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The present paper concerns the Sobolev embedding in the endpoint case. It is known that the
embedding W1(R") — L®(R") fails for n > 2. Brézis-Gallouét-Wainger and some other authors
quantified why this embedding fails by means of the Holder-Zygmund norm. In the present paper
we will give a complete quantification of their results and clarify the sharp constants for the
coefficients of the logarithmic terms in Besov and Triebel-Lizorkin spaces.

1. Introduction and Known Results

We establish sharp Brézis-Gallouét-Wainger type inequalities in Besov and Triebel-Lizorkin
spaces as well as fractional Sobolev spaces on a bounded domain Q C R". Throughout the
present paper, we place ourselves in the setting of R" with n > 2. We treat only real-valued
functions.

First we recall the Sobolev embedding theorem in the critical case. For 1 < g < oo, it is
well known that the embedding W"/44(R") — L' (R") holds for any g < r < oo, and does not
hold for r = oo, that is, one cannot estimate the L*-norm by the W™/ 44-norm. However, the
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Brézis-Gallouét-Wainger inequality states that the L*-norm can be estimated by the W"/44-
norm with the partial aid of the W*”-norm with s > n/p and 1 < p < oo as follows:

/(-1
% < (1 +1og (1 + lutlyen e ) ) (1.1)

holds whenever u € W"/449(R") N WP (R") satisfies llullwnraaeny = 1, where 1 < p < oo,
1 < g < o, and s > n/p. Inequality (1.1) for the case n = p = g = s = 2 dates back to
Brézis-Gallouét [1]. Later on, Brézis and Wainger [2] obtained (1.1) for the general case, and
remarked that the power q/(g — 1) in (1.1) is maximal; equation (1.1) fails for any larger
power. Ozawa [3] proved (1.1) with the Sobolev norm ||u||wsr®e) in (1.1) replaced by the
homogeneous Sobolev norm [[ul|yys»@n). An attempt of replacing ||ulws»r» with the other
norms has been made in several papers. For instance, Kozono et al. [4] generalized (1.1) with
both of W/ 44(R") and W5 (R") replaced by the Besov spaces and applied it to the regularity
problem for the Navier-Stokes equation and the Euler equation. Moreover, Ogawa [5] proved
(1.1) in terms of Triebel-Lizorkin spaces for the purpose to investigate the regularity to the
gradient flow of the harmonic map into a sphere. We also mention that (1.1) was obtained in
the Besov-Morrey spaces in [6].

In what follows, we concentrate on the case 4 = n and replace the function space
Wn/44(R") by Wé’"(Q) with a bounded domain Q in R". Note that the norm of W&’"(Q) is
equivalent to ||Vul||r»(q) because of the Poincaré inequality. When the differential order s = m
is an integer with 1 < m < n,and n/m < p < n/(m — 1), the first, second and fourth authors
[7] generalized the inequality corresponding to (1.1) and discussed how optimal the constant
A is. To describe the sharpness of the constant A, they made a formulation more precise as
follows:

For given constants My > 0 and A, € R, does there exist a constant C such that

/(n-1)
pe < A log (1+ ullyer o)

+ A log<1 + log<1 + ||u||Ws,p(Q)>> +C

[Jue]
(1.2)

holds for all u € W™ (Q) N WP(Q) with || Vull1q) = 1?

Here for the sake of definiteness, define

0

o\ 1/2
> . (1.3)

We call the first term and the second term of the right-hand side of (1.2) the single
logarithmic term and the double logarithmic term, respectively. We remark that the double
logarithmic term grows weaker than the single one as ||u||wsr@) — oo.

Then they proved the following theorem, which gives the sharp constants for 1; and
Ay in (1.2). Here and below, A1 and A, are constants defined by

ou
Xi

n
IVull@) = IVullln), — [Vul= <Z
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where w,_1 = 27"/?/T'(n/2) is the surface area of S"™' = {x € R"; |x| = 1}. See Definition 2.5
below for the definition of the strong local Lipschitz condition for a domain Q.

Theorem 1.1 ([7, Theorem 1.2]). Letn > 2,0 < a <1, m € {1,2,...,n}, and, Q be a bounded
domain in R" satisfying the strong local Lipschitz condition.

(i) Assume that either

(I) A > %, M eR or (H) A o= %, Ay > % (15)

holds. Then there exists a constant C such that inequality (1.2) with s = m and p =
n/(m — a) holds for all u € W™ (Q) N W™/ (m=0(Q) with || Vul|prqy = 1.

(ii) Assume that either

(IH) A < %, AL eR or (IV) A = %, Ay < % (16)

holds. Then for any constant C, inequality (1.2) with s = m and p = n/(m - a) fails for
some u € Wi (Q) n W Q) with |Vl gy = 1.

We note that the differential order m of the higher order Sobolev space in Theorem 1.1
had to be an integer. The primary aim of the present paper is to pass Theorem 1.1 to
those which include Sobolev spaces of fractional differential order. Meanwhile, higher-order
Sobolev spaces are continuously embedded into corresponding Holder spaces. Standing
on such a viewpoint, the first, second, and fourth authors [8] proved a result similar
to Theorem 1.1 for the homogeneous Holder space C%*(Q) instead of the Sobolev space
wmn/(m=2)(Q). Furthermore, it is known that the Holder space C%*(Q) is expressed as the
marginal case of the Besov space B***(Q) provided that 0 < & < 1, which allows us to
extend Theorem 1.1 with the same sharp constants in Besov spaces.

In general, we set up the following problem in a fixed function space X (), which is
contained in L* ().

Fix a function space X (). For given constants A1 > 0 and A, € R, does there exist a
constant C such that

/(n-1
lullf ey < M log (1+ llullx (e )

(1.7)
+ 12 log<1 + 1og(1 + ||u||X(Q))) +C

holds for all u € WS’"(Q) N X(Q) under the normalization ||Vul|p.q) = 1?

We call WP (R"™) an auxiliary space of (1.7). First we state the following proposition,
which is an immediate consequence of an elementary inequality,

log(1 + st) <log(s + st) =log(1+t) +logs fort>0, s>1. (1.8)
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Proposition 1.2. Let Q be a domain in R", and let X;(€), X5 (£2) be function spaces satisfying

lullx, @) < Mllullx,@ forue X>(€) (1.9)

with some constant M > 1.

(i) If inequality (1.7) holds in X (Q) = X1 () with a constant C, then so does (1.7) in X(Q) =
X(Q) with another constant C,

or equivalently,

(i) if inequality (1.7) fails in X(Q) = X,(Q) with any constant C, then so does (1.7) in
X(Q) = X1 (Q) with any constant C.

From the proposition above, the sharp constants for 1; and A, in (1.7) are independent
of the choice of the equivalent norms of the auxiliary space X (£2). On the other hand, note that
these sharp constants may depend on the definition of ||Vu||r»(q); there are several manners
to define ||Vu||rq). In what follows, we choose (1.3) as the definition of ||Vu||r»q).

In the present paper we will include Besov and Triebel-Lizorkin spaces as an auxiliary
space X (£2). To describe the definition of Besov and Triebel-Lizorkin spaces, we denote by Bg
the open ball in R” centered at the origin with radius R > 0, thatis, Bg = {x € R"; |x| < R}.
Define the Fourier transform § and its inverse F! by

Fu(é) =

= _ 1 =
(27r)"* JR"e Tz, Fut) = T fRn eV hu(g)de (1.10)

for u € S(R"), respectively, and they are also extended on S'(R") by the usual way. For
¢ € S(R"), define an operator ¢(D) by

_ 1 _
@p(D)u = F ' (pFu) = (2—"/2@ 1<p> _— (1.11)

)

Next, we fix functions ¢,¢° € C*(R") which are supported in the ball By, in the annulus
By \ By, respectively, and satisfying

Z (pZ(x) = Xre\ (0} (%), (po(x) =1- Z(pg(x) for x € R", (1.12)
k=-c0 k=0

where we set ¢ = ¢°(-/2%). Here, xg is the characteristic function of a set E and CZ(Q)
denotes the class of compactly supported C*-functions on Q. We also denote by C.(Q) the
class of compactly supported continuous functions on Q.

Definition 1.3. Take ¢°, ¢° satisfying (1.12), and let u € S'(R").

(i) Let0 < s < 00,0 < p £ o0, and 0 < g < oo. The Besov space B*#1(R") is normed by

- q 1/q
sk
pan * <k§ <2 LPW)) > (1.13)

(pg(D)u

lalla ey = || (D)
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with the obvious modification when g = cc.

