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Abstract

In this paper, we first present a class of first-order nonlinear impulsive integral
boundary value problems on time scales. Then, using the well-known Guo-
Krasnoselskii fixed point theorem and Legget-Williams fixed point theorem, some
criteria for the existence of at least one, two, and three positive solutions are
established for the problem under consideration, respectively. Finally, examples are
presented to illustrate the main results.
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1 Introduction

In fact, continuous and discrete systems are very important in implementing and appli-
cations. It is well known that the theory of time scales has received a lot of attention,
which was introduced by Stefan Hilger in order to unify continuous and discrete ana-
lyses. Therefore, it is meaningful to study dynamic systems on time scales, which can
unify differential and difference systems.

In recent years, a great deal of work has been done in the study of the existence of
solutions for boundary value problems on time scales. For the background and results,
we refer the reader to some recent contributions [1-5] and references therein. At the
same time, boundary value problems for impulsive differential equations and impulsive
difference equations have received much attention [6-12], since such equations may
exhibit several real-world phenomena in physics, biology, engineering, etc. see [13-15]
and the references therein.

In paper [16], Sun studied the first-order boundary value problem on time scales

x2(0) = f(x(a (1)), te€[0,Tly,

x(0) = Bx(o (1)), (1.1)

where 0 < 8 <1. By means of the twin fixed point theorem due to Avery and Hen-
derson, some existence criteria for at least two positive solutions were established.
Tian and Ge [17] studied the first-order three-point boundary value problem on time

scales
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x2(0) + p(0)x(o (1) = f(Lx(o (1)), e[0T,

(1.2)
x(0) — ax(§) = Bx(a (T)).

Using several fixed point theorems, the existence of at least one positive solution and
multiple positive solutions is obtained.

However, except BVP of differential and difference equations, that is, for particular
time scales (T = R or T = Z), there are few papers dealing with multi-point boundary
value problems more than three-point for first-order systems on time scales. In addi-
tion, problems with integral boundary conditions arise naturally in thermal conduction
problems [18], semiconductor problems [19], hydrodynamic problems [20]. In continu-
ous case, since integral boundary value problems include two-point, three-point,..., n-
point boundary value problems, such boundary value problems for continuous systems
have received more and more attention and many results have worked out during the
past ten years, see Refs. [21-27] for more details. To the best of authors’ knowledge, up
to the present, there is no paper concerning the boundary value problem with integral
boundary conditions on time scales. This paper is to fill the gap in the literature.

In this paper, we are concerned with the following first-order nonlinear impulsive
integral boundary value problem on time scales:

x2(6) +p(Ox(o (1) = f(tx(o (1)), t€]:=[0,Tl\{tr b2, ..., tm}s

Ax(ti) = x(t) — x(t;) = L(x(t:)), i=1,2,...,m, (1.3)

o(T)
0x(0) — x(o (T)) = / g(5)x(s)As,

where T is a time scale which is a nonempty closed subset of R with the topology
and ordering inherited from R, 0, and 7 are points in T, an interval
[0, T]y:= [0, T]NT which has finite right-scattered points,
p € C([0,0(T)]r, p € C(]0, o (T)]r and p is regressive, R"), I,(1 < i < m) e C([0, +e0),
[0, +e)), g 1is a nonnegative integrable function on [0,0(T)]r and

I =a—Bey0,0(T)) — [T
on time scale T, which will be introduced in the next section, t;(1 <i < m) € [0, T]y, 0
<t <---<t, < T, and for each i=1, 2,...,mx(t}) = limj_o- x(t; + h) and
x(t;) = limp_.o- x(t; + h) represent the right and left limits of x(¢) at t = t;, x(t; ) = x(&;).

Remark 1.1. Let Ty = {61, 65, ..., 64} denote the set of right-scattered points in interval

3(5)ep(0,5)As > 0, €,(0,0(7)) is the exponential function

[0,T]t,0< 6y < --<0,<T,0(6) =0, 0,1 = T. By some basic concepts and time scale
calculus formulae in the book by Bohner and Peterson (28], we have

q+1

o q e+l o \bk
/0 v g(s)x(s)As = ;}:/:Qk) g(s)x(s)As + ,;/ek : )g(s)x(S)As

o (1.4)

q 9k+1
=3 / 8(s)x(s)ds + ) 14(61)8(61)x(6r)-
k=0 o (6k) k=1

The main purpose of this paper is to establish some sufficient conditions for the
existence of at least one, two, or three positive solutions for BVP (1.3) using Guo-Kras-
noselskii and Legget-Williams fixed point theorem, respectively.
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For convenience, we introduce the following notation:

t,x . . . L,x . Ii(x
maxfp = lim max iy ), minfy =lim min 1 ), Iip = lim i ),
x—0 te[0,o(T)], X x=>0te[0,0(T)]y X x=0 X
tl . . . t/ . I
maxf, = lim  max /( x)’ minfy, = lim  min iy x), lino = lim l(x),
x—oore[0,0(T)ly X x—o0te[0,0(T)y X x—>00 X

where i = 1, 2,..., m.

This paper is organized as follows. In Section 2, some basic definitions and lemmas
on time scales are introduced without proofs. In Section 3, some useful lemmas are
established. In particular, Green’s function for BVP (1.3) is established. We prove the
main results in Sections 4-6.

