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1 Introduction
We deal with boundary value problems

u> ae. inQ=Qx[0,T],

ou .

a9t + A(H) =p1n Qr (7))
u=0 ondQ =9 x [0,T],

u(x, 0) = up(x) in 2,
where
A(u) = —div(a(., t, u, Vu)),

T > 0 and Q is a bounded domain of RY, with the segment property. @ : Q x R x RV
— RV is a Carathéodory function (that is, measurable with respect to x in Q for every
(t, s, &) in R x R x RN, and continuous with respect to (s, ¢) in R x R for almost
every x in Q) such that for all & & € RN, &= &,

a(x 1,5, 5) = aM(1E)) (1.1)
[a(x,t,5,6) —a(x, t,5,6)][6 —&] > 0, (1.2)
lax,t,5, )] < c(x,t) + ki P~ M(kals]) + ksM ™ M(kal£]), (1.3)

where ¢ (x,t) belongs to E,,(Q),¢ > 0, P is an N-function such that P << M and k; (i
= 1,2,3,4) belongs to R" and « to R,

neMiQ),  uo € M(R), (1.4)

¥ e L™(Q) N WEM(RQ). (1.5)

There have obviously been many previous studies on nonlinear differential equations
with nonsmooth coefficients and measures as data. The special case was cited in the
references (see [1,2]).
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It is noteworthy that the articles mentioned above differ in significant way, in the
terms of the structure of the equations and data. In [1], when fe LY0,T5:LHQ)) and uo
€ L'(Q). The authors have shown the existence of solutions # of the corresponding

equation of the problem (P),u € L9(0, T; Wé"’(Q)) for every g such that g < p — Nal
+

N
which is more restrictive than the one given in the elliptic case (q < N(ﬂ 11) >

In this article, we are interested with an obstacle parabolic problem with measure as
data. We give an improved regularity result of the study of Boccardo et al. [1].

In [1], the authors have shown the existence of a weak solutions for the correspond-
ing equation, the function a(x, ¢ s, £) was assumed to satisfy a polynomial growth con-
dition with respect to # and Vu. When trying to relax this restriction on the function
a(., s, &), we are led to replace the space L7(0, T; W"*(Q2)) by an inhomogeneous Sobo-
lev space WL, built from an Orlicz space L, instead of L”, where the N-function M
which defines Ly, is related to the actual growth of the Carathéodory’s function.

For simplicity, one can suppose that there exist & > 0, 8 > 0 such that

M(|Vul)

a(x, t,u, Vu) = a(x, t, u) VP2
u

Vuand o < —a(x, t,s)| < B.

2 Preliminaries
Let M : R* — R* be an N-function, i.e. M is continuous, convex, with M(¢) > 0 for

= o, MO) M(0)
t t

— 0ast— 0and — 00 as t — oo. Equivalently, M admits the repre-

sentation: M(t) = fot a(t)dr where a : R* — R” is non-decreasing, right continuous,

with a(0) = 0, a(t) > 0 for ¢t > 0 and a(¢) — o as ¢ — . The N-function )4 conjugate
t

to M is defined by M(t)= / a(r)dr, where g:R*— R* is given by
0

a(t) = sup{s: a(s) <t} (see [3,4]).
The N-function M is said to satisfy the A, condition if, for some k > 0:

M(2t) < kM(T) forall t > 0, (2.1)

when this inequality holds only for ¢ > £, > 0, M is said to satisfy the A, condition
near infinity.

Let P and Q be two N-functions. P << Q means that P grows essentially less rapidly
than Q; i.e., for each ¢ > 0,

P(?)
Q(et)
Let Q be an open subset of RY. The Orlicz class Ly(2) (resp. the Orlicz space L,

(Q)) is defined as the set of (equivalence classes of) real-valued measurable functions u
on Q such that

— 0 ast— oo.

/QM(u(x))dx < +00 (resp./QM (u(;)) dx < +0o for some . > 0) .
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Note that Ly (Q) is a Banach space under the norm
lullme = inf[k >0: oM (u&x)>dx < 1} and L,(R2) is a convex subset of Ly (Q).

The closure in Ly, (Q) of the set of bounded measurable functions with compact sup-
port in @ is denoted by E;(Q). The equality E;(Q) = Ly(Q) holds if and only if M
satisfies the A, condition, for all ¢ or for ¢ large according to whether Q has infinite
measure or not.

