t) =u(x,t) —v(y,t) —p(x,y,t), (3.24)

where ¢(x,y,t) = (0(/2)(|x—y|2 + ¢(t)), and ¢(t) € C([0,T]). As we know that u and
v are bounded semicontinuous in Q x [0,T] and Q € RN is open and bounded, we can
find (x(ty), y(ta)) € Qx Q, for t, € [0,T] such that M(t,) = supg,g(u(x, ta) —v(y, ta) -
o(x,y,ta)) = u(X(ta), ta) — (Y (ta), ta) — 9(X(ta), Y(ta), ta), here without loss of generality, we
can assume that M,(f,) = 0. Since Q x Q x [0,T] is compact, these maxima (X(tx), ¥ (ta), ta)
converge to a point of the form (z(t), z(t),t) from Remark 3.7. From Theorem 3.1 and its
following discussion, there exists X,, Y, € S(IN) such that

(@(%(ta) - T(ta)), Xa) € Ty u(@(ta) ta),  (@(Z(ta) - U(ta)), Ya) € Tas 0(F(ta), ta),
<I 0> <X,,, 0 > (1 —I> (3.25)
-3a < <3a ,
01 0 -Y, 1T

which implies X, < Y,. At the maximum point, from the definition of u being a subsolution
and v being a supersolution we arrive at the following:

01, p(X(ta), Y(ta), ta) + H(X(ta), ta, u(X(ta), ta), a(X(ta) = Y(ta)), Xa)

(3.26)
- H(g(ta)’tmv(y(t“)’ tﬂ)’ (X(Q/C\(ta) - g(ta)),Ya) < f(i(ta)/ta) - g(g(ta)r ta)/
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by the proper condition of H, we have

H(?(ta), tmv(y(ta)/ ttx)/ “(3?(@1) - g(ta))ryu)

< H (), ta 0 (Y (ta) fa), (X (ta) = Y (ta) ), Xa),

(3.27)

as we know that H satisfying (3.12) then we deduce that

H (X (ta), ta, u(X(ta), ta), @ (X(ta) = Y (ta) ), Xa)
~ H(§(ta), ta, 0(F(ta) ta), @ (R (ta) = §(ta)), Xor)
= H(X(ta), ta, u(X(ta), ta), a(X(ta) = §(ta)), Xa)
~ H (Y (ta), ta, (X (ta), ta), @ (X(ta) = §(ta) ), Xa)
+ H (Y (ta), b, (X () o), € (X (ta) = §(ta) ), Xar) (3.28)
— H(Y(ta), ta, v(Y(ta), ta), a(X(ta) = Y (ta)), Xa)
> H(Y(ta), ta, u(X(ta), ta), a(X(ta) = Y(ta)), Xa)

~ H(§(ta), ta, 0(J(ta) ta), a(X(ta) = Y (ta)), Xa)

- w<a|3?(t,1) = Gt |* + | % (k) — G (k) I),
hence we get

at,,‘l’(;c(ta)/ g(tu)l ta) + H(?(fa), ta, u(X(ta), ta), “(i(ta) - ?(ta)), Xa)

~H(Y(ta), ta, 0(F(ta), tu) (X (ta) = Y (ta)), Xo)

(3.29)
~ w(al®(t) = §(ta)|* + [2(ta) - 7 (ta)])
< h(ta),
where h(ty) = f(X(ta), ta) — §(J(ta), ta), Yty € [0,T]. For any t, € [0,T] consider
1 . - - ~
r(ta) = WG ) — 0 () k) (H(P(ta), ta, u(X(ta), ta), a(X(ta) = §(ta)), Xa)
(3.30)

- Yu(i(ta)/ta) - H(y(ttx)/tarv(?(tu)r ttx)/ “(f(tu) - g(ta))/ Xa)

+70(Y(ta) ta)),
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if u(X(ta), ta) #0(Y(ta), ta), and r(t,) = 0 otherwise. From hypothesis (3.11) we deduce that
H(x,t,z,p,X) — v - z is nondecreasing with respect to z, then we have r(t,) > 0 for all ¢, €
[0, T]. Hence we have

H(y(ta), ta, u(X(ta), ta), a(X(ta) = Y(ta)), Xa)
- H(]?(tu), ttva(y(ta)r t:x)r“(;c(ta) - g(ttx))rxa) (3.31)
= (y +1(ta)) (u(Z(ta) ta) = 0(Y(ta), ta)), Vta € [0,T].

Notice that u(X(ta), tz) — 0(Ji(ta), ta) = 9(E(ta), F(ta), ta), we get

ata(P(i(ta)/ ?(ta), taz) + (Y + r(ttx))(/’(f(ta)r ?(ta)r tu)
- w(al®(t) - 9(ta) | + 2(ta) - §(ta)]) (3.32)

< h(ty).