2 Preliminaries
In this section, we shall first recall some basic definitions, lemmas that are used in
what follows. For the details of the calculus on time scales, we refer to books by Boh-
ner and Peterson [28,29].

Definition 2.1. [28]A time scale Tis an arbitrary nonempty closed subset of the real
set R with the topology and ordering inherited from R. The forward and backward
jump operators o, p : T — Tand the graininess . : T — R*are defined, respectively, by

o(t):=infse T:s>1t}, p(t):=sup{seT:s<t}, u(t):=0(t)—t

In this definition, we put inf@ =sup T (i.e., o(¢) = t if Thas a maximum t) and
sup @ =infT (i.e, p(t) = t if Thas a minimum t). The point t e Tis called left-dense,
left-scattered, right-dense, or right-scattered if p(t) = t, p(t) < t, o(t) = t, or o(t) > ¢,
respectively. Points that are right-dense and left-dense at the same time are called
dense. If Thas a left-scattered maximum m,, defined Tk = T — {m,}; otherwise, set
Tk = T. If Thas a right-scattered minimum m,, defined T), = T — {m,}, otherwise, set
TF=T.

Definition 2.2. [28]A function f : T — Ris rd continuous provided it is continuous at
each right-dense point in Tand has a left-sided limit at each left-dense point in T. The
set of rd-continuous functions f : T — Rwill be denoted by Cyy(T) = Crq(T, R).

Definition 2.3. [28]If f : T — Ris a function and ¢ ¢ T, then the delta derivative of f
at the point t is defined to be the number f*(t) (provided it exists) with the property
that for each ¢ >0 there is a neighborhood U of t such that

f(o (1)) = f(s) = f2 (o (6) =s]l <elo(t)—s| forallseU.
Definition 2.4. [28]For a function f: T — R (the range R of f may be actually
replaced by Banach space), the (delta) derivative is defined by
_fle() - £

A
f a(t)—t '

if f is continuous at t and t is right-scattered. If t is not right-scattered, then the deri-
vative is defined by
o FEO) =) f0 ()

s>t o(t)—s s—>t t—s

fA

provided this limit exists.



Li and Shu Boundary Value Problems 2011, 2011:12 Page 4 of 19
http://www.boundaryvalueproblems.com/content/2011/1/12

Definition 2.5. [28]If F(t) = ft), then we define the delta integral by
t
/ f(s)As = FE(t) — F(a).
a

Definition 2.6. [28]A function p: T — Ris said to be regressive provided 1 + u(t)p(t)
= 0 for all ¢ ¢ T* where u(t) = o(2) - t is the graininess function. The set of all regressive
rd-continuous functions f: T — Ris denoted by R, while the set R*is given by
{f e R:1+pu(t)f(t) > Olfor allt € T. Let p € R. The exponential function is defined by

.9 = e [ tsu(f)(p(r))m) ,

where &y is the so-called cylinder transformation.

Lemma 2.1. [28]Let p, ¢ € R. Then

(1) eot, s) = 1 and ey(t, t) = 1;

(2) ey(a(t), s) = (1 + u(t)p(D))ey(t, s);

(3) e19 = €op(ls5), where Op(t) = =15}

(4) e,(t, s)ey(s, 1) = ey(t, 1),

(5) €' (. 5) = pep(-s).

Lemma 2.2. [28]Assume that f,g: T — Rare delta differentiable at ¢ ¢ T*. Then

()2 (1) = F2(0)8(6) + f (o (1))8° (1) = ()8 (1) + fA(1)8(o (1)

Lemma 2.3. [28]Let g ¢ T% b € T, and assume that f : T x T* — Ris continuous at
(t, t), where ¢ ¢ Thkwith t > a. Also, assume thatjA(t, \) is rd-continuous on [a, o(t)].
Suppose that for each ¢ >0 there exists a neighborhood U of t, independent of t € [a, O
(t)], such that

If(o(t), ) = f(s,T) = f2(t, T)(0(t) —s)| <elo(t)—s| forallsel,

where f* denotes the derivative of f with respect to the first variable. Then
(1) g(t) == ftf(t, T)AT  impliesg™(t) = /LfA(t, T)AT +f(o (1), t)
@) h(t) = [P f(t,T) AT impliesh®(t) = [*fA(t, T)AT — f(o (1), 1)

3 Foundational lemmas

In this section, we first introduce some background definitions, fixed point theorems in
Banach space, then present basic lemmas that are very crucial in the proof of the main
results.

We define PC = {x: [0,0(T))]r — Rlx(t) is a piecewise continuous map with first-
class discontinuous points in [0,0(T)]T N{t; : 1 <i < m} and at each discontinuous
point it is continuous on the left} with the norm [[XI| = sup;cjo,o(y}, 1%(t)}, then PC is a
Banach Space.

Definition 3.1. A function x is said to be a positive solution of problem (1.3) if x €
PC satisfying problem (1.3) and x(t) >0 for all t € [0, o (t)]7.

Definition 3.2. Let X be a real Banach space, the nonempty set K € X is called a
cone of X, if it satisfies the following conditions.

(1) x e Kand A > 0 implies Ax € K;
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(2) x € K and -x € K implies x = 0.

Every cone K € X induces an ordering in X, which is given by x < y if and only if y -
xe K

Definition 3.3. An operator is called completely continuous if it is continuous and
maps bounded sets into precompact sets.