(ii) Let 0 < s < 00,0 < p < 00, and 0 < g < oo. The Triebel-Lizorkin space F¥P4(R") is
normed by

+

b (1.14)

. 1/q
o))

e

k=0

2l pspa ey = ||‘FO(D)”

P (R")

with the obvious modification when g = oo; one excludes the case p = oo.

Different choices of ¢ and ¢° satisfying (1.12) yield equivalent norms in (1.13) and
(1.14). We refer to [9] for exhaustive details of this fact. Here and below, we denote by A%
the spaces B"1 with 0 < s < 00,0 <p < 00,0<g< o0, 0r F¥PTwith0 <s<o0,0<p <o0,0<
q < oo. Unless otherwise stated, the letter A means the same scale throughout the statement.

As in [9, 10], we adopt a traditional method of defining function spaces on a domain
QC R

Definition 1.4. Let0 < s <ooand 0 < p,g < oo.

(i) The function space A*P1(Q) is defined as the subset of ®'(Q2) obtained by restricting
elements in A®P4(R") to Q, and the norm is given by

4]l gy = inf{ [0]] gspa ey © € APAR), 0l = u in 9’(9)}. (1.15)

(ii) The function space A(S)’p “(Q) is defined as the closure of C®(Q) in the norm of
ASPA(Q).

(iii) The potential space H?(Q) stands for F¥P?(Q).
Now we state our main result, which claims that the sharp constants in (1.7) are given

by the same ones as in Theorem 1.1 when X () = A®P=9(Q) or Ag’p “1(Q), where in what
follows we denote

for s > a,

Pa,s = { S5-a (116)

o) for s = a.

Here, conditions (I)—(IV) are the same as in Theorem 1.1. We should remark that Ag’p”’s’q(Q) C
A%Pas4(Q) C L*(Q) and the formulation of Theorem 1.5 remains unchanged no matter
what equivalent norms we choose for the norm of the function space A%?~1(Q). Indeed,
Proposition 1.2(i) (resp., (ii)) shows that the condition on \; and A, for which inequality (1.7)
holds (resp., fails) remains unchanged if we replace the definition of the norm || - || asrssi(q)
with any equivalent norm.

In the case 0 < a < 1, we can determine the condition completely.

Theorem 1.5. Letn >2,0<a<1,s>a,0<g < oo, and let Q be a bounded domain in R" and
X(Q) = AsPas(Q),



6 Boundary Value Problems

(i) Assume that either (I) or (1) holds. Then there exists a constant C such that inequality (1.7)
holds for all u € W, (Q) N ASPe=(Q) with || Vil 1n(q) = 1.

(ii) Assume that either (I11) or (IV) holds. Then for any constant C, the inequality (1.7) fails
for some u € CP(Q) with ||Vul|r»q) = 1.

Remark 1.6. If Q has a Lipschitz boundary, then the Stein total extension theorem [11,
Theorem 5.24] implies that WP (Q) = H™P(Q) = F™P2(Q) form € Nand 1 < p < oo.
Hence Theorem 1.5 implies Theorem 1.1.

In order to state our results in the case a > 1 for a general bounded domain €, we
replace assumption (II) by the slightly stronger one

(H), )Ll = %, )Lz > Ao. (117)

Unfortunately, we do not know whether the result in this case corresponding to the case a > 1
in Theorem 1.5 holds.

Theorem 1.7. Letn >2, 2 >1,5s > a, 0 < g < oo, let Q be a bounded domain in R" satisfying the
strong local Lipschitz condition and X (Q) = A%P==1(L2).

(i) Assume that either (I) or (I)' holds. Then there exists a constant C such that inequality
(1.7) holds for all u € Wg’"(Q) N AP=(Q) with ||Vu|ing) = 1.

(ii) Assume that either (I11) or (IV) holds. Then for any constant C, the inequality (1.7) fails
for some u € C¥(Q) with ||Vu|iq) = 1.

Remark 1.8. We have to impose the strong local Lipschitz condition in Theorem 1.7, because
we use the universal extension theorem obtained by Rychkov [12, Theorem 2.2].

However, in the case 1 < a < 2, we can also determine the condition completely as in
the case 0 < & < 1 provided that we restrict the functions to C(Q).

Theorem 1.9. Let n > 2,1 <a <2,5 >a,0 < g < oo, let Q be a bounded domain in R*, and
X(Q) = A¥P=s4(Q).

(i) Assume that either (I) or (1) holds. Then there exists a constant C such that inequality (1.7)
holds for all u € W&’"(Q) N AP=1(Q) N Cc(Q) with ||Vl = 1.

(ii) Assume that either (I1I) or (IV) holds. Then for any constant C, inequality (1.7) fails for
some u € CX(Q) with ||Vullrrqy = 1.

We also obtain the following corollary because C2(Q) C Ag’p Q) c ASPA(Q).
Corollary 1.10. Theorems 1.5, 1.7, and 1.9 still hold true if one replaces A%P~+1(L2) by Aé'p “1(Q).

Remark 1.11. (i) The assertion in Corollary 1.10 corresponding to Theorem 1.7 still holds even
if we do not impose the strong local Lipschitz condition, because there is a trivial extension
operator from Ag’p 1(Q) into ASPA(R™).

(ii) If 0Q is smooth, then we can see that

ue c(ﬁ) u=0 ondQ forueW(Q)NAP=4(Q). (1.18)
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However, Wg’n (Q) N AP=s4(Q) is not contained in Ag,pa/s,q (Q), in general.

Remark 1.12. The power n/(n — 1) on the left-hand side of (1.7) is optimal in the sense that
r =n/(n - 1) is the largest power for which there exist A; and C such that

||”||£w(g) <h 10g<1 + ||”||X(g)> +C (1.19)

can hold for all u € W&’"(Q) N X(Q) with ||Vu||irq) = 1. Here, X(Q) is as in Theorems 1.5,
1.7, and 1.9 and Corollary 1.10. Indeed, if r > n/(n — 1), then for any \; > 0 and any constant
C, (1.19) does not hold for some u € Wé’" (Q) N X(Q) with ||Vul|zrq) = 1, which is shown by
carrying out a similar calculation to the proof of Theorems 1.5, 1.7, and 1.9 (ii); see Remark 3.9
below for the details. To the contrary, if 1 < r < n/(n — 1), then for any A; > 0, there exists
a constant C such that (1.19) holds for all u € Wé’" (Q) N X(Q) with ||Vul|zr(q) = 1. This fact
follows from the embedding described below and the same assertion concerning the Brézis-
Gallouét-Wainger type inequality in the Holder space, which is shown in [8, Remark 3.5] (for
0 <a < 1) and Remark 4.3 (for a > 1).

Finally let us describe the organization of the present paper. In Section 2, we
introduce some notation of function spaces and state embedding theorems. Section 3 is
devoted to proving the negative assertions of Theorems 1.5-1.9. Section 4 describes the
affirmative assertions of Theorems 1.5 and 1.7. Section 5 concerns the affirmative assertion
of Theorem 1.9. In the appendix, we prove elementary calculus which we stated in Section 5.

2. Preliminaries

First we provide a brief view of Holder and Holder-Zygmund spaces. Throughout the present
paper, C denotes a constant which may vary from line to line.

For 0 < a < 1, C%(R") denotes the homogeneous Holder space of order a endowed
with the seminorm

u(x)—u
”u”CU/“(R") = sup —l (ay)l
xyerr |x =y
x#y

, 2.1)

and C%*(R") denotes the nonhomogeneous Holder space of order a endowed with the norm
”u”COr“(R") = ||u||L°°(R") + ”u“CU'“(R”)' (2.2)
Define also

u(x) —u(y
I —— LG C)] 23)

4
x,yerR" |x - ]/|
x#y
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for an R"-valued function u. For 1 < a < 2, C**1(R") denotes the homogeneous Holder-
Zygmund space of order a, the set of all continuous functions u endowed with the seminorm

-2 +1)/2) +
ilerms g = sup 1) =2UCx+9)/2) 2 u(y)|

24
x,yer” |x—y|
X7y

, (2.4)

and C*71(R") denotes the nonhomogeneous Holder-Zygmund space of order a, the set of
all continuous functions u endowed with the norm

lll| cras (R7) = ||u||L°°(R") + [Julleras (R7) (2.5)

Note that C%'(R") is a proper subset of C'?(R"). We remark that, in defining C'*~1(R"), it
is necessary that we assume the functions continuous. Here we will exhibit an example of
a discontinuous function u satisfying ||u||¢1e1gsy = 0 in the appendix. We will not need to
define the Holder-Zygmund space of the higher order. We need an auxiliary function space;
for 1 < a <2,let Cy*'(R") denote the analogue of C*~!(R") endowed with the seminorm