The dual of E(Q) can be identified with L,,(2) by means of the pairing
Jo u(x)v(x)dx, and the dual norm on Ly, () is equivalent to || - llys.q. The space Ly/(Q)
is reflexive if and only if M and M satisfy the A, condition, for all ¢ or for ¢ large,
according to whether Q has infinite measure or not.

We now turn to the Orlicz-Sobolev space. W'Ly(Q) (resp. W'E,,(Q)) is the space of
all functions u such that u# and its distributional derivatives up to order 1 lie in Ly, (Q)
(resp. Ep(€)). This is a Banach space under the norm [[ullime = 24 <1 ID*ullme.
Thus, W'L,/(Q) and W'E,,(Q) can be identified with subspaces of the product of N +
1 copies of L;/(Q). Denoting this product by I1L,;, we will use the weak topologies
o ([TLm, [1Ey) and o ([TLm, [1Ly,)- The space WEEn(RQ) is defined as the (norm) clo-
sure of the Schwartz space D(Q) in W'Ey(Q) and the space WiLy(Q) as the
o ([TLm, [1Ey,) closure of D(2) in W'L,(Q). We say that u, converges to u for the
modular convergence in WL,(Q) if for some A > O,/ M (D“un; D"‘u) dx — 0 for

Q
all |o| < 1. This implies convergence for o (] Lm, [ Ly) If M satisfies the A, condi-
tion on R'(near infinity only when Q has finite measure), then modular convergence
coincides with norm convergence.

Let W™IL,,(R2) (resp. W™LE,,(£2)) denote the space of distributions on Q which can
be written as sums of derivatives of order < 1 of functions in L,,(€2) (resp. E,,(S2)). It
is a Banach space under the usual quotient norm.

If the open set Q) has the segment property, then the space D(2) is dense in
W{ Ly () for the modular convergence and for the topology o ([TLum, [1Ly) (cf. [5,6]).
Consequently, the action of a distribution in W™!L,,(2) on an element of W} Ly () is
well defined.

For k > 0, s € R, we define the truncation at height k,Ti(s) = [k - (k - |s]),]sign(s).

The following abstract lemmas will be applied to the truncation operators.

Lemma 2.1 [7]Let F : R — R be uniformly lipschitzian, with F(0) = 0. Let M be an
N-function and let u € WLy ()(resp.WAEm(R)).

Then F(u) € WALu(2)(resp.WAEM(R) ). Moreover, if the set of discontinuity points of
F’ is finite, then

F'(u) g;l ae.in{x € Q:u(x) ¢ D}

ad
F(u) =
ox; 0 ae.in {x € Q: u(x) € D}

Let Q be a bounded open subset of R, T'> 0 and set Q = Q x 0, T[. Let m > 1 be
an integer and let M be an N-function. For each o € IN” , denote by D the distribu-
tional derivative on Q of order a with respect to the variable x € RY. The
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inhomogeneous  Orlicz-Sobolev ~ spaces  are  defined as  follows

WM L(Q) = {u € Ly(Q) : D%u € Ly(Q)¥|a| < m} W™ Epy(Q) = {u € Em(Q) :
Diu € En(Q)¥|a| < m} '

The last space is a subspace of the first one, and both are Banach spaces under the
norm ||ul| = Zlalsm [ID;ullm,Q. We can easily show that they form a complementary

system when Q satisfies the segment property. These spaces are considered as sub-
spaces of the product space I1L,,(Q) which have as many copies as there are a-order
derivatives, |o| < m. We shall also consider the weak topologies o ([]Lm, []E,,) and
o ([TLm, [TLyy) If u € W™ *Lp(Q), then the function : ¢ ~ u(t) = u(¢,.) is defined on
[0, T] with values in W”L;(Q). If, further, u € W™*E,;;(Q) then the concerned func-
tion is a W”E,/(Q)-valued and is strongly measurable. Furthermore, the following
imbedding holds: W"*E;(Q) € L'(0,T; W”Ex(Q)). The space W"*L,(Q) is not in
general separable, if u € W"*L,,(Q), we cannot conclude that the function u(f) is mea-
surable on [0,7]. However, the scalar function ¢ ~ ||u(t)||a.q, is in L'(0,T). The space
Wy "Em(Q) is defined as the (norm) closure in W”*E;(Q) of D(£2). We can easily
show as in [6] that when Q has the segment property, then each element u of the clo-
sure of D(L2) with respect of the weak * topology o ([ Lm, [1E,,) is limit, in W"™*L,,
(Q), of some subsequence (u;) C D(Q) for the modular convergence; i.e., there exists A
> 0 such that for all |a| < m,

D%u; — D%u
/M( x lA x )dxdt—>Oasi—>oo,
Q

this implies that (u;) converges to u in W"*L,(Q) for the weak topology
o ([TLm. [TLy,)- Consequently, D(Q)”(HLM/HEM) - D(Q)”(HLM/HLM), and this space will
be denoted by W)Ly (Q).