Lemma 3.1. (Guo-Krasnoselskii [30]) Let X be a Banach space and K € X be a cone
in X. Assume that Q,, Q, are bounded open subsets of X with 0 € Q, C Q1 C Qand
® : KN (Q\Q1) — Kis a completely continuous operator such that, either

@) ||Dx]|| < ||x]|, x € KN 0Qy, and ||Px|| = ||x||, x € K N 0Qy; or

(2) [|Px|| = ||x||, x € KN 3Qy, and ||Dx|| < ||x||, x € KN 9.

Then @ has at least one fixed point in K N (2,\$21).

Lemma 3.2. Suppose h € C([0,0(T)]1.R), v € R, then x is a solution of

o(T) m
x(t) = / ! G(t,)h(s)As+ > Gt t)wi, te[0,0(T)]r, (3.1)
0 i=1
where
e - [T7els Dl — 76 g(r)e, (0, 1) AT, 0<s<t<o(T)
(t:5) = I ey(s, )[Bep(0, o (T)) + () 8(1)ep (0,1)Ar], 0 <t <5 < o(T),

if and only if x is a solution of the boundary value problem

x2(0) + p(0x(o (1)) = h(1),  t€):=[0,TIr\{tr, t2, -, tw},

Ax(t) =x(t7) —x(t; )=vi, i=1,2,...,m, (3.2)

ox(©) ~ (o () = [ s
Proof. Assume that x(z) is a solution of (3.2). By the first equation in (3.2), we have
(x(t)ep(t, 0))™ = h(t)ey(t, 0). (3.3)
If t € [0, t;], integrating (3.3) from O to ¢, we get
x(t)ep(t, 0) = x(0) + /Otep(s, 0)h(s)As,
while ¢ — t;, we have
x(6)ey (11, 0) = x(0) + /O " en(s, O)(s)As,

then

x(t])ep(t1,0) = x(0) + /: ep(s, 0)h(s)As + viey(t1, 0).
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Now, let t € (ty, t,], integrating (3.3) from t; to t, we obtain
00s(6,0) = x(i)ep(1,0) + [ 6y(5,0)AE)As
t
=x(0) + /Ol ep(s, 0)h(s)As + viey(t1, 0).
For t € (t 1], repeating the above process, we can get

x(t)ey(t, 0) = x(0) +[0 ey(s, 0)h(s)As + Z viey(ti, 0),

O<ti<t
that is
t
x(t) = x(0)ey(0, 1) +/ ep(s, t)h(s)As + Z viep(ti, t).
0 O<ti<t

o (T)

It follows from ax(0) — Bx(o(T)) = [, g(s)x(s)As that

x(0)=1""! {ﬂ /OU(T) ey(s, o (T))h(s)As + /OG(T) g(s) -/OS ey(r, s)h(r)ArAs

O<tj<s

m o(T)
+B Y viey(ti, o (T)) + /O 8s) Y. viep(ti,s)As}
i=1
o(T)
=r! {ﬂ[ ep(s, o (T))h(s)As
0
o(T) po(T) o(T) po(s)
+/0 /0 8(r)ey(s, r)Arh(s)As—/O /(; 8(r)ey(s, r)Arh(s)As
+ Z Vi |:

i=1

o(T)
/ 3(s)ep(ti s)As + ﬂep(ti,O(T))} } ,

L

o(T)
where I1 = o = ey (0,0(1)) = [ g(6)es(0,5)s] " Then
0

o(T)
x(t) =T e,(0,1) {ﬂ/ ep(s, o (T))h(s)As
0
+ /OG(T) /OU(T) 8(r)ey(s, r)Arh(s)As — /:(T) /00(5) g(r)ey(s, r)Arh(s)As
m o(T)
Y v [/ g(s)ep(ti, s) As + Bey(ti, o(T))i| }
i=1 b

i

+ / tep(s, Dh(s)As+ Y viey(ti )
0

O<ti<t

o (T) m
= / G(t, s)h(s)As + Y G(t, )i,
0 i=1

(3.4)

Page 6 of 19
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This means that if x is a solution of (3.2) then x satisfies (3.1).
On the other hand, if x satisfies (3.1), we have

o(T) m
x(t) = /0 Gt S)h(s)As+ Y G(t, t)vi, € [0,0(T)]r.

i=1

Then
o(T) m
x(t)ey(t, 0) = /O H(s)h(s)As + ZH(ti)vi, te[0,0(D)]r, (3.5)
i=1
where
I ley(s, 0)[o — g(s) 8(r)e,(0, 1) Ar], 0<s<t=<o(T),
H(s)=1{ ., o (T)
T ~ley(s, 0)[Bep(0, 0 (T)) + [ 8(1)ep(0,7)Ar], 0 <t <5 < o (T).

Notice that

o(T) A
|:/ H(s)h(s)As:|
0
=r! |:/Otep(5, 0) (a - /OU(S)g(r)ep(O, r)Ar) h(s)As:|

o(T) o(T) A
+r1 |:/t ep(s, 0) (,Bep(o, o(T)) +/ 8(r)ey (0, r)Ar) h(s)As:|

A

©)

o(t)
=r! |:ep(t, 0) (a — / 8(r)ey (O, r)Ar) h(t):|
0

o(T

-r! |:ep(t,0) (ﬂep(OrU(T)) +/(t)

= ep(t, 0)h(t).