Vu(x) - Vu(y)
||”||c{7'“*1(Rn) = ”Vu”CUr“*l(]R";R") = sup | 1 |
ryeR"  |x -y
X7y

(2.6)

The other function spaces on a domain Q C R" are made analogously to A®P9(€2). For
example, define

ulleos i) = inf{||v||c-o,a(Rn);v € C*%(R"), v|y = u in 9’(9)},

[ullerasq) = {0l ¢at ;0 € CH(RY), lg = uin 9/(Q) } (2.7)

. ~1a-1 .
e g = mf{||Vv||co,u_l(Rn;Rn);v € CYLRM), (Vo)lg = Vi in 9’(9)}.
A moment’s reflection shows that for 0 < a <1, [|ul|¢co«(q) can be written as

o u) —u)]
||u||c01a(g) =Ssup ————%
x,yeQ |x _yl
Xty

for u € C**(Q) (2.8)

since the function

v(x) = ;r€1£f2<u(y) + [|ull coa (| X - y|a> for x € R" (2.9)
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attains the infimum defining ||u[|co«(q) (see [13, Theorem 3.1.1]). Moreover, we also observe
that

forue Cy* ' (QNC(Q)  (2.10)

Vu(x) - Vu
||u”c‘1vf“*1(g) = ”Vu”COlﬂ*l(Q;R") = sup | u_l(y)l
x,yeQ |x - yl
X7y

since the zero-extended function v of u on R"\ Q2 attains the infimum defining || Vu/|coa1(qrn)-
An elementary relation between these spaces and B***(IR") is as follows.

Lemma 2.1 (Taibleson, [14, Theorem 4]). Let 0 < a < 2. Then one has the norm equivalence

B (Rn) ~ Cl“J a—|al (R"), (211)

where |a| denotes the integer part of a; || = max{k € NU {0}; k < a}.

We remark that Lemma 2.1 is still valid for a > 2 after defining the function space
Clala-lal (Rm) appropriately. However, we do not go into detail, since we will use the space
Clala-lal(R™) only with 0 < & < 2.

We will invoke the following fact on the Sobolev type embedding for Besov and
Triebel-Lizorkin spaces:

Lemma 2.2. Let0<s<o0,0<p<p<oo,0<q<g< oo, andlet Q beadomain in R™. Then

BP4(Q) — B*PA(Q),
BSP4(Q) s Bs—(1/p-1/P)p4q (Q), (2.12)

Bopmintpal(Q) s FPA(Q) s BSPMaxXipal(Q)

in the sense of continuous embedding.

Proof. We accept all the embeddings when Q = R”; see [9] for instance. The case when Q has
smooth boundary is covered in [9]. However, as the proof below shows, the results are still
valid even when the boundary of Q is not smooth. For the sake of convenience, let us prove
the second one. To this end we take u € B"1(Q). Then by the definition of B*#4(Q) and its
norm, we can find v € B%1(R") so that

vlg=u in D'(Q), lullgsrace) < 10l gspaqrny < 2[1llpspa(ey- (2.13)
Now that we accept ||v|gs-n1/p-1mpa@ny < Cspgllollpsran), we have
lull gs-narv-vmpa(qy < Nl gsnavvmpagny < Csppgllollpspagn- (2.14)

Combining these observations, we see that the second embedding holds. O

We need the following proposition later, which claims that C14~1(R") < C lv'“_l (R™) for
1 < a <2 in the sense of continuous embedding.
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Proposition 2.3. Let 1 < a < 2. Then there exists C, > 0 such that

lull et gy < Callllerarny  for u e ClaY(Rr™). (2.15)

The proof is somehow well known (see [15, Chapter 0] when n = 1). Here for the sake
of convenience we include it in the appendix. We will show that this fact is also valid on a
domain Q C R".

Proposition 2.4. Let 1 < a < 2 and Q be a domain in R™. Then there exists C, > 0 such that

ey < Callulleney for u € CH(@). (2.16)
Proof. For any u € C1#~1(Q), there exists an extension v, € C1*~}(R") of u on R" such that
vg=u nDQ), |ulerr @) <lvullerer@ny < 20wl q)- (2.17)
In particular, Vo, |g = Vu in 9'(Q). By applying Proposition 2.3, we have

||u||C1V'“’1 (QRM)

- inf{ V0] ot gy © € CH* L (R™), (V0)lg = Vit in sy(gz)}

(2.18)
< 1V ulleow ngny = 12l et
< Callvullera gy < 2Cal[u|era1(q)
and obtain the desired result. O

Let us establish the following proposition. Here, unlike a bounded domain €, for the
whole space R"” we adopt the following definition of the norm of W (R"):

”””er"(R") = ||”||L"(Rn) + ”Vu”L"(]R")' (2.19)

Definition 2.5. One says that a bounded domain € satisfies the strong local Lipschitz condition
if Q has a locally Lipschitz boundary, that is, each point x on the boundary of € has a
neighborhood U, whose intersection with the boundary of Q is the graph of a Lipschitz
continuous function.

The definition for a general domain is more complicated; see [11] for details.

Proposition 2.6. Let 0 <y < a. Then one has

/ 1-y/
14l reoee ey < Coylltl o oy Ul Ly fOr u € WH(R™) 0 B¥ (R). (2.20)
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Furthermore, let Q be a bounded domain in R" satisfying the strong local Lipschitz condition. Then
one has

/ 1-y/ , 0,00
tll ey < Collullfte g IVl le for we W (@) nB*=(Q).  (221)

Proposition 2.6 can be obtained directly from a theory of interpolation. However, the
proof being simple, we include it for the sake of reader’s convenience.

Proof of Proposition 2.6. Let us take { € C*(R") so that { = 1 on By \ B; and supp ¢ C Bs \ Bi)a.
Set

Si

o ea( S .
e gl,k(g)—g,(zk)_ 2< ) for ke NU{0}, i€ (1,...,n). (222)

L) = e

Recall that ¢ is supported on Bok2 \ By, and observe that
1 n
Prd) = ¢ 286k (O)9Q) (223)

Hence we have

||

L= (Rn)

2 ou
_ . 0
=% i§=1 Gik(D)y (D) o

Lo (RM)

ou

(2 )"zk Z(? Clk) (? *(37

L= (R™) (2.24)
ou

[k %

n
15
Ll(R")i:Zl”q gl,k

n
1,0 ” “15.
b 27

< ClVull gy < Cllullpingen-

< ——
(2.71')n2k Ln/(n=1) (R

Ln(Rm)

Ou
axi

1
Q)"

Ln/(n—l)(Rn) n (]R”)

A similar estimate for ¢ is also available:

lo°@)u

L@y (2Jr1)n/2 “ <§[_1(‘U0> *u

< Cllullgn gy < Clittllwrn -

L= &) (2.25)
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Hence we have

lllpoeeqany = || @+ sup 2Y’||<,ok

L= (R") keNu{0 LW(R”)

. (2.26)
<€y sup min{ Ll 2 e |
YkeNU{O] 2 (a-y)k (R") (R")
since 2”k||(p,(i(D)u||Loo(Rn) < |Ju]| Becese (mry. Hence we have
(1
sy < Cypmind ey oo |
>0 ! (2.27)

y/a 1-y/a
= CY”u”Bam,w(Rn)” ||W1"(]R"

It remains to prove (2.21). The universal extension theorem obtained by Rychkov [12,

Theorem 2.2] yields that there exists a common extension operator E : Wg’"(Q) + B (Q) —
WL (R") + B> (R") such that

1]l gponoo () < I1EU]| pponco ey < Cplltal|pponc ()  fOr u € B (Q), 228)
2.28
IVl oy < NEullyingny < ClIVUllniqy  for u € Wy™(Q)

for all y < f < co. Then (2.21) is an immediate consequence of (2.20). O

3. Counterexample for the Inequality

In this section, we will give the proof of assertion (ii) of Theorems 1.5-1.9. Lemma 2.2 shows
that

Bepminlpal(Q) s FoPA(Q), (3.1)

and hence it suffices to consider the case A*P++9(Q) = B%P=~~4(Q) in view of Proposition 1.2
(i). Furthermore, Lemma 2.2 also shows that

BSPesminipusal (Q) < BPrsA(Q)  for §> s, (3.2)

and hence we have only to consider the case 0 < g < pas = n/(s—a) < 1. Therefore, it suffices
to show the following theorem for the proof of (ii) of Theorems 1.5-1.9.