Furthermore, Wy Ep(Q) = Wy Ly (Q) N [] Em- Poincaré’s inequality also holds in
Wy *Lp(Q), i.e., there is a constant C > 0 such that for all u € WLy (Q) one has
Z|a|5m [IDullm,q < Cz|a|=m [ID{ullmq. Thus both sides of the last inequality are
equivalent norms on W("*Ly(Q). We have then the following complementary system:

(WS”"‘LM(Q) F)
ng'xEM (Q) Fo

F being the dual space of W;"“Ep(Q). It is also, except for an isomorphism, the quo-
tient of []L,, by the polar set Wy""Ep(Q)-L, and will be denoted by F = W—™*L, (Q),

and it is shown that W™*L,,(Q) = {f =D aj<m Difo i o € Lyy(Q) } This space will be

equipped with the usual quotient norm ||f|| = inf)_, <, llfelly,o where the infimum is

taken on all possible decompositions f = ,j<m Difer  fo € Ly (Q). The space F is

then given by Fy= {f = j<m Difo i fu € EM(Q)} and is denoted by
Fo = W™ E, (Q).

We can easily check, using Lemma 4.4 of [6], that each uniformly lipschitzian map-
ping F, with F(0) = 0, acts in inhomogeneous Orlicz-Sobolev spaces of order 1: W**L,,

(Q) and W) Ly (Q).
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3 Main results
First, we give the following results which will be used in our main result.

3.1 Useful results
Hereafter, we denote by Ay the real number defined by X} = NCl/N, Cy is the mea-

sure of the unit ball of RY, and for a fixed ¢t € [0, T], we denote u(0) = meas{(x,t) : |u
(%, 2)| >6}.
Lemma 3.1 [8]Let u € W Ly(Q), and let fixed t € [0, T), then we have

1 1 d
—u'(0) > — S| - M(|Vudx | ,V6 > 0
() > ) 1_1d9/{m>0} (IVul)dx |, v6 >

1—
Ann(0) N Anp(0) N
and where Sis defined by

1 M(s)
=supf{r: B(t) <s}, B(s)= .
s ~SPIBO =8 B ="
Lemma 3.2 Under the hypotheses (1.1)-(1.3), if f, ug are regular functions and f, uy >
0, then there exists at least one positive weak solution of the problem

21; +Aw)=fin Q,
u=0 on 9Q, (E)
u(x,0) =up(x) in Q.

such that

ou

>0, ae te(0T).
ot — ( )

Proof
Let u be a continuous function, we say that u satisfies (*) if: there exists a continuous
and increasing function 8 such that [|u(z) - u(s)||2 < B(||uo|[2)|t - s|, where uo(x) = u(x,
0).
du

Let X := {u € Wi Lu(Q) N L?(Q) s.t. u satisfies (*) and it

€ L>°(0, T, LZ(Q))}.

d
Let us consider the set C = {v e X : v(t) € C, 1; >0 ae.te(0,T)} where Cis a

9
closed convex of W)Ly (Q). It is easy to see that C is a closed convex (since all its ele-

ments satisfy (*) ).
We claim that the problem

ueCnL?(Q)

ou )

ot +A(u) =fin Q, (E)
u=0 on 9Q,

u(x,0)=uy in Q.

has a weak solution which is unique in the sense defined in [9].
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Indeed, let us consider the approximate problem

duy, .
{ o A(un) +nTp(®(up)) = f in 2, (5
un(., 0) = ug in Q.

where the functional ® is defined by @ : X — R U {+ oo} such that

0 ifved,
+00 otherwise.

d(v) = {

The existence of such u, € X was ensured by Kacur et al. [10].
Following the same proof as in [9], we can prove the existence of a solution u of the

problem (E’) as limit of u,, (for more details see [9]).
Lemma 3.3 Let ve Wy *Ly(Q)uch that gv e WL, (Q) + LY (Q)and
t

v, e L(Q) N WIEM(RQ).
Then, there exists a smooth function (v)) such that

szwr

v; —> v for the modular convergence in Wé'xLM(Q),
81/1»
at
For the proof, we use the same technique as in [11] in the parabolic case.