Replacing u(X(ty), ta) — v(y(ta), ta) by @(X(ta), Y(ta), ta) in the expression of r(t.) we
know that r(-) is integrable and denote by A(t,) the function A(t,) = 6“ {y +r(o)}do, t, €
[0, T]. After integration one gets

ta
a ~Alta) 0 A(S“)'I’la Aa_,\uz X(Sq) — Y(Sa ds, ),
p(ta) <e <<P( )+I06 ( (s )+w<a|x(s ) = 9(sa)|” + | X(s4) - T (s )|>> s >
(3.33)

ty € [0, T]. Now taking u(X(ta),ta) —v(Y(ta), ts) instead of ¢(X(ta), Y(ta), ts) for any t, € [0, T]
and letting « — oo we can get

u(z(t),t) —v(z(t),t) < e <u(z(0),0) - v(2(0),0) + J’t e . h(s)ds>, te[0,T]. (3.34)
0

Finally we deduce that for all t € [0, T]

ell(u(- £) = o, D)l (g) < 1w, 0) - v(,0). ]+ (g)
t (3.35)
+ f e[| (f () = 8,9 | o ) ds-
0
O
Theorem 3.9. Let Q € RN be open and bounded. Assume H € C(Q xR xR xRN x 3(N)) be

continuous, proper, T periodic, and satisfy (3.11), (3.12). Let u be a bounded time periodic viscosity
u.s.c. subsolution of 0;u + H(x,t,u, Du, D*u) = flx,t)in Qx R, u(x,t) =0 for (x,t) € 0Q xR
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and v a bounded time periodic viscosity Ls.c. supersolution of d;v + H(x,t,v, Dv, D*v) = g(x,t) in
Q xR, v(x,t) =0 for (x,t) € 0Q x R, where f, g € BUC(S x R). Then one has

sup(u(x,t) —v(x,t)) < sup tsuE (f(x,0) - g(x,0))do. (3.36)

xeQ s<t /s xeQ

Proof. As the proof of Theorem 3.8, we get equation (3.34)

u(z(b),t) —v(z(t),t) < e 2 <u(z(0),0) —v(z(0),0) + f et h(s)ds>, te[0,T]. (3.37)

0

We introduce that F(s) = —ftsh(o)do, s,t € [0, T]. By integration by parts we have

t t
f eA©n(s)ds = f A F'(s)ds
0 0

t t t
= f h(o)do + f eA<S>A'(s)f h(o)do ds (3.38)
0 0 s

¢ ¢
< J‘ h(c)do + <eA(t) - 1) sup | h(o)do.
0

0<s<tV/ s
We deduce that for all t € [0, T] we have

sup(u(x, t) —v(x,t)) < e sup(u(x,0) - v(x,0)),

xeQ xeQ
; (3.39)
+ sup | sup(f(x,0)-g(x,0))do.
0<s<tY s x e
Similar to the proof of Corollary 2.2 in paper [2], we can reach the conclusion. O

In order to prove the existence of viscosity solution, we recall the the Perron’s method
as follows (see [1, 5]). To discuss the method, we assume if u : O — [-o0, o0] where O C RV,
then

u*(x) = limsup{u(y) :y€ O and |y - x| <r},
rl0

(3.40)
U, (x) = lir?“i)nf{u(y) ryeOand |[y-x|<r}.

Theorem 3.10 (Perron’s method). Let comparison hold for (3.2); that is, if w is a subsolution of
(3.2) and v is a supersolution of (3.2), then w < v. Suppose also that there is a subsolution u and
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a supersolution u of (3.2) that satisfies the boundary condition u_(x) = u*(x) = 0 for x € 0Q. Then

W (x) = sup{w(x) : u <w <u and w is a subsolution of (3.2)} (3.41)

is a solution of (3.2).
From paper [1], we have the following remarks as a supplement to Theorem 3.10.

Remarks 3.11. Notice that the subset Q in (3.2) in some part of the proof in Theorem 3.10 was
just open in RN, In order to generalize this and formulate the version of Theorem 3.10 we will
need later, we now make some remarks. Suppose O is locally compact, G*, G_ are defined
on O x R x RN x $(N) and have the following properties: G* is upper semicontinuous, G_ is
lower semicontinuous, and classical solutions (twice continuously differentiable solutions in
the pointwise sense) of G* < 0 on relatively open subset of O are solutions of G_ < 0. Suppose,
moreover, that whenever u is a solution of G_ <0 on @ and v is a solution of G* > 0 on O we
have u < v on O. Then we conclude that the existence of such a subsolution and supersolution
guarantees that there is a unique function u, obtained by the Perron’s construction, that is a
solution of both G* > 0and G- <0 on O.