Theorem 3.1. Letn >2,a>0,5s >n+a,0 < g < pas, and let Q be a bounded domain in R" and
X(Q) = B*P=(Q). Assume that either (I11) or (IV) holds. Then for any constant C, inequality (1.7)
fails for some u € CZ(Q) with ||Vu||»q) = 1.
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Here and below, we use the notation
¢(s) =log(1+s) fors>0 (3.3)

for short, and then ¢ o ¢(s) = log(1 + log(1 + s)) for s > 0. We note that inequality (1.7)
with X(Q) = B%P=1(Q) holds for all u € W&’"(Q) N B*P=s4(Q) with ||Vul[pn(q = 1 if and
only if there exists a constant C independent of u such that F**7[u; 11, 1,] < C holds for all
u € Wy (Q) N BsP==A(Q) \ {0}, where

n/(n-1)
Ul U||Bspas. U||Bsra,s.
o4y, 4] = ((eLe@) _ o Vellzreenicy gB” @ _ 000 WM o)
IVull o) IVl 1) Vull g (3.4)

forue Wg’"(Q) N B*P==A(Q) \ {0}.

For the proof of Theorem 3.1, we have to find a sequence {u; }]921 C C¥(Q) \ {0} such
that F**[u;; A1, 2] — oo as j — oo under assumption (III) or (IV). In the case that Q = R"
and that all the functions are supported in By, we can choose such a sequence.

Lemma3.2. Letn>2,a>0,s>n+a,0<q < pas, and Q = R™. Then there exists a family of
functions {u; }]921 C CZ(R") \ {0} with suppu; C By forall j € N such that

F**uj; M1, Ay] — 00 as j — oo (3.5)

under assumption (III) or (IV) of Theorem 3.1.
We can now prove Theorem 3.1 once we accept Lemma 3.2.

Proof of Theorem 3.1. Examining (1.7) fails, so we may assume that Ay, 1, > 0. Fix zg € Q and
Ry > 1 such that

1
B={xeR”;|x—zo|<—}CQ. (3.6)
Ro

Let {u; }]921 be a family of functions as in Lemma 3.2. If we set

uj(Ro(x — z0)) for x € B,
vi(x) = (3.7)
0 for x e Q\ B,
then v; € C¥(Q), and there exists a constant C, s g, > 1 such that
||Uf||L°°(Q) = ||uf||L°°(R")’ [V, Q) = |V L (Rn)
(3.8)
l|v) Borasa(Q) < Cas, o ||| Bopasa (RN
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The first and the second equalities are immediate, while the third inequality is a direct

consequence of the fact that the dilation u — u(Rj-) is an isomorphism over B*P=9(R").
Using (1.8) and the fact that 11,1, > 0, we have

g (Wl N Bl
F* M uj; M, | €| o7 -
[u] 1 2] ||Vu] ) 1 Ca,s,RO ”Vu]

L (R e
__A’Ze o e< ]. ||uj||Bs,Pa,s,q(Rn)>
Ca,S,Ro ” Vu] L (R™)

/(n-1)
”v]”Loc(Q) v ”'U] BsPasA(Q) (39)
< ( e — e S LREe)
Vo, L"(Q) Vo) L"(Q)

’U' S,Pa,s
e g<”]B—(Q)> e Corrin,
|| Vo, Q)

= Fa’S’q [U]; '/\1/ ')LZ] + CK,S,RU,/\l,/\zl

from which we conclude that F**[v;; A1, \2] — oo asj — oo. O

We now concentrate on the proof of Lemma 3.2, and we first prepare several lemmas.
Let 3° € CZ((0,00)) be a smooth function that is nonnegative, supported on the
interval [1,4] and satisfies

i 7 (2’+2t) =1 fort>0. (3.10)

I=—

Observe that (3.10) forces ¢°(2) = 1.

Proposition 3.3. (i) If holds

j
Xp/2m/4(t) < Z <Zl+2t> < X2z () for jeN. (3.11)

1=1
(ii) It holds

o =0 t
IO (PT()dt =log?2. (3.12)

Proof. (i) In view of the size of the support of §°, we easily obtain (3.11).
(ii) If we integrate both the sides of inequality (3.11), then we have

1/4 021+2t 1/2
S N P L PO L P
=1

] 1/2]+1 t 1/2j+2
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As a consequence, it follows that

1
(log2) <1 - -> J' 70 4 < (1og2) (1 + ;>. (3.14)
A passage to the limit as j — oo therefore yields (3.12). O
Define
(P'O( 1+2 )
wi(x) = I fdt for x e R", [ eN. (3.15)
||
Note that w; = w1 (2'71-). Set
u;i(x) = ;Zw (x) forxeR" jeN (3.16)
= llog2)j & P TER '
We also note that supp u; C By 2 since supp w; C By /1.
When we are going to specify the best constant,(3.19) is the heart of the matter.
Lemma 3.4. Let n >2and 0 < p < oo. Then one has
||uj||L°°(R") =1 forjeN, (3.17)
(1-1/5)" a+vpt
A2 <Nl sy < Taar for jeN, (3.18)
1-1/j . 1+1/j :
<[V g < —— forjen. 3.19
(Gogzyny e = gy o
Proof. It is not so hard to prove (3.17). Indeed, a change of variables yields
S f P
. =u;(0) = t. 2
(E2 ||L°°(R") ui(0) = (logZ)] Jo lzl t log2 (3:20)

Thus, we obtain (3.17) by applying (3.12).
We next verify (3.18). Recall that A; is defined by Ay = 1/ wii (1"71). If we insert the
definitions (3.15) and (3.16), then we have

. P
1 Jd J—OO 1 J » > _
o o1 _}: 0 21+2t dr ) " dr. (3'21)
|| ]”LP(R) AT"l((IOg2)]')p 0 < " tlzl‘p ( >
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Using (3.11), we have

1 Y xnea® N\
([ p—— J'<f Xuz2aa\®) p o\ ey,
TIED = Ant((log 2) )" Jo \J» t

1 1 /2 4 P
< T AP f J‘ —dt ) r"ldr
AT ((log2)j)" Jo \J 122

_(+ 1/5)?
- nA{“1

1 e xpeam® N
e 2,,_—.’[ < =—————dt ) r"dr
PUED = A ((log2) )" Jo \J+ t

1 1/2/+1 1/4 1 P
2 1—P ’[ J —dt T"_ldr
AT ((log2)7)" Jo 1/2m t

_ @-175)7
- nA?flzn(]#l)'

(3.22)

Equation (3.19) is a simple but delicate inequality, since we need to take a full
advantage of the definition of (1.3) and the equality

) _ . ol+2 X
Vuj(x) = - (logZ)]<Z ( |x|>>W. (3.23)

=1

Also, a direct calculation shows that

”V”J

1 : o I+ nl
L(R") W <Z‘PO<2 2t>> ;dt. (3.24)

=1

By using (3.11), we have

1 12 9 1+1/j
IVl < o —ovmom | 7= FR—
AT ((log2)7)" J1/am ((log2)A;)"jr1
(3.25)
V|| RO SUN R S 1-1/j
T Lr (rm) A’f’l((logZ)])" 17251 t ((logz)Al)n—ljn_l
O

Let us estimate the Besov norm of u;, which is the most delicate in this proof.
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Lemma 3.5. Letn>2,a>0,s >n+a,and 0 < q < pys. Then one has

247 .
[|u; ) < Ca,s,qT for j €N. (3.26)

BSPasA (R
Lemma 3.5 is reduced to Propositions 3.6 and 3.7 below, which concern lower
frequency part and higher frequency part, respectively.

Proposition 3.6. Take ¢° satisfying (1.12). Let n > 2, a > 0, and s > n + a. Then there exists a
constant Cy g such that

[Pas (]Rn)

oDy <C,s forjeN. (3.27)

Proposition 3.7. Take ¢° satisfying (1.12). Let n > 2, a >0, s > n+a, and 0 < q < pa s. Then there
exists a constant Cq s 4 such that

. 1/q ai
sqk||,,0 . q < 2 .
<kz_02 ”(pk(D)u] . (Rn)> < Cuog ; for j EN. (3.28)
For m > 0, let us set
P (x) = ! for x e R" (3.29)
(T + [x))™™ '

and estimate ||¢™ * yB,|/1r®n) crudely, where 0 < p < oo and R > 0. Let s, denote the positive
part of s € R, that is, s, = max{s, 0}.