Similarly,

m A
[Z H(ti)vij| =0.
i=1
Hence, we get from (3.5) that
(x(0)ep(t, 0))* = h(t)ey(t, 0),
that is

x2(t) + p()x(o(t)) = h(t), te].

Finally, we can obtain from (3.1) that

)g(T)ep(Ol T)AT) h(t)}

() —x(t) =ve, k=1,2,..,m,
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and
ax(0) — Bx(o (1))
o(T) N m a(T) N
=a {/0 G(0, )h(s)As + ;G(o, tl-)vi} -8 {/0 G(o (T), s)h(s)As

+ i G(o(T), Ii)vi}

i=1

=a {/: I ley(s,0) |:a - [UU(S) g(r)ep(O,r)Ar:| h(s)As

+ Z F*lep(t,-, 0) [a — /amg(r)ep(o, r)Ar:| Vi
0

0<ti<t

o(T) o(T)
+/ l"_lep(s, 0) |:ﬁep(0,a(T)) +[ 8(r)ey (0, T)Ari| h(s)As
t o(s)

DY Flep(ti«o)[ﬂep(OrG(T))+f”(:)g(f)€p(0/f)m]vi]

t<ti<a(T) o

-8 {/Orl"*ley(s,o(T)) [a - /OU(S)g(r)eP(O, r)Ar] h(s)As

+ Z F—lep(li,a(T)) |:a — fnq(t’)g(r)ep(o,r)Ari| Vi

0<ti<t

a(T) o(T)
+/r I ey(s, o (T)) [ﬂep(O,U(T)) + f() g(1)ey (0, r)Ar] h(s)As

(1)
+ Y Tle(t,0(T)) |:/3ep(0,a(T))+f ) g(r)ep(O,T)Ar:| v,-}

o
o (&

t<t<o(T)
o (T) o(T) m

= /(; 8(s) |:/0 G(s, r)h(r)Ar + ;G(s, si)vi:| As
o (T)

= /o 8(s)x(s)As.

So the proof of this lemma is completed.

Lemma 3.3. Let G(t, s) be defined the same as that in Lemma 3.2, then the following
properties hold.

(1) G(¢, s) >0 for allt,s € [0,0(T)]1;

(2) A < G(t,s) <Bforallt,s e [0,0(T)|y, where

o(T)
A=T""8e(0,0(T)), B=T""¢g(o(T)0) ((x + ey (0,0(T)) +/0 g(s)ep(O,s)A5> .

Proof. Since a — Be,(0,0(T)) — oG(T

holds. Now we will show that (2) holds.

)g(s)ep(o,s)As > 0, then it is clear that (1)

ey - | T Dl = 76 g(r)ey(0, 1) AT], 0<s<t=<o(T),
(t5) = I "ep(s 1)[Bey (0,0 (T)) + [ 8(1)ep(0,1)AT], 0 <t <5 < o (T),
- {F_lep(s, 0)ep(0, O — 7P g(Ney(0,1)Ar],  0<s<t<a(T),
~ | T ep(s, 0)ep(0, 1) Bey (0, 0 (T)), 0<t<s<o(T),
e, (0,0 (T))[er — 7T g(r)e,(0, 1) AT, 0<s<t=<a(T)
~ | T7'Be;(0,0(T)), 0<t<s<o(T),

>T7'e(0,0(T)) = A.

Hence, the left-hand side of (2) holds. And it is easy to show that the right-hand side
of (2) also holds. The proof is complete. ®

Page 8 of 19



Li and Shu Boundary Value Problems 2011, 2011:12
http://www.boundaryvalueproblems.com/content/2011/1/12

Define an operator @ : PC — PC by
o(T) m
(Px)(t) = /0 G(t, s)f (s, x(o (5)))As + Z G(t, t:);(x(t:)).
i=1

By Lemma 3.2, the fixed points of @ are solutions of problem (1.3).
Lemma 3.4. The operator ® : PC — PC is completely continuous.
Proof. The first step we will show that ® : PC — PC is continuous. Let {x,}°, be a

sequence such that n]gglo Xn =X in PC. Then
(Pxn) (£) — (Px) (1)
o(T) m
= ‘/0 Gt ) (5,2 (0(5))) = f(s:x(0 (D)) As + Y Glt, ) [li(xn(t)) — Lix(1))]

i=1

o(T m
<B {fo ( )|f(s,xn(o(5))) — (s x(e(G))] As + D [i(xa(t)) —Ii(x(ti))|}~
i=1
Since f{t, x) and Li(x)(1 < i < m) are continuous in x, we have |(Dx,,)(t) - (DPx)(2)| >
0, which leads to ||Dx,, - Px||pc — 0, as n — . That is, ® : PC — PC is continuous.
Next, we will show that @ : PC — PC is a compact operator by two steps.
Let U < PC be a bounded set.
Firstly, we will show that {®Ox : x € Ujis bounded. For any x € U, we have

o (T) m
|(®x)(1)| = ’ /0 G(t,9)f (s, x(0(5))As + Y G(t, t:)Ii(x(t:))
i=1

o(T) m
53{/0 If (s, x(c (5))) 1 As + lei(x(ti))l}.

i=1

In virtue of the continuity of fit, x) and [i(x)(1 < i < m), we can conclude that {®x : x
€ U} is bounded from above inequality.