Now we will prove the uniqueness and existence of almost periodic viscosity
solutions. For the uniqueness we have the following result.

Theorem 3.12. Let Q € RN be open and bounded. Assume H € C(Q x R x R x RN x $(N)) be
continuous, proper, and satisfy (3.11), (3.12) for t € R. Let u be a bounded u.s.c. viscosity subsolution
of 0su + H(x,t,u,Du,D?u) = f(x,t) in Q xR, u(x,t) = 0 for (x,t) € 0Q x R, and v a bounded
Ls.c. viscosity supersolution of oyv + H(x,t,v, Dv, D*v) = g(x,t),in QxR, v(x,t) =0 for (x,t) €
0Q x R where f,g € BUC (Q x R). Then one has for all t € R

sup(u(x, t) - v(x, 1)), < e‘”jt e’sup(f(x,0) - g(x,0)),do. (3.42)

xeQ xeQ
Proof. Take to,t € R, ty < t and by using Theorem 3.8 write for all x € Q

t
u(x, t) = o(x,t) < e ([l + [0]le0) + e_th e'sup(f(y,0) -g(y,0)),do, (3.43)
o yeQ

where y = yg,, Ro = max(||u||.,, [|7]l,,)- Then the conclusion follows by passing ty — —oo. O

Now we concentrate on the existence part.

Theorem 3.13. Let Q be a bounded open subset in RN. Assume H € C(Q xR x RN x 3(N))
be continuous, proper, and satisfy (3.11), (3.12). Assume that f : R — R is almost periodic and
H(x,-M,0,0) < f(t) < H(x,M,0,0), V(x,t) € Q x R. Then there is a time almost periodic
viscosity solution in BUC(Q x R) of (1.1), where M > 0 is a constant.
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Proof. Here we consider the problem

Oy, + H<x, u,, Du,, Dzun> =f(t), (x,t)€Qx(-n,+w0),
uy(x,t) =0, (x,t) €0Qx[-n,+0), (3.44)

u,(x,-n) =0, x¢€ Q

for all n > 1. As we know that H(x,-M,0,0) < f(t) < H(x, M,0,0), Y(x,t) € Q x R, there
exists a viscosity solution u,(x, t) of (3.44) from Theorem 3.5 and Remark 3.11. Then we will
prove that for all t € R, (u,(t)),>_; converges to a almost periodic viscosity solution of (1.1).
As we already know that H(x,-M,0,0) < f(t) < H(x,M,0,0),V(x,t) € Q x R, we can
deduce by Theorem 3.5 that —-M < u,(x,t) < M,V(x,t) € Q x [-1,+00). Similar to the proof
of Proposition 6.6 in paper [2], using Theorem 3.8, we get for ¢ = f and n large enough

~ ~ t ~
Uy, <x,?> -u, (x,f+ T>| <2M eVt 4 e_th e’yedo <2M - e T 4 g, (3.45)

tn

By passing n — +oo we have t, — —oo and therefore

|u<x,?> —u<x,?+‘r>| <eg, <x,f> eQxR. (3.46)

Since we already know that u € BUC(Q x [a,b]), Va,b € R,a < b, by time almost
periodicity we deduce also that u € BUC(Q x R). O

When H does not satisfy the hypothesis (3.11), we study the time almost periodic
viscosity solutions of

o + H(x, u,Du, D2u> =f(t), (xt)eQxR,

(3.47)
u(x,t) =0, (x,t) €0QxR.
We introduce also the stationary equation
H<x,u,Du,D2u> =(f), x€Q,
(3.48)

u(x) =0, x€0Q.

Then we can prove our main theorem as follows.

Theorem 3.14. Let Q € RN be open and bounded. Assume H € C(Q x R x RN x S(N)) be
continuous, proper, and satisfy (3.12) for t € R. Assume that f : R — R is almost periodic function
such that F(t) = fg{f(o) - (f)}do is bounded on R. Then there is a bounded time almost periodic
viscosity solution of (3.47) and if only if there is a bounded viscosity solution of (3.48).
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Proof. Let sup{|H(x,0,0,0)| : x € Q} = C, then C < +o0. Assume that (3.48) has a bounded
viscosity solution V, we take M, = ||V]| ;.. @7 (1/a)(C+f Il @)) for a > 0, and observe that

a(-My -V (x))+ H(x,-M,,0,0) < f(t) La(My -V (x)) + H(x, M,,0,0), V(x,t) € QxR.
(3.49)

Then by using Perron’s Method from Theorem 3.10 and Remark 3.11 we can construct the
family of solutions V,, for

a(Vy - V(x)) + H<x, V,, DV, DZVa> =(f), x€Q,

(3.50)
Vu(x) =0, x€09Q,
and the family of time almost periodic solutions v, for
a(v, — V(x)) + 0, + H(x, Uy, DU,, Dzva> =f(t),(x,t) e QxR,
(3.51)

va(x,t) =0, (x,t) €0QxR.