Proposition 3.8. If m > n(1/p-1),,0 <p < oo, and R > 0, then there exists a constant Cp,, > 0
such that

19" % el 1y < Cpmmax{R7, RY7 | (3.30)

Proof. Let us decompose the estimate of [|¢p™ * yp,||1r(rr) according to Byg. As for the estimate
inside B, we have

17 “ B I f ;dz de 1/p
XBrll1r(Byr) = Bax Be (1+|x— z|)" ™
1/p
) J' (J‘ ;dzygdx (3.31)
Bae \JRe (14 [ —z))™™

2w n/p
R

n
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Let us turn to the estimate outside B,g. Since

x| <|x—z|+]|z| < |x —z|+ R<|x —z| + |x| — |z| < 2|x - z]
(3.32)
for x e R" \ By, z € Bg,

we have
1 2 1/p
" % vp ., = I j ——————dz ) dx
”¢ X R”LF’(]R \B2r) < R\ Bak < By (1 + |x_z|)n+m > >
1 p 1/p
< < f (f TR /2),Hmdz> dx> (3.33)
n BR X
21/”w -1 !
(B )
Thus we have proved the assertion. O

We first prove Proposition 3.6. We abbreviate yp, = x; forl € Z.

Proof of Proposition 3.6. Choose m,s € N satisfying m,s > n(l/pss —1) = s — a — n. Since
F1¢° € S(R"), we have

'9&*1(};0 (x)' < Cqsp™=(x) for x e R™. (3.34)

It follows from (3.17) that u;(x) < yo(x) for x € R". Applying Proposition 3.8, we have

”‘PO(D)uj

LPas (R™)

Lo @) W“ <7—1(,U0> * Uj

< Cas|9™ * xol

(3.35)

LPas (R™) S Cb’(,s .

Let us turn to proving Proposition 3.7.

Proof of Proposition 3.7. Since ¢, does not contain the origin as its support, we can define
smooth functions ™ (§), o (¢) € CZ(R") by

Ny L 0@ (S (2 of
PO =k @ =y <zk>‘<|§|> ‘”<2k) (3.36)

for¢eR", NeN, keNuU {0}




Boundary Value Problems

A direct calculation shows that

22Nk (D) (x) = o (D) (—A) Ny (x),

19

(3.37)

where A denotes the Laplacian on R". Keeping (3.37) in mind, let us calculate

||(,0kN (D) (=A)Nw|| Lpes ()" Note that the self-similarity w; = w; (2'-!) yields

(—A)Nwl(x)| =22N(-D) | [(—A)Nw1] <2Hx>| < Cn22Nyj(x) for x € R™,

(3.38)

Choose m,,s € N satisfying my s > n(1/pas — 1) = s — a — n. Since F ¢~ € S(R"), we have

|¢_1(PN(X)| < Cu,s,N‘i)ma’s (x) for x eR",

and hence

|F g ()| = 2

[g_l(PN] (zkx>| < Ca,s,Nznk¢m“’s <2kX> for x € R".

As a result, we obtain

o (D) (~8) V()| = WW-M’?) « (AN ()|

< C(I,S,NZZNan

[ ()] » 12|

)] b))

= CaoN2M| [ % yia] (24x) | for x € R

=C N22Nl+nk
=LCas,

If we take the LP+s-norm and use the pointwise estimate above, then we obtain

ZSk

¢(D)w,

= 262Nk ¥ (D) (-) N

Lpas (R™) Lpas (R™)

< Cp o N22N R

(@ xee1) (2)

— Ca,S,NZZN(l_k)+ak||¢m"’s % Xk—l|

Lpras (R™)

LPas (R7)*
Since My > 1(1/pas — 1) and a + n/pas = s, by Proposition 3.8 we have

25k

al-(a+n-2N)(I-k)
Lo () < CasN2 for 1>k,

@Y (D)wy

zsk < Ca,s,Nzal_(zN_s)(k_l) for I < k

[Pas (]Rn)

@Y (D)w

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)
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for all N € N. By letting N =11in (3.43) and N = [(s + a)/2| + 1 in (3.44), we obtain

< Cp 28Ik for 1 e N (3.45)
LPas (R")

2% (D)wy

because min{a +n — 2,2[(5 +a)/2| +2 -5} > a, where |(s + a) /2| denotes the integer part of
(s + a)/2. Since uj = ZLl w;, we have

< zsqk
k=0

Thus by using (3.45) and g < pas < 1, we have

1/q
izsqk q
=0 [Pas (R")

C o J a C j o 1/q
@5 2“‘7(1*|1*k|) — ’f‘rs 2aq(Hk*1|)
= (zz ) Cee (zz )

|2 (D)

1/q o ] 1/q
2349k . 3.46
LPas(R">> (logZ)] <,§”§ |‘P"( Jw LPus(Rﬂ)) (3.46)

|ot (D)

k=0 I=1 I=1 k=0
(3.47)
j aq a(l-1)q e
_ as Zzuqlz +1-1/2
= 2% — 1]
: 1/q .
C ] aj
< a:S,q <Zzaql> < Ca,s,qz_.-
] =1 ]
Thus we obtain the desired conclusion. O

Finally we prove Lemma 3.2.

1/n

Proof of Lemma 3.2. Let j, > e + 1 be sufficiently large so that 2% > (j, — 1)*/"". We estimate

F**[u;; A1, A2] from below for j > j,. We have from (3.17) and (3.19) that

n/(n-1)

124l o o _ (log2)Ayj (3.48)
172 R

Ln(Rn)

It was an elementary arithmetic to deduce (1.8). Another elementary arithmetic we need is

f(t) <logt+log2<t fort>1,
(3.49)
é(r+t) <logr+logt+log3 forrt>1.
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We deduce from Lemma 3.5 that
£< ||uf||Bs/Pa,srq(Rn)> < €<C
> a,s,q
| Vu; Ln(Rn)
We estimate the right-hand side to obtain The result is
( ”uj ” Bepasa(Rn) >
o — =)
[V Ln(Rn)
<l —————— ) +Cys4 <log
. 1/n /54 .
(-1 (-

1 . 1 .
= (log2)aj - - log(j —1) + Cays,q < (log2)aj - - log j + Caysgq

20 >
G-v'"/

24
W> +Cusq

”ui Bspasa(Rn o1 .
lo €<W)> < €<(10g2)a] - logj + Ca,s,q)-

L™ (R")

We may and do remove —(1/n) log j to obtain the conclusion as follows:

e o e ”u] ||BSVPu,s,‘7(Rn)
V|| e )

< €((log2)aj+ Cuysq) <log((log2)aj) + Cusq =10gj + Caysq-

We next invoke the fact that

h
1-1/(1+ k)Y D

By putting h = 1/j, we have

1

>1- -
(1+1/j)"" (n=1)j

n-1
=>A+n" PV >n-1 forh>0.
k=1

for j > 1.

21

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)
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Therefore, we obtain

F*54 [u]-; )Ll, )Lz]

1 aly \ . A .

= (o) <W - AT)’ (G ) 108 = Casan
J (3.55)

ali . 1 A .
> Gog2m((1- 50 )i= 57 ) + (5 42 108 ~ o
— o asj—
under assumption (III) or (IV). O

Remark 3.9. As we stated in Remark 1.12, if r > n/(n — 1), then for any A; > 0 and any
constant C, (1.19) does not hold for some u € W(}’"(Q) NX(Q) with || Vul|rx (@) = 1. To see this,
letr =(1+¢e)n/(n—-1), >0, and define

(1+e)n/(n-1)
P 31 = lull oy 1o Tl
s = = PTE - Al T ET
”vu“L"(Q) ”vu“L"(Q) (3.56)

for u € W, (Q) nBy7(Q) \ {0}
instead of F**9[u; A1, A,]. We argue as in the proof of Lemma 3.2 to obtain

(log2)Aqj

1+e
S .
W) — (log 2)“./\,1] + 71 10g] — Alca,s,q

Foo48 [uj; M| > (

- (log 2)(1)»1] + ;1 10g] - Alcu,s,q

N ((10g2)A1 j)“E 1 (3.57)
2
— o asj— oo,

which provides the assertion above.

4. Establishment of the Inequality (I)

In this section, we will prove Theorem 1.5(i) and Theorem 1.7(i).
The following theorem, which provides the corresponding result for X(Q) = C*%(Q),
is essential for proving them.

Theorem 4.1 ([8, Theorem 1.1]). Let n > 2,0 < a < 1, let Q be a bounded domain in R", and
X(Q) = C**(Q). Assume that either (I) or (II) holds. Then there exists a constant C such that the
inequality (1.7) holds for all u € W™ (Q) N CO%(Q) with || Vul|1x(q) = 1.