Secondly, we will show that {®x : x € U} is the set of equicontinuous functions. For
any x, y € U, then

1(Px)(1) = (@p)(1)]
o (T) m
= ‘/0 Gt 3)f (520 (s))) = f(s.¥(o (DA + Y Gt 6)[Li(x(6)) = Li(r(t)]

i=1

o(T) m
<B {/0 If (s, x(0(5))) = f(s, ¥(a (5)))|As + Z Ii(x(ti)) — Ii(y(ti))l} :

In virtue of the continuity of (¢, x) and ;(x)(1 < i < m), the right-hand side tends to
zero uniformly as |x - y| — 0. Consequently, {®x : x € U] is the set of equicontinuous
functions.

By Arzela-Ascoli theorem on time scales [31], {®x : x € U} is a relatively compact
set. So @ maps a bounded set into a relatively compact set, and ® is a compact
operator.

From above three steps, it is easy to see that ® : PC — PC is completely continuous.
The proof is complete. ®

Let K = {x € PC: x(t) > §l||x||, t € [0,0(T)]v}, where § = g € (0, 1). It is not difficult
to verify that K is a cone in PC.

Page 9 of 19
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Lemma 3.5. ® maps K into K.
Proof. Obviously, ®(K) € PC. Vx € K, we have

(®2)(1) = /O

o (T) m
< B/O (s, x(a(s)))As + BZIi(x(ti)), t€[0,0(D]r,
i=1

o

T) m
G(t,)f (s, x(0 () As + Y G(t, t:)Li(x(t:))
i=1

which implies

o(T) m
x| < B/O Fls,x(a(s))As + B Ii(x(1:))-

i=1

Therefore,
o(T) m
(Px)(t) > A/(; f(s,x(o(s)))As+A le—(x(t,-))
i=1

_ 2 |:B fo "0 F(s, x(0(5))) As + Béli(x(t,v)):|
> 5| Px|l.

Hence, ®(K) € K. The proof is complete. ®

4 Existence of at least one positive solution
In this section, we will state and prove our main result about the existence of at least
one positive solution of problem (1.3).

Theorem 4.1. Assume that one of the following conditions is satisfied:

(Hy) max fo = 0, min f, = o0, and I,o = 0, i = 1, 2,..., m; or

(Hy) max f., = 0, min f = o, and I;., = 0, i = 1, 2,..., m.

Then, problem (1.3) has at least one positive solution.

Proof. Firstly, we assume that (H;) holds. In this case, since max f, = 0 and ;o = 0, ¢

=1, 2,., m, for ¢ < (Bo(T) + Bm)", there exists a positive constant r; such that

f(t,x) <ex and I[j(x) <ex forallxe (0,11], i=1,2,...,m.

In view of min f., = e, we have that for M > (Ao(T)6)", there exists a constant

r2 > ' such that
f(t,x) = Mx forall x € [8r;, 00).

Let Q;={xe PC: ||x|| <r}i=1,2
On the one hand, if x € K n 9€);, we have

(@00 -

o(T) mn
<B / f(s,x(0(s)))As + B Y Li(x(t:))
0 i=1

o

T) m
G(t,5)f (s, x(0 (5))) As + Y G(t, 1:)Ii(x(t:))
i=1

o(T)
< B/ exAs + Bmex
0

< Bo(T)er; + Bmery <11 = ||x|,
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which yields
|®x|| < |lx|| forallx e KNa;. (4.1)

On the other hand, if x € K n 9, we have

(@00 -

o(T) m
- A/ fls,x(0 () As + A S Li(x(8)
0 i=1

a(

T) m
G(t,s)f (s, x(o (s)))As + Z G(t, ;)1 (x(t))
i=1

> A /0 " 5 o ()8

o(T)
>A Mx(s)As
0

> Ao (T)MS ||x]| = Ao (T)MSry > 13 = |Ix]|,
which implies
x| > ||x|| forallx e KN a,. (4.2)

Therefore, by (4.1), (4.2), and Lemma 3.1, it follows that ® has a fixed point in
KN (€22\21)

Next, we assume that (H;) holds. In this case, since max f.. = 0 and /;., = 0, i = 1,
2,.., m, for &’ < (Bo(T) + Bm)™, there exists a positive constant r5 such that

f(t,x) <é&'x and I(x) <é&'x forallxe [6r3,00), i=1,2,...,m.

In view of min f., = o, we have that for M’ > (Ac(T)J) ", there exists a positive con-
stant r, < drs such that

f(t,x) > M'x  forallx € (0,74].