In fact we have V,, = V for any a > 0 and by using Theorem 3.9 we have

t
Va(X,t) = V(x) = va(x, t) = Va(x) < sup {f(0) = (f)}do =sup{F(t) - F(s)} <2||F|,

s s<t
(3.52)

similarly we can get V (x)—vq(x,t) = Vo (x)-va(x,t) < 2||F|,. From the above two inequalities
we know that the family (v,), is bounded, thus we know v, € BUC (ﬁ x[a,b]), Va,b eR,a <
b. Therefore we can extract a subsequence which converges uniformly on compact sets of
Q x R to a bounded uniformly continuous function v of (3.47). Next we will check that v is
almost periodic. By the hypotheses and Proposition 2.5 we deduce that F is almost periodic
and thus, for all ¢ > 0 there is [(¢/2) such that any interval of length I(¢/2) contains an ¢/2
almost period of F. Take an interval of length I(¢/2) and T an £/2 almost period of F in this
interval. We have forall a > 0, (x,£) € Q x R

[Va(x,t +T) = va(x,£)| < [sUp t{f(c7+T) - f(o)}do

s<t /s

- sgg{ (@ - (do- [ <f<o>—<f>)do}

s

(3.53)

= [sup{(F(t+7) - F(t)) - (F(s + 7) —F(S))}l

s<t

<e.
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After passing to the limit for a N\, 0 one gets |v(x,t + T) — v(x,t)| < &, ¥(x,t) € Q x R. Hence
we prove the almost periodic of v.

The converse is similar to Theorem 4.1 in paper [2], it can be easily proved from
Theorems 3.8, 3.9, and Remark 3.11. O

Now we discuss asymptotic behavior of time almost periodic viscosity solutions for
large frequencies, and there is a similar description for Hamilton-Jacobi equations in paper
[2]. Let us see the following equation:

Orun + H (x, Uy, Duy, Dzun) = fu(t), (x,1) €QxR,
(3.54)
uy,(x,t) =0, (x,t) €0QxR,

where f : R — Ris almost a periodic function. For all n > 1 notice that f,(t) = f(nt), Vt € R
is almost periodic and has the same average as f. Now suppose that such a hypothesis exists

dM > 0 such that H(x,-M,0,0) < f(t),V(x,t) € QxR. (3.55)

Theorem 3.15. Let Q € RN be open and bounded. Assume H € C(Q x R x RN x S(N)) be
continuous, proper, and satisfy (3.12) for t € R and (3.55) where f is almost periodic function.
Suppose also that there is a bounded l.s.c viscosity supersolution V> —M of (3.48), thatt — F(t) =

i g{ f(s) = (f)}ds is bounded and denote by V, v, the minimal stationary, respectively, time almost
periodic .s.c. viscosity supersolution of (3.48), respectively, (3.54). Then the sequence (v,),, converges
uniformly on Q x R towards V and ||vn = V| o gugy < /M) |F ||y, Y1 2 1.

Proof. As v, = sup,.,Un« is almost periodic, we introduce wy,(x,t) = vpa(x,t/n), (x,t) €
Q x R, which is also almost periodic. As v, , satisfies in the viscosity sense a(v,, + M) +
OtUna + H(x, Vo, DUy, D*0y ) = fa(t), (x,t) € Q xR, we deduce that w, , satisfies in the
viscosity sense

a(Wn o + M) + 10wy 0 + H<x, W, Dwn,a,Dzwn,a) =f(t), (xt)eQxR, (3.56)

which can be rewrote as

1 ) 1
Otna + <tan,a +H (x, Wh,a, DWy 0, D wn,a)) = (f) —aM), (x,t) €QxR. (357)
Recall also that we have in the viscosity sense
1 oy 1
E(aVa + H<x, V,, DV, D V>> = —((f)-aM), xeQ (3.58)

By using Theorem 3.9 we deduce that

t
(1) ~Va() < sup= [ (F(0) = (£))do < L IPllioey (359)
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and similarly Vi (x) — wna(x,t) < (2/n)||F|| =), ¥n > 1. We have foralln <1

Una <x, %) - Va(x)

and after passing to the limit for a \, 0 one gets for all (x,t) € Q x R

2
< E”F”LW(R)/ (3.60)

t 2
ol =) = V()| < ZNFI o 61
ona(53) = V)| < S WFlloge (361)
Finally we deduce that ||v, — Vlle(ﬁxR) < (2/n)||F||p» gy forall m > 1. O
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