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We consider the boundary value problem —A,u = Af(u) in Q satisfying u = 0 on 0€,
where u = 0 on dQ, A > 0 is a parameter, Q is a bounded domain in R” with C? boundary
0Q, and Apu := div(|Vu|P=2Vu) for p > 1. Here, f:l0,r] - Risa C' nondecreasing
function for some r > 0 satistying f(0) < 0 (semipositone). We establish a range of A
for which the above problem has a positive solution when f satisfies certain additional
conditions. We employ the method of subsuper solutions to obtain the result.

1. Introduction
Consider the boundary value problem

—Apu=Af(u) inQ,
u>0 inQ, (1.1)
u=0 onoQ,

where A >0 is a parameter, Q is a bounded domain in R” with C? boundary 9Q) and
Apu:= div(|VulP~2Vu) for p > 1. We assume that f € C'[0,r] is a nondecreasing func-
tion for some r > 0 such that f(0) < 0 and there exist § € (0,7) such that f(s)(s—) =0
for s € [0,r]. To precisely state our theorem we first consider the eigenvalue problem

—Apv=Av[P?v inQ,

1.2
y=0 onoQ. (1.2)

Let ¢; € C'(Q) be the eigenfunction corresponding to the first eigenvalue A; of (1.2)
such that ¢; >0 in Q and ||¢1 |l = 1. It can be shown that 9¢;/9% < 0 on 9Q and hence,
depending on (), there exist positive constants m,d,0 such that

|V¢1}P—)L1¢f >m onQy,

_ (1.3)
¢1=0 onQ\Qy,

where Qs:={x € Q| d(x,0Q) <6}.
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We will also consider the unique solution, e € C'(Q), of the boundary value problem

—Ape=1 inQ,

e=0 onoQ (1.4)

to discuss our result. It is known that e > 0 in Q and de/dn < 0 on dQ). Now we state our
theorem.

THEOREM 1.1. Assume that there exist positive constants Iy, 1, € (B,r] satisfying

(a) L =kl

(b) [ f(O)[A/mf (L) <1, and

() B/ f (L) >uf '/ f(0)),
where k=k(Q) =)™V (p/(p = 1))o® VP lellw and p=u(Q) = (pllell/(p — )P M1/
oP). Then there exist A < A* such that (1.1) has a positive solution for A <A < A*.

Remark 1.2. A simple prototype example of a function f satisfying the above conditions
is

fs)=r[s+D*=2]; 0<s<rt-1 (1.5)

when r is large.

Indeed, by taking /; = r> — 1 and I, = r* — 1 we see that the conditions (= 3) <I; <L
and (a) are easily satisfied for r large. Since f(0) = —r, we have

| £(0) [\ A
= . 1.6
mf() ~ mir—2) o
Therefore (b) will be satisfied for r large. Finally,
p-1 p-1 -
L /f(1)  (r'=1)" (r-2) B r4p=3 293 (17)

P (-1 r—1)
for large r and hence (¢) is satisfied when p > 3/2.

Remark 1.3. Theorem 1.1 holds no matter what the growth condition of f is, for large
u. Namely, f could satisfy p-superlinear, p-sublinear or p-linear growth condition at
infinity.

It is well documented in the literature that the study of positive solution is very chal-
lenging in the semipostone case. See [5] where positive solution is obtained for large A
when f is p-sublinear at infinity. In this paper, we are interested in the existence of a
positive solution in a range of A without assuming any condition on f at infinity.

We prove our result by using the method of subsuper solutions. A function v is said
to be a subsolution of (1.1) if it is in W?(Q) n C°(Q) such that y < 0 on 9Q and

I VP2V stf AMf(ww Vwe W, (1.8)
Q Q



M. Chhetri and R. Shivaji 325

where W = {w € C7(Q) | w>01in Q} (see [4]). A function ¢ € WHP(Q) N C°(Q) is said
to be a supersolution if ¢ > 0 on dQ) and satisfies

_2 . >
L2|v¢|f’ v VW_JQ)Lf((/))W Vwe W, (1.9)

It is known (see [2, 3, 4]) that if there is a subsolution y and a supersolution ¢ of (1.1)
such that y < ¢ in Q then (1.1) has a C'(Q) solution u such that y < u < ¢ in Q.

For the semipositone case, it has always been a challenge to find a nonnegative subso-
lution. Here we employ a method similar to that developed in [5, 6] to construct a positive
subsolution. Namely, we decompose the domain Q by using the properties of eigenfunc-
tion corresponding to the first eigenvalue of —A, with Dirichlet boundary conditions to
construct a subsolution. We will prove Theorem 1.1 in Section 2.

2. Proof of Theorem 1.1
First we construct a positive subsolution of (1.1). For this, we let y = l;0?’ (1‘P)¢f /p=1)

Since Vy = p/(p — Lot 1-Pg/ P Vv,

J |Vy|P2Vy.Vw
Q

_(-F p/(1-p) ! p=2 .
(p 1l]O' ) JQ¢1|V¢1| V¢1 Vw

-1
- (ij 111017/(1*}7))‘0 JQ | V1 1P2V [V (piw) —wV ¢ ]

= (}%llal’/(l_P})P—lJ’Q Vg1 |7 V1.V (g1w) - (ﬁhaﬂ(l_"))lp_
x
J,, 1761w

) (pl_) 11101)/(171)))1771 JQ/M " |p—2¢1(¢lw> _ (pP 111017/(1*17))1’*1

« J Vi [Pw  (by (1.2))
Q

= (%llow(lm)pljﬂ [Al [o1]|? = |V |P]w VweW.

(2.1)

Thus y is a subsolution if

(PI_’ lzloP/“*m)Pfl JQ (Mg = Vg1 17w < )LL)f(t//)w. (2.2)



326 Positive solution for p-Laplacian semipositone problems
On Qs
|V |7 =AY = m (2.3)

and therefore

<1%1110P/(1—P))p_1[h¢‘f — |V, |"] < —m(p%lhop/“‘f’))p_l <Af(y) (2.4)

if
- m((p/(p—1)ha? PP
A<A:= 7(0)] ) (2.5)

On Q\ Qs we have ¢; > o and therefore

y = Lo/ =P PP 5 g Gp/A=p)gp/p=1) — (2.6)
Thus

p /(1-p) P p P

(p—lll"p P) (Mgl = 1Veil?] <Af(y) (2.7)

if

~ M(p/(1 = p)laP/ -y

A=A 7

(2.8)

We get A < A by using (b). Therefore v is a subsolution for A < A < 1.
Next we construct a supersolution. Let ¢ = L,/(llell«)e. Then ¢ is a supersolution if

L} V6P 2V .V = JQ (l—z)ww > )tL)f(gb)w Vwew. (29

llelle

But f(¢) < f() and hence ¢ is a super solution if

-1
L

/\ SX:Z S B
lel% ! (L)

(2.10)

Recalling (c), we easily see that A < 1. Finally, using (2.1), (2.9) and the weak comparison
principle [3], we see that ¢ < ¢ in Q when (a) is satisfied. Therefore (1.1) has a positive
solution for A < A < A* where 1* = min{,1}.
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