Let Q; ={xe PC: ||x|| <1}, i=3,4
On the one hand, if x € K n 0Q3, we have

(@90 - |

o(T) m
< B/o f(S,x(a(s)))As+BZIi(x(fi))

i=1

a

T) m
G(t,5)f (s, x(0(5))) As + Y G(t, 1:)Ii(x(t:))
i=1

a(T)
< B/ &'xAs + Bme'x
0
< Bo(T)e'rs + Bme'r; <13 = ||x||,
which yields

[®x]| < |lx|| forall x e KN as. (4.3)

Page 11 of 19
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On the other hand, if x € K n 0Q,, we have

(@00 -

o(T) mn
S A / s x(o () As + A Y Li(x(t)
0 i=1

o(T)
=4 f(s (o (s)))As

a(

T) m
Gt 5)f (s, x(c(5))) As + Y G(t, t:)Li(x(1:))
i=1

a(T)
> A/ M'x(s)As
> AU(()T)M’rS llxll = Ao (T)M'814 = 14 = |Ix]|,
which implies
[®x|| > ||x|| forall x e KN ay. (4.4)

Hence, from (4.3) and (4.4) and Lemma 3.1, we conclude that @ has a fixed point in

K N (Q3\Q4) that is, problem (1.3) has at least one positive solution. The proof is
complete. ®

5 Existence of at least two positive solutions
In this section, we will state and prove our main results about the existence of at least
two positive solutions to problem (1.3).

Theorem 5.1. Assume that the following conditions hold.

(H3) min fy = +eo, min fo, = +eo.

(H,) There exists a positive constant R such that f(t,x) < 235(T)for all 0 <x < R.

(Hs) Ii(x) < ,3p x € (0, ), i=1,2,., m.

Then, problem (1.3) has at least two positive solutions.

Proof. Let Qp = {x € PC: ||x|| < R}. From (H,) and (Hs), for x € K n dQp, we get

(@90 - |

o(T) m
< B/o f(S,x(O'(S)))AS+BZIi(x(ti))

i=1

R R
<B |:0(T) 2Bo(T) + msz] =R =|x].

a

T) m
G(t,5)f (s, x(0(5))) As + Y G(t, 1:)Ii(x(t:))
i=1

So
|®x|| < llx]| forall x € KN op. (5.1)

Since min fy = +oo, for M > (Ao(T)0)™, there exists a positive constant R; < d such
that

f(t,x) > Mx forallx € (0,R;].
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Let Qr, = {x € PC: [|x|]| < R:}. For any x € KN 9, we have

(@00 -

o(T) mn
. A/ s x(o () As + A Y Li(x(t)
0 i=1

o(T)
>A f(s,x(o(s)))As
0
a(T)
>A Mx(s)As
0
> Ao (T)MS |||l = Ao (T)MSR > Ry = |||

a(

T) m
Gt 5)f (s, x(c(5))) As + Y G(t, t:)Li(x(1:))
i=1

Hence,

|[Px|| > [x]| forallx e KN aQ,. (5.2)

Similarly, since min f., = +oo, for M’ 2 (Ao(T)0)™", there exists a positive constant

R, > ’; such that
f(t,x) > M'x  forall x € [§Ry, 00).

Let Qr, = {x € PC: ||x|| < Ry}. For any x € KN 982,, we have

(@00 -

o (T) m
. A/ F(s,x(o () As + 4 Li(x(1)
0 i=1

o(T)
> A f(s,x(a(5)))As
0

a(

T) m
G(t,5)f (s, x(0 (5))) As + Y G(t, 1:)Ii(x(t:))
i=1

o(T)
> A/ M'x(s)As
0
> Ao (T)M'S ||x|| = Ao (T)M'SR;, > R, = ||x]| .
Hence,

|[®x|| > |x|| forallxe KN aQk,. (5.3)

Equations 5.1 and 5.2 imply that @ has at least one fixed point in K N (Qr\Rk, )
which is a positive solution of problem (1.3). Besides, (5.1) and (5.3) imply that @ has
at least one fixed point in K N (Qg,\Qr), which is a positive solution of problem (1.3).
Therefore, problem (1.3) has at least two positive solutions x; and x, satisfying 0 < R;
< ||x1]] < R <||*2]| £ Ry. The proof is complete. ®

Theorem 5.2. Assume that the following conditions hold.

(He) max fo =0, max fo. =0, [;p =0, [;., =0, i = 1, 2,..,, m.

(H,) There exists a positive constant r such that f(t,x) > AUT(T)for all 0 <x < r.

Then problem (1.3) has at least two positive solutions.

Page 13 of 19
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Proof. Let Q, = {x € PC: ||x|| < r}. From (H-), for x € K n 0Q,, we get

(®x)(1) = /
o(T)

zA ; fGsx(o(s)))As

a(

T) m
Gt 5)f (s, x(c(5))) As + Y G(t, t:)Li(x(1:))
i=1

r

> Ao (T)Ao (1) =

=l

So
[®x|| > |lx|| forallx € KNag,. (5.4)

Since max f, = 0 and I;o = 0, i = 1, 2,..., m, for & < (Bo(T) + Bm)™", there exists a

positive constant r; < J, such that

f(t,x) <ex and Ij(x) <ex forallxe (0,r1], i=1,2,...,m.

Let 2, = {x € PC: ||x|]| < r}. For any x € KN 3£2;, we have

(@90 - |

o(T) m
- B/o flsx((©)As+BY 1(x(1))

a(

T) m
G(t,s)f (s, x(o (5)))As + Z G(t, t;)1i(x(t))

< (Bo(T) + Bm)er; <11 = ||x|| .
Hence,
[®x]| < |x|]| forallxe KnNa,. (5.5)

Similarly, since max f.. = 0 and I,., = 0, i = 1, 2,..., m, for &’ < (Bo(T) + Bm)™!, there

exists a positive constant 12 > § such that
f(t,x) <é'x andIix <é&'x forallx e [6r,00), i=1,2,...,m.