We should mention that Ibrahim et al. [16, Theorems 1.3 and 1.4] have already
obtained a similar result in the 2-dimensional case.
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First, we prove Theorem 1.5(i). f 0 < 2« < 1, s > a, and 0 < g < oo, then we have

l[ullcoa(y < Casgllttll asrasae) for u € A%P=4(Q) (4.1)

since Lemmas 2.1 and 2.2 give A%P==(Q) — ASP=s®(Q) <« BSPas®(Q) — B¥**(Q) =
CO*(Q) — C%*(Q). In view of Proposition 1.2 (i), Theorem 1.5 (i) immediately follows from
what we have been calculating, that is, Theorem 4.1 and (4.1).

To prove Theorem 1.7(i), Lemmas 2.1 and 2.2 reduce the matters to the following
proposition:
Proposition 4.2. Let n > 2, a > 1, let Q be a bounded domain in R" satisfying the strong local

Lipschitz condition, and X (Q) = B¥**(Q). Assume that either (I) or (II)" holds. Then there exists a
constant C such that inequality (1.7) holds for all u € Wé’" (Q) N B> (Q) with ||Vulliq) = 1.

To prove it, we apply Theorem 1.5 (i).

Proof of Proposition 4.2.

Step 1. Consider the case A, > 0. Under assumption (I), choose 0 < y < 1 arbitrarily, and then

->—, heR (4.2)

-/\1 = -)LZ > —. (43)

We apply Theorem 4.1 with replacing a by y to obtain

/(n-1) _ &
Il < Tha€ (o) + 126 © (lleor @) + Coa (44)

for u € Wy (Q) N C% (Q) with ||Vul|rxq) = 1. On the other hand, Lemma 2.1 gives

||”||C04'(g> < ||”||c07r(g) < Cy||u||3rmm(gz)- (4.5)
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Combining (2.21), (4.4), and (4.5) yields

/(n-1 a /
)} < ?Ale(ca,y||u||};a:w(g))

/
+ 180 e<Cﬂ,Y”u||gaZO,co(Q)> + CQ,a,y,/h,/\z

< 018(2(1+ Coplltrnery ) ) (4.6)
+ Aze(g 1og(2(1+ Caylltllprny ) ) ) + Compi

< )L1€<||”||Bmw(gz)> + 1280 e(””“Bmw(Q)) + Caayii i

foru e Wg’"(Q) N B%**(Q) with ||Vu||1»@) = 1, and the assertion follows.

Step 2. Consider the remaining case Ay > A;/a and 1, < 0. We argue as in the proof of
Lemma 5.4.Let 6 = A1 /2—A1/(2a). Note that 6 > 0 and A;—6 > Ay /a. Since £0€(s)/€(s) — 0
as s — oo, there exists a constant Cs > 0 such that

£od(s) < —%é(s) +Cs fors>0. (4.7)
We have from Step 1 that
lullf ey < (1 = 6)€(Illgunon @y ) + Carans s (48)
holds for u € W,"(Q) N B**>(Q) with ||Vu||rxq) = 1. Then
il < 1 (lllpeonqy ) + 42€ © €(ltllpniy) + Cory ins (49)

holds for u € Wé’"(Q) N B***(Q) with ||Vu||1q) = 1, and the assertion follows.
O

Remark 4.3. As is mentioned in the introduction, the power r = n/(n—1) on the left-hand side
of (1.7) is optimal (in the case a > 1) in the sense that r = n/(n — 1) is the largest power for
which there exist 11 and C such that

1l gy < M8 ([l gronr) ) + C (4.10)

can hold forall u € Wé’" (Q) NBY**(Q) with [|Vu||inq) = 1. Indeed, if 1 <r <n/(n-1), then
for any A; > 0, there exists a constant C such that (4.10) holds for all u € Wé (Q) N B¥*®(Q)
with ||Vu||rr (@) = 1. An argument similar to Proposition 4.2 works if we invoke the fact in [8,
Remark 3.5] (for 0 < a < 1). Namely, the assertion for a > 1 follows from the corresponding
factin the case 0 < a < 1.
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5. Establishment of the Inequality (II)

In this section, we will prove Theorem 1.9(i). In analogy with (4.1),if 1 < a < 2,5 > a and
0 < g < oo, then we have

||u||C1,a71 Q) S Calslq”u”As'V“rS'q(Q) for u e Asrpa,srq(g). (51)

By Proposition 2.4, it holds

lull et gy < Callullererq)  for ue Cl" Q). (5.2)
In view of (5.1), (5.2), and Proposition 1.2 (i), Theorem 1.9 (i) will have been proved once we
establish the following theorem, which extends Theorem 4.1 to the case 1 < a < 2.
Theorem 5.1. Let n > 2,1 < a < 2, and let Q be a bounded domain in R" and X (Q) = Clv"’“1 (Q).
Assume that either (1) or (II) holds. Then there exists a constant C such that inequality (1.7) holds for
all u € Wy (Q) N Cy* Q) N Ce(Q) with || Vul|pnq) = 1.
We argue as in [8] to prove Theorem 5.1.

In order to obtain our results, we examine a problem of minimizing ||Vul|”, @ with a
unilateral constraint. Let 0 < 7 < 1. We consider the following minimizing problem:

ml[Q, he] = inf{[|Vul}, 5,1 € K[By, e}, (M; Bi; hy)

where

K|[By,h:] = {u € Wé’"(Bl); u>h, ae. onBl}. (5.3)

Here the obstacle function h, is given by

h:(x) = ET(|x|) =1- <|Ti|> for x e R", (5.4)
where
1 1/a
T, = T(a log - + l> . (5.5)

It is crucial to prove the following fact, which explicitly gives the minimizer u® of the
minimizing problem (M; By; h;) with a parameter 0 < 7 < 1.

Then we can prove the following fact for 0 < a <1 as in [8]. Meanwhile it is also valid
for 1 < a < 2; the proof is completely identical.



26 Boundary Value Problems

Lemma 5.2. Let n >2and 0 < a < 2. For any 0 < T < 1, the unique minimizer u® of (M; By; hy) is
given by

h.(x) for x € B.,
U (x) = i (|x]) = A . (5.6)
a(T—T> ogm for x € By \ B;.
Remark 5.3. We can calculate the norms of u# as
n "1 alog(l/7) +1
o= 1700~ (R) i 7
L=(By) LBy \ A (alog(1/7) +1)
’ _ a2t 5.8
uT Clv,oc—l (By) Tg ° ( . )

Although equalities (5.7) are straightforward and elementary, we will verify equality (5.8) in
the appendix for the sake of completeness. We prove Theorem 5.1 by accepting (5.8).

In order to examine whether (1.7) holds or not, we may assume that A; > 0 and define

/(n-1)
||uIILoo(Q) " ”””Clr"*l(g) ||”||C1/“*1(Q)
Flusdy, do] = (o ol ) ol
v Vil Vil VIVl

for u e Wy™(Q) nCy* (@) \ {0}, ¥ >0,
Flu; A1, \2] = Fi[u; A, 2],

F*[A, A2 Q] = sup{F[u; A, Aol; e WQ) N CE Y Q) n e\ (Q){0) } (5.10)
for A1 >0, X, € R. Note that
Flcu; M, Ao] = Flu; A, A2] Ve e R\ {0} (5.11)
We also remark that

Fylu; A1, 00] < Flu; Ay, do] + Cypy,  for ue W™ (@) nCy*H(Q) \ {0). (5.12)
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Indeed, since max{#(st), (s +t)} < €(s) + €(t) for s,t >0, we have

Fylu; M, 2] = Flu; Ay, A2]
lloall s ll2all s
=M( £ & @ -7 y—cv ©)
”Vu“L”(Q) ”VuHL"(Q)
[ lull o (5.13)
i eoe( Mm@, o Mam@
”Vu||L"(Q) ||Vu||Ln(gz)
5A1e<1>+|xz|eoe< 1A>.
Y YSgI'lz

Then under our new notations, Theorem 5.1 is equivalent to the following.

Lemma 5.4. Let Q be a bounded domain in R". Then the following hold.

(i) Forany M > Ai/aand Ay € R, it holds F*[A1, 12; Q] < oo.
(ii) Forany Ay > Ao/, it holds F*[Aq/a, \y; Q] < co.

The aim of this section is to prove Lemma 5.4. Let us first reduce our problem on a
general bounded domain Q to that on the unit open ball B;. We set

R ={uewy"(B) nCy (By); lull=s,) = u(0) =1},
~ R (5.14)
[, o] = sup{F[u;/\l,)uz]; ue K} for A1 >0, A €R.