— o or the modular convergence in WL, (Q) + L}(Q).

3.2 Existence result
Let M be a fixed N-function, we define K as the set of N-function D satistying the fol-
lowing conditions:
i) M(D(s)) is a convex function,
n _ 1 M(t)
ii) [y DoB™! (rl_l/N) dr < +00, B(t) = .
iii) There exists an N-function H such that fjop1~ oM < D and H < D near infinity.
Theorem 3.1 Under the hypotheses (1.1)-(1.5), The problem (P) has at least one solu-

tion u in the following sense:

u>Yae.in Q
Ty(u) € Wy Lu(Q), u € Wy*Lp(Q) VD e K

a
— Jou a(f + Joal, u, Vu)Vedxdt— [o duo = [, du,

for all ¢ € D®RN'YY which are zero in a neighborhood of (0, T) x 0 Q and {T} x Q.

Remark 3.1 (1) If w = - « in the problem (P), then the above theorem gives the same
regularity as in the elliptic case.

(2) An improved regularity is reached for all N-function satisfying the conditions (i)-

(ii)~(ii).

For example, u € Wy Lp(Q), D(t) = ,o > 1

, for all q < N(p _11)

t4
Log® (e +1) N —
In the sequel and throughout the article, we will omit for simplicity the dependence
on x and ¢ in the function a(x, ¢ s, £) and denote €(n, j, y, s, m) all quantities (possibly
different) such that

Page 6 of 15
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lim lim lim lim lim e(n,j, @, s,m) =0,
mM—00 §— 00 U— 00 j—>00 n—-oo
and this will be in the order in which the parameters we use will tend to infinity,
that is, first n, then j, 4, s, and finally m. Similarly, we will write only e(n), or €(n, j),...
to mean that the limits are made only on the specified parameters.
3.2.1 A sequence of approximating problems
Let (f,) be a sequence in D(Q) which is bounded in L'(Q) and converge to y in M,(Q).
Let (u}) be a sequence in D(Q) which is bounded in L'(Q) and converge to u, in M,
(©Q).
We define the following problems approximating the original (P):

T Aln) = 1T =) ) = fyin Q
_ )
U, =0 on dQ (

Un(., 0) = ug in Q.

Lemma 3.4 Under the hypotheses (1.1)-(1.3), there exists at least one solution u,, of

n

the problem (P,) such that 88ut > Qa.e. in Q.

For the proof see Lemma 3.2.
3.2.2 A priori estimates

Lemma 3.5 There exists a subsequence of (u,) (also denoted (u,)), there exists a mea-
surable function u such that:

u >y, Ty(u) € Wy Ly(Q) for allk > 0
Uy — u weakly in Wy Lp(Q) for all D € K.

Proof:

Recall that u,, > 0 since f,, > 0.

Let # > 0 and consider the following test function v = T),(u,, - Ti(u,)) in (P,), we
obtain

ouy,
< V> 4o
at

M(|Vuy,|)dxdt — nf Tn((uy — )" Jvdxdt < /fnvdxdt
{k<uy| <k+h} Q Q

We have

Uy (x,T) up
< agl:’Th(un—Tk(un)) >= fQ/o Tn(s — Te(s)) _fgfo T(s — Ti(s))-

So,

T (un — Ti(un))

L dx dt < C.

—/nnﬂw—WY)
Q

Now, let wus fix &k > ||y|l-, we deduce the fact that:
nTn(un - w)(un - k)X{unsw)X(kqngkm) > 0.

Let / to tend to zero, one has

n/ Ty((un — ) )dxdt < C. (3.1)
Q
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Let us use as test function in (P,),v = T(u,), then as above, we obtain
| MOVTLG)D < Cik (3.2
Q

Then (Ti(u,,),) is bounded in Wé‘xLM (Q), and then there exist some @), € Wé’xLM(Q)
such that

Ti(u,) ~ o weakly in Wé'xLM(Q) for o ([[Lm, [TEy ) strongly in Ep(Q) and a.e in

QLet consider the C* function defined by
mi(s) {};ign(s) :i: ; Z/z
Multiplying  the  approximating  equation by  n,(us), we  get
37”3(:") —div(a(., un, Vi) 1j,(tn))+a(., iy Vi) (un) = funf,(un) +1(Tu((un — ¥)7))mj, (1) in the dis-
tributions sense. We deduce then that 1,(u,) being bounded in Wé/xLM(Q) and
377ka(tun) in W_l’xLM (Q) + LI(Q). By Corollary 1 of [12], n4(u,,) is compact in L' (Q).