Let 2, = {x € PC: ||x|]| < r2}. For any x € K N d£2;,, we have

(@90 - |

o(T) m
- B/o flsx((©)As+BY 1L(x(1))

o

T) m
G(t,s)f (s, x(o (s)))As + Z G(t, t;)1i(x(t))

< (Bo(T) + Bm)e'r, <15 = |Ix]| .

Hence,

[®x]| < |x|]| forallxe KNa,. (5.6)

Equations 5.4 and 5.5 imply that @ has at least one fixed point in K N ($,\2;,)
which is a positive solution of problem (1.3). Besides, (5.4) and (5.6) imply that @ has
at least one fixed point in K N (L, \$2,), which is a positive solution of problem (1.3).
Therefore, problem (1.3) has at least two positive solutions x; and x, satisfying 0 < r;
< ||#1]] < 7 <||#2|| € ro. The proof is complete. ®

Similar to Theorems 5.1 and 5.2, one can easily obtain the following corollary:

Page 14 of 19
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Corollary 5.1. Assume that (H;) and the following conditions hold.

(Hg) max fo =0, max fo. = 0, [;p = 0,7 = 1, 2,.., m.

(Ho) There exists a positive constant d such that I;(x) < 2|g|mfor allx>d,i=1,2,.,
m.

Then, problem (1.3) has at least two positive solutions.

6 Existence of at least three positive solutions
In this section, we will state and prove our multiplicity result of positive solutions to
problem (1.3) via Legget-Williams fixed point theorem. For readers’ convenience, we
first illustrate Legget-Williams fixed point theorem.

Let E be a real Banach space with cone K. A map o : K — [0, +o0) is said to be a

continuous concave functional on K if ¢ is continuous and
ate+ (1 —t)y) > ta(x) + (1 —t) a(y)

for all w, ye Kand te [0, 1]. Let a4, b be two numbers such that 0 < a < b and « be
a nonnegative continuous concave functional on K. We define the following convex

sets:
K,={xeK:|x|| <a} and K(a,a,b)={xeK:a<a(x), x| <b}.

Lemma 6.1. (Legget-Williams fixed point theorem [32]). Let & : K, — K be completely
continuous and o. be a nonnegative continuous concave functional on K such that o(x)
< ||x|| for all x € K. Suppose that there exist 0 < d < a < b < c such that

(1) ix e Koy, a, b) : alx) > a} = D, and a(P(x)) > a for all x € K(a, a, b);

(2) ||Dx|| < d for all ||x|| < d;

(3) (D (x)) > a for all x € K, a, c¢) with ||O(x)|| > b.

Then, ® has at least three fixed points xi, x,, x3 in Ksatisfying ||x1|| < d, a < a(x,),
[|xs]| > d, and o(x3) < a.

Theorem 6.1. Assume that there exist numbers d, a, and c with

a

0<d<a<§ <csuch that

d d
t, , L , i=1,2,...,m, x € (0,d], 6.1
telgla%)lvf( x) < 2Bo(T) i(x) < 2B m, x € (0,d] (6.1)
fexy< S b < S, i=1,2 € (0.¢]
max LX) < . Lix) < , i=1,2,...,m, x ,cl, )
te[0,0 (1) 2Bo(T) 2Bm (6.2)
a a a
i t, , L , 1=1,2,...,m, x€la, |
:e[g;l(ITl)]Ff( *) > 2A0(T) i*) > 2Am ' m, x € a 8] (6.3)

Then, problem (1.3) has at least three positive solutions.
Proof. For x € K, we define
a(x)= min x(t).
) te[0,0(T)]y 0
It is easy to verify that o is a nonnegative continuous concave functional on K with
o(x) <||x|| for all x € K.
We first claim that if there exists a positive constant r such that
Li(x) < Sp Li(X) < 3p i = 1, 2., m, for x € (0, r], then & : K, — K-
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Indeed, if x € K;,

(@00 -

o(T) m
<B / f(s,x(0(5)))As + B Ii(x(1))
0 i=1

o

T) m
G(t,5)f (s, x(0 (5))) As + Y G(t, 1:)Ii(x(t:))
i=1

T r

Bo (T B
<Bo(D) 355 ) * B 2

=T.

Thus, ||®x|| < 7, that is ®x € K,. Hence, we have shown that (6.1) or (6.2) hold,
then @ maps K, into K, or K, into K., respectively. So condition (2) of Lemma 6.1
holds.

Let b = §. Next, we will show that {x € K(e, a, b) : a(x) > a} # &, and (P (x)) > a
for x € K(o, a, b). In fact, g < (1;‘:)“ < ‘;, then the constant function
(1304 ¢ {x € K(a,a,b) : a(x) > a} # 0.

Since (6.3) holds, for x € K(, a, b), we obtain

(@00 -

o (T) m
. A/ F(s, 20 () As + 4 Li(x(1)
0 i=1

o

T) m
G(t,5)f (s, x(0 (5))) As + Y G(t, 1:)Ii(x(t:))
i=1

a a

Ao (T A
> A7 (D) 5 (1) * A" oA

=a.
So a(®(x)(¢t)) > a for all x € K(a, a, b), then condition (1) of Lemma 6.1 holds.