Proposition 5.5. Let Q be a bounded domain in R" and Ay > 0, A, € R. If F* [A1, A2] < oo, then it
holds F*[A1, A2; Q] < co.

Proof. Let u € Wé’" (Q)n Clv”"_1 () N C(Q) \ {0}. Suppose that |u| attains its maximum at a
point z,, € Q. Define a function v, : By — R by

Mu(dgx+zu) if dox+2z,€Q,
v, (x) = QM=o (5.15)

0 otherwise

for x € By, where dg = diam Q = sup{|x - y|; x,y € Q}. Then we have v, € K and

”Vu”Ln(Q) ||u||C1'“’1(Q)
IVOull s,y = Tl oulletet s, = dg . (5.16)

e ||u||L°°(Q)
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by the dilation property and translation invariance. Applying (5.12), we have

Flu; M, A2] = Fryas [ou; M, A2] = Flou; M, A2 ] + Caang i,

_ (5.17)
< F'[A, Al + Caan,  for we W™ Q) nCy*H(Q) N Ce(Q) \ {0}
Therefore, if F*[A1,12] < oo, then F*[A1, A2; Q] < oo. O
For x > 0 and 1, po > 0, define
) B (S+1)n)1/(n—l) ~ Kes
Crlsipu ) = <S+1/" e (s+1/m)"/"
(5.18)

_ o/f Ll for s > 0.
n (s+1/n)'/"

As we will see just below, Gi(s;p1,42) majorizes F* [A1,A2]. The idea of the proof of
Proposition 5.6 is essentially due to [16].

Proposition 5.6. For any A\ > 0and X, € R, it holds

.~ A a a
F*[Aq, ()xz)Jr] < 7SSI;OPG<A1/a)1—1/n <S, A—lJ\l, A—Z)Lz> . (5.19)

+

Proof. (a) We claim that K is partitioned into {K, Yoeret:

K=]]K. (5.20)
0<7<1
where
_ Ll 1
K; = {u € K|[By, h;] ﬂClv’a 1(31)} ||”||C1vf“-1(31) = Ta 2]l e 5,y = u(0) = 1}' (5.21)
T

It is trivial that K, € K for all 0 < 7 < 1. Conversely, for any u € K, we have

IVull (s, 2 1- (5.22)
Indeed, for x € 8B, = S™1, we see that

1 1
1=u(0) —u(x) = —J‘O x - [Vu](tx)dt < |x]| Iol[Vu] (tx)|dt < ||Vl e, - (5.23)
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Therefore, since |Vu| is continuous, |Vu| attains its maximum at some x( € B;. Since u attains
its maximum at the origin, the gradient vanishes there. Hence we have

[Vu(xo) = Vu(0)| _ [Vu(xo)|
Ul =ra-15 y = ||Vu|| coa-t1 g, gy = = >1. (5.24)
| ||cV @) = IVitlloas (g, mmy P P

The triangle inequality for integrals yields

u(x) =1+ u(x) —u(0)

1 1
=1 +I x- [Vu](tx)dt >1- |x|f [[Vu](tx)|dt
0 0

(5.25)
1
Vu](tx) - Vu(0
:1_|x|aj ta—ll[ u](x) 1”( )|dt
0 |tx — 0]
From the definition of the seminorm, we obtain
]' 24 24
u(x) 2 1= —[Vulloar g,z x|" 2 1= | Vil coa (g o X]
“a (5.26)
=1- ||u||C«1V,a-1(Bl)|x|“ for x € By.
Then, u € K, with 1/T* = ”””Ci;“’l(Bl) > 1, and hence we obtain (5.20).
(b) Next we show that
Flu; A, (A2),] < Fapeos [uf.;)q,)uz] for u € K,. (5.27)
+

Here F,p-« is given by (5.9) with y = a227*. Note that ||Vul|xs,) > ||[Vul||in(s,) for all u €
K|[By, h;]. We also remark that ||uﬁ||c-1v,a-1(31) = a227% /T and ||uf||=(5,) = u%(0) = 1. Since the
functions

(0,00) 25+ s"/("’1)€<§> € (0,00), (0,00) 3 5+ s Dgo €<§> €(0,00) (5.28)
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are both increasing, we have

i _ 1 1
v n/(n 1)1:. A, (A -1 LV n/(n 1)e - -
IVully G Fl dy, (1), ] Vel e\ 72 [ullm

/(n-1) 1 1
~ (), IVull s, €0l mame——
+|| ”L (B1) Tg ||Vu||Ln(Bl)
n/(n—1)€< 1 1 >
e@) N\ T (Vi | s, (5.29)

/(n-1) 1 1
n/(n eog _a#—
L"(By) T? ||VHT L(B))

n/(n-1)
L"(By)

Sl—)q”Vuﬁ

- )Q”Vuﬁ

_ #
= ||VuT

Fpo2- [ui; A1, )tz]
< VUl D F [uﬁ;h,)LZL for u € K,

L*(Br)

which implies (5.27).
(c) It follows from Remark 5.3 that

Aq 1 «a a
F2-a [uf; )Ll,/\Q] = ?Gazz_a(m/a)m/n <0c log ;; A—l)q, A—ZJ\2> for0<rt<1. (5.30)

Combining (5.20)—(5.30) yields

supF[u; A1, (A2),] = sup <supF[u; .)Ll,(.)tz)+]>

uek 0<7<1 \ yeK,

< sup (supFazza [1; A1, ()~2)+]>
0<7<1 \ yeK,

< (;sig Fa2a [uﬁ; )q,f\zL (531)
- ﬁosig Gga(ryfay - <zx log % ; Ailxl, Aizxz>+
which implies (5.19). O

The following lemma describes the behavior of the function Gk (s; 1, H2) as s — oo,
which plays an essential role for proving Lemma 5.4. Here we invoked the result from [8,
Lemma 3.4].
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Lemma 5.7. Let x > 0.

D Ifm>1, upeR orpy =1, up > 1, then Gy (s; p, plo) — —0ass — oo.
(ii) Gy (s;1,1) is decreasing if s is sufficiently large and tends to a finite limit G, as s — oo.

(iii) If p1 <1, pp € R, 0r py =1, pp < 1, then Gy(s; p1, 2) — o0 as s — oo.

We now show Lemma 5.4 by using Proposition 5.6 and Lemma 5.7. We divide
assertion (i) in Lemma 5.4 into the following two assertions for the sake of convenience.

(i-1) For any Ay > Aj/a and A, > 0, it holds F*[\4, Ay; Q] < oo;
(i-2) For any A1 > A1/a and A, <0, it holds F*[Aq, 1y; Q] < oo.

Proof of Lemma 5.4. (a) First we show assertions (i-1) and (ii). We take p1 = ali/Ay, po =
aly/ Ay, and s = alog(1/7). By virtue of Proposition 5.5, assertions (i-1) and (ii) follow from
Lemma 5.7 (i) and (ii), respectively.

(b) Next we show assertion (i-2). Let 6 = 11 /2 — A1/ (2a). Note that 6 > 0 and \; — 6 >
Aq/a. We have from (a) that F*[A; - 6,0; Q] < o0. Applying (4.7), we have

s [ lullerr g ey @)
F[u,)q,)tz] —F[u,)tl —6,0] _-)LZ<A_2€< ||vu”L"(Q) +€ol ||Vu||U,(Q)

(5.32)
< F*[A1 = 6,0, Q] — 1,Cs
<o forueWy™(Q)NCy Q)N C(Q) \ {0},
and the assertion follows. O

Thus we have proved Theorem 5.1.

Appendices

In this section, we carry out elementary calculi which we omitted in Sections 2 and 5.