Following the same way as in [2], we obtain for every k > 0,

Ti(un) — Tie(u), weakly in Wy~ Ly(Q) for o (] [ Lus, [ [ Ey), strongly in L'(Q) and aein Q. (3.3)
Using now the estimation (3.1) and Fatou’s lemma to obtain

(u—v) =0andso,u=> .

Let fixed a £ € [0, T]. We argue now as for the elliptic case, the problem becomes:

" div(al Vi) = T (- y)) i@ ()

We denote g, := nT,((u, - v)).
Let ¢ be a truncation defined by

0 0<é&<0
1
p(e)={ 6 ~DO<E<b+h (3.4)
E>0+h
—¢(-§)§<0

forall 6 h > 0.
Using v = ¢ (u,) as a test function in the approximate elliptic problem (P},), we

obtain by using the same technique as in [8]

d u
i | MOVwhaczc [ (eg- i a (3.5)
0 Jiju,1>0) (s 26} ot
here and below C denote positive constants not depending on 7.
By using Lemma 3.1, we obtain (supposing -x#’(d) > 0 which does not affect the
proof) and following the same way as in [8], we have for D € K,

Page 8 of 15
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d/ , » 1 d
- D(|Viun|)dx < (—1'(6))DoB - / M(vuldd) | | (3.6
40 Jiju =01 (IVinl)de= (=1(6)) Ldo Jyju,i-6) ( ) (3.6)

1—
() N

N
Let denote k(t,s) := / Un«(t, p)dp, then
0

ok * i (t, p) / ouy, ok
Ls) = dp, dx = 7t w(0).
5 (%) /0 or P ), e ™ g (0 1(0)

Using Lemma 3.1, denoting F(t, 4(6)) := fo“(e) (fuxe + &n+ ) (0) dp one has

—u'(0) _ 1 ok
1< . B 1 1 |:F(t,/1,(9))— 8t(t,u(@))
1- 1-
Anp(0) N Xyu(d) N
ok . ok
Remark also that F(t,s) > 5 (t,s) and using Lemma 3.2, we have ot (t.s)| < F(t,59)
Combining the inequalities (3.5) and (3.6) we obtain,
d ) . 1 ok
“ao [, DUV = (o | - N O B O] | FRER)

1—
Avu(0) N

and since the function & — [, _g D(IVu|) dx is absolutely continuous, we get

[ puvunas= [ (- | Iun|>9}D(|Vun|)dx> d

1 rcel . C _
< C’/o DoB ((Sl_l/N))ds(usmg 3.1 and 3.7).

Then, the sequence (u,) is bounded in WS”‘LD(Q) and we deduce that
u € Wy*Lp(Q) for all N-function D e K.

3.3 Almost everywhere convergence of the gradients
Lemma 3.6 The subsequence (u,,) obtained in Lemma 3.5 satisfies:

Vu, — Vu a.e. in Q.

Proof:
Let m > 0, k > 0 such that m >k. Let p,, be a truncation defined by

1 Is| < m,
pm(s)=3m+1—|sim<|s|]<m+]1,
0 |s| > m+ 1.

N
Ru(s) = / pm(t)dt and w,; = Ti.(vj) .
0

where v; € D(Q) such that v; > y and v; > Ty(#) with the modular convergence in
Wé‘xLM (Q) (for the existence of such function see [11] since ¥ € L™(2) N W} En(R)).

Page 9 of 15
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o, is the mollifier function defined in Landes [13], the function w,,; have the follow-
ing properties:

0wy, i
3';] = w(Te(vj) — @) @,j(0) = 0, |y jl <k,

wuj = Ti(u),in Wé’xLM(Q) for the modular convergence with respect to j,

T(u), — Ti(u) in Wé’xLM(Q) for the modular convergence with respect to .