Finally, suppose x € K(a, 4, ) and |®(x)| > b = ¢, then we have

o (T) m
a(®(x)(1)) = min [ /O G(t,s)f(s,x(a(s)))As+ZG(t,ti)Ii(x(ti))}
i=1

te[0,0(T)]y

o(T

) m
e A CECONES + A Li(x(t:))
i=1

> A ng /Oa(T) G(t, 8)f (s, x(a (s))) As + ; igmlzc(t, ti)Ii(x(ti))]
> @)
for all t € [0, 0(T)]r. Thus,

@(@()(©) 2y max (@x)(0)= y 1ox] > a

To sum up, all the conditions of Theorem 6.1 are satisfied. Hence, @ has at least
three fixed points, that is, problem (1.3) has at least three positive solutions x1, x5, X3
such that

[lx1]] <d, a< min x(t), |[lx3|| > d, min  x3(t) < a.
te[0,0(T)]y te[0,0(T)ly

The proof is complete. ®
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7 Examples
In this section, we give some examples to illustrate our main results.
Example 7.1. Take T = |72, [2n, 2n + 1] We consider the following IBVP on T:

xA(f) +p(0x(o () = f(t.x(0 (1)), t€[03]y t#,,
x(; ) —x(, )=I(if(§))/ (7.1)
ax(0) — Bx(4) = [y 8(s)x(s)As,

where T = 3, p(t) = t, fit, x(0(t))) = (¢ + 1)(x(0(1))>, I(x) =", a =1, B =}, and

t, tel0, 1]y,

t) =
8(t) {0, t¢10,1];.
From (1.4), system (7.1) reduces to

xA(0) +p()x(o (1) = f(Lx(o (1)), t€[03]y t#,,
x(3 ) =x(3 ) =1(x(3)),
ax(0) — Bx(4) = [ sx(s) ds.

By calculating, we get I' = 0.3033 >0, max f; = 0, min f., = o, and Iy = 0. Therefore,
(Hy) holds. From Theorem 4.1w, it follows that the IBVP (7.1) has at least one solution.
Example 7.2. Take T = |72, [2n, 2n + 1] We consider the following IBVP on T:

A0 + (3o (1) = (L2 ). tel0,3]n 75,
x(; ) =2(57) = 16x(5)), (7.2)
ax(0) — Bx(4) = [, 8(s)x(s)As,

where p(O) = b f(t,x(0 (1)) = (¢ + 1)(x(o (1) 1(x) = 2 & = 1. f = and

te{l,3},

otherwise.

-1y

By calculating, we get T = 0.5732 >0, max f., = 0, min fy = oo, and I.. = 0. Therefore,
by Theorem 4.1, it follows that the IBVP (7.2) has at least one solution.
Example 7.3. Take T = | J;2, [2n, 2n + 1] We consider the following IBVP on T:

(1) +x(0 (0) = f(Lx(o (0), te[0,3]y, 17},
A(37) =) = 16() (7.3)
x(0) — x(4) = f g(s)x(s) As,

1, =1,

where g(t) = {0 otherwise.

4e?(e?+e+d)
2—e—4

Since p(t) = 1, T = 3, and o(T) = 4, we know that e,(o(T), 0) = 4¢* and B =
Take R = 4976, then we can choose that

x(o(t)); 0<x<R
t+et+3e2 ' E
f(tx(o (1) - 0= e ser i)™
N0 .
VR3(t +e* +3e2) w2k
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By calculating, it is easy to see that f(t,x) € C([0, o (T)]r x R°, R%), I(x) € C(R®, R
and

minfy = +00, minfs, =+00, f(t,x) < 1, for0O<x<R.

R ~
2Bo(T)
Therefore, all the conditions of Theorem 5.1 are fulfilled. So system (7.3) has at least
two positive solutions.
Example 7.4. Take T = [0, 1] U [2, 3] We consider the following IBVP on T:

A0 +x(o (1) = f(t.x(o (1)), t€[0,3]r\{4 5. 3}, )
(3 =x(37) = 1(3)) x5 = x(5 ) = 1(x(3)), x(37) = x(3 ) = 1(x(3))(7-4)
x(0) —x(3) =0,

where
(2 —2)* (et - 4)
(o) + 5184e4(e? +2)* , x€lo g Tl
o = = 2 _ A(p4 _ 20,4 _
f(tx(a (1)) = 1(x) e -2 3x(a(t))+e e [ (e 4)’+Oo).

18e6(e? +2) 48 48

Since p(t) = 1, T = 3, and o(T) = 3, we know that e,(o(T), 0) = 2¢%. Then, we can get

4 2¢%(e? +2) 4
A= , B= , 8= :
e —2 e —2 2e%(e? +2)
e? -2 o2 _

Thus, if we choose d = 2, and c is sufficiently large, then all the

2402(e2+2) 47
conditions of Theorem 6.1 are satisfied. So system (7.4) has at least three positive
solutions.

8 Conclusion

In this paper, we first present a class of integral boundary value problems on time
scales. Using the time scales calculus theory, the well-known Guo-Krasnoselskii fixed
point theorem, and Legget-Williams fixed point theorem, we establish the existence of
at least one, two, and three positive solutions for the problems. In addition, the meth-
ods in this paper may be applied to some other systems such as second-order integral
boundary problems and higher-order integral boundary problems.
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