A. On the Space C'“1(R")

First, we prove Proposition 2.3. Let 1 < a < 2, and let Q be a domain in R". Then we will
prove that there exists C, > 0 such that

[ullerer ) < Callullerariqy forue Cl* Q). (A1)

Proof of Proposition 2.3. By putting y = x + h into (2.4), we deduce

u(x + h) —2u<x + %h) + u(x)

< [l ¢ oy (A2)
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We choose an auxiliary radial function ¢ € C¥(R") with integral 1. Note that

fRn g_i(X)dx =J- ) aiza(p (x)dx=0 fori,je({l,...,n}. (A3)
We define u; by
U (x) :znkf “(y)¢<2k(X—y)>dy for k € Z. (A.4)
]Rn

Note that ux — u locally uniformly in R" as k — oo. Then we have

O uk _ »(n+2)k ‘32‘]’ k
axiaxj (.X') =2 J‘Rn u(y) axiax» <2 (.X' - y)>dy

(A.5)
2k ¢
=2 fnu< Zky>6x8x (v)dy.-
Since ¢ is even, a change of variables y — —y yields
Ok 2k ¢
0x;0x; (x) =2 IRH ( ky) 0x;0x; (y)dy- (A-6)

Because of (A.3), we have

a?:g;] (x) = 22kj < <x + —y> - 2u(x) + u(x - 21—ky>> 6326x (y)dy. (A7)

It follows from (A.2) that

o°u a
'6x a; (x)| < Ca2® K| Jue]| 10 1(Rn)- (A.8)
Meanwhile we have
auk k
Sl zky ax ? W, (A9)

which yields

OUjes1 6uk k < 1 )_ ( 1 ))6_4)
o, (x) - ox, =2 Jn<2u Xty ) (Xt Y ) ) e (y)dy. (A.10)
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Because of (A.3), we have

It follows from (A.2) that

Buk+1 aUk C
axi (x) - a_xl(x) S m”u”Cl,u—l(Rn)/ (A12)
and hence
k
up = ug + D, (w - u1) (A.13)
1=1

converges in C{, (R") as k — oo. In particular, u € C'(R"). Now we fix x, y € R" arbitrarily.
Since 1 < a < 2, we have from (A.8) that

x-y|*' —0 ask— oo (A.14)

C
|Vu_r(x) - Vui(y)| < Z(z%m”””@'“(w)

We apply inequalities (A.8) and (A.12) to conclude

| Vir (x) = Vi (v) = Vi (x) + Vui ()|

k

< D | Vu(x) - Vi (y) = Vi (x) + Vi (y)|
= (A15)

[ee] . B 1
<C, Z mm{ | =y |23, = }”u”Cl,u—l(Rn)

I=—00

a-1
x-y|".

< Callullerat gy

Since uy — u, Vur — Vu locally uniformly in R” as k — oo, the assertion follows from
(A.14). O

When we defined u, by (A.4), we used the continuity of u, or more precisely, we used
the local integrability of u. As is announced in Section 2, this type of assumption is absolutely
necessary.

Proposition A.1. Let a > 0. Then there exists a discontinuous function u : R" — R satisfying

-2 +y)/2) +
ludllenes gy = SUP |u(x) —2u((x+y)/2) u(y)|=

a
x,yeR" |x—y|
Xty

0, (A.16)

that is, u(x) = 2u((x + y)/2) + u(y) = 0 forall x, y € R™.
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Proof. Choose a Hamel basis, that is, a Q-basis {{)},c4 of R”. If necessary, we can assume that
jth
ej = <0,...,0,T,0,...,0>, e=v2e €&} en- (A.17)

Accordingly, we fix a collection of real numbers Z = {z,},c, C R. Then define a function
uz : R" — R so that

uz ( > "7)L§A> = D Mz (A.18)

ey AeAg

for all finite subsets Ag C A and {g1},cs, C Q. From definition (A.18) we can verify that

||uz||c'1,a71(Rn) =0.
Now we have freedom to choose Z = {z, },c4. If uz is continuous, then we have

Uuz(x) = lig}cuz(y) = lim Zyjuz(ej) = ijuz(ej) (A.19)
gEQn y=(y1,y2,...,yn —X j=1 =1
yeQ”

for all x = (x1,x2,...,x,) € R". Hence uz is continuous if and only if uz is R-linear. Keeping
this in mind, if we choose {z, },c, so that uz(e) =1, uz(e;) = 0 foreach j € {1,2,...,n}, then
uz is the desired discontinuous function satisfying |[uz||¢1e1(gn) = 0. O

B. Proof of Equality (5.8)

We are left with verifying equality (5.8) according to definition (2.10).

Lemma B.1. Let 0 < 7 < 1and 1 < a < 2. Then it holds Vu® € C**1(By; R") and

(1227‘1

# _
”VuT Comt(Burr)  TE (B-1)
Let us define
);a for x € By,

f(x) = |’§J (B.2)

W for x e R" \ By.

x
In view of (5.6), we have
Vi (x) =~ g (XY B B3
u.(x) = Ta - or x € By, (B.3)
T

and hence ||vuﬁ||c0,afl(Bl;Rn) = (a/T7)|flp, . lcoa1(B, . eny- Then Lemma B.1 is equivalent to the
following.
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Lemma B.2. Let R > 1and 1 < a < 2. Then it holds f|g, € C%*~(Bg; R") and

”ﬂBR ”C‘O,zx—l(BR;Rn) = 227‘!- (B4)

To prove Lemma B.2, we need to establish some propositions.

Proposition B.3. Let 1 <a<2,0<0<1,1>0,and

Dg (1) = L_zqi_l for —1<t<1. (B.5)
(1+62-26t)
Then one has
_1‘{1;;1;(1(1)9,,1(& = max{®g,(-1), g, (1)}. (B.6)
Furthermore, if 0 < <1or@ <1/n <1, then
max @, (t) = Dgy(=1). (B.7)

-1<t<1

Proof. Since

o dDg
2 Moy _ _ 2 _ 2
(1+62-201) - 0 =2(22-wont-n(1+6*) + (@-10(1+7%)),  (BS)
we have

da 5 adq)g,q B

E[(“Q —29t) |0 =4@-@Bn20 for ~1<t<l. (B.9)

Hence the maximum principle shows that @y, attains its maximum on 0[-1,1] = {-1,1}.
To prove the latter assertion, we will show that ®g (1) > @y ,(1). Since [0,1) 3> s
(1-s)/(1+s) € (0,1] is decreasing, we have

_ _ _ a-1
1-n 1 9<<1 9) <1 foro<p<l

147~ 1+60 " \1+60
1 1-1/ 0 0\ (10
n- -1/n _1- 1-0\* 1
= < < < < —-<1.
n+1 1+1/q—1+9—<1+9> sl forfs <1
These inequalities imply
1+ 1-
(®g,,(-1)) "% = n_, tonl (D, (1))"?, (B.11)

1+6)*"'  1-6)"!
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provided that 6 <7 <1 or 0 <1/ < 1. The proof is now completed. O
One can easily show the following proposition by a direct calculation.

Proposition B.4. Let 1 <a<2,0<r <1, and

14!
() =— for0<t<1,
8(0) (1+1)! f
2-a
u(s) = LET oos, (B.12)
1+ pro!
Gar(p) = ————= forpzl
plp+r1)

Then the function g, is increasing on [0, 1], the function g, is decreasing on (0, 00), the function Gy,
is decreasing on [1, oo), and hence

a(t) < 2%« for0<t<1,
Su(s) <27 fors>1, (B.13)

Gar(p) <27 forp>1.

We now turn to proving Lemma B.2.

Proof of Lemma B.2. If we choose 0 < r < 1, then it is easy to see that

N [f(re1) — f(-re1)| _ 2

[F3 Pep— o ren T (B.14)

We will use the substitutions x = re1, y = pw withr,p > 0, w € S 1in polar coordinates to
obtain

(- (W), [fre) ~f(pw)]

- (B.15)

||f|BR||C“/""1(BR;R”) = sup

o<ri<ly]<k %= y|* O<r<p<R |re; — pw|”‘_1
wes" !

since f is continuous and f(Px) = Pf(x) for any orthogonal transformation P on R". We
distinguish three cases according to r and p in the supremum. Note that |w — te;| = (1 + t* -
2tw) 2 for-1<t<1, w = (wr,ws, ..., wy) € S™L.
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If 0 < r < p <1, then Propositions B.3 and B.4 give

|f(re1) — f(pw)| _ |r*ler - p* ]

rev—po [rer — puo]”

= <(Dr/p,(r/p)°H (w1)>1/2 = <(Dr/p,(r/p)“’l(_1)>l/2

r
— - _ S22_a-
#(3)

If 1 <r < p < R, then Propositions B.3 and B.4 give

[f(re)) ~ E(peo)]| _ Jea/r—w/p]

[rev—peo|™™ Jrer - peo] ™!

1
Ha

1
= E(q)r/p,p/r(wl))l/z < P) (C[)r/p,p/r(_l))l/2

1. <r> 1. (1) - -
= a\ — S a\ = 8Sa SZ °
a8al 5 ) S a5 S (p)

If 0 <7 <1< p <R, then Propositions B.3 and B.4 give

[£(ren) ~ £(peo)]| _ [r™les — /|

[res—po|™" Jres—peo| ™!

1/2 1/2

1 1
= f7 ((Dr/p,r“‘lp(wl)) < E ((Dr/p,r”‘lp(_l))

= Gar(p) <277

The proof is now completed.
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