Set v = (Ti(u,) - ®,,) pm(u,) as test function, we have

ouy
< ot V>
. (1)
o [t Vi) (V) = Vs, o)
' -/; a(., tn, Viin) Vi (T (un) — @,1) 0" (Un)
. f fuvdsdt + 1 / T (1t — ) vt )
Q Q
= (3) + (4).
Let us recall that for u, e Wé'xLM(Q), there exists a smooth function u,s (see [14])
such that
Une — Uy for the modular convergence in Wé'xLM (Q),
OUno

a
. ;t" for the modular convergence in WL, (Q) + L'(Q).

u .
< s lim / (i) (Tt ) — @10) (1)
ot o—0+ Q

lim ( /Q (Ron(ttno) = Tie(ttns )Y (Ti(ttno ) — 0y, )dlcdt + fQ (Te(ttno ) (Te(ttno) 7wu,j)dxdt)

o—0+

o—0+

T
lim [/ (Rm(llna) - Tk(una))(Tk(una) - wu,j)dx:|
Q 0
- [Q (Ron(ttr) = TiCt ) (T () — Y e
+ / (Tie(ttno ) (Tie(ttno ) — wpuj)dxde =2 11 + I + I5.
Q
Remark also that,

Ry (ting) = Tie(tino ) if tne < k and Ry (tine) > k = Ty (ting) = oy jlif tne > k.

I = L (Rm(una)(T) - Tk(uno)(T))(Tk(una)(T) _ wu,}(T))dx

I = / (R (ttne )(T) — Tie(ttno ) (1)) (Tie(ttno )(T) — @01,§(T))dx
uno (T)<k

and it is easy to see that IMsupli > e(n,j, 1)
o—0+

Concerning I,

h=- / (Ron(tnr) — Tt )) (Tetnr) — 007 dict + [ (Ron () — Tt )) (@) it
Uno <k u,

no >

=1+

As in I;, we obtain I} > &(n,j, ),

Page 10 of 15
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and
;= / . (Rn(tno) = Tie(thno )) (@) dxdt > M/ . (Run(tno ) = Tie(ttno )) (Tie(v}) — Tie(tno)) dlcait,

thus by using the fact that (R (tno) — Ti(tine )) (T (tne ) — ®pj) Xy, =k = 0.
So, lim sup I% > u/ . (R (un) — Tre(n)) (Tie(vj) — Tre(un)) dxdt = &(n, j).
Up>

o—0*

AbOut 13,
Iy = / (TeCttne)) (Tt ) — @y, )t
Q

- / (Ti(ttno) — @307) (T(ttne) — 07t + / (@) (Telitne) — 0y 5)dclt
Q Q
Set d(s) = s*/2, ® > 0,then

T
Iy = [ [ @it - wﬂ.j)dx]o o /Q (Ti(ty) — 007) (Telttny) — )t

>e(nj,n)+u /Q (T (vj) = Ti(ttng ) (Tie(ttno ) — wyj)dxdt(as in Io).
So,
limsup Iz > e(n,j, u) + /,L/ (Tre(vj) — Tie(un))(Tre(tn) — ) dxdt
o—0* Q

=e(mj n)+n /Q (Tie(v) = Tie()) (Tie(1e) — ey j)dedt + &(n),

and easily we deduce, lifls(}}p Is = e(n,j, 1),

) a .
Finally we conclude that: « 8utn' (T (un) — wwj)om(un) >=> e(n,j, 1)
We are interested now with the terms of (1)-(4).

About (1):
[ e, T ) (V1) = Ve e
Q

= [ At VUV Tk() = Ve ) )i e+ [
U<k

Uy >

L a(., un, Vun)(VTe(un) — ku,j)pm(un)dxd[

= / a(., Tr(un), VTi(1n)) (VT (un) — Voo j)dx dt + / a(., tn, Vi) (VT (un) — Vo, ;) pm(un)dx dt
Q

up>k

recall that p,,(u,) = 1 on {|u,| < k}.
Let s > 0,Qs ={(x, 1) € Q: [VT(u)| =5}, Q; ={(x.t) € Q: [VTi(vj)| = sl.

/Q al.st, Vi) (V1) = Ve0,5) i (1) dx

_ /Q (. TCown), VTiCun)) = @ Tlutn), VT(5) ) ) (Y Ti(tt) — V() ) e
. /Q a(. Te(ttn), VTie(1) ) (VTie(tn) — VTi(1y) ;)

. /Q a(., Ti(un), VTi(un)) VTi(1)) X dt

7/a(.,un, Vun)Vajom(uy)dx dt
Q

=i+ +]3+]4.

By using the inequality (1.3), we can deduce the existence of some measurable func-
tion /1 such that
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a(, Te(un), VTi(un)) = hein(Ly (Q))Vforo (] [ Lat, [ [ En).

= /Q a(., Ti(u), V(1) X) (VTi(u) — VTi(v)) X )dx dt + £(n),

since

a(., Tr(un), VTi(vj)X7) — a(., Te(u), VTi(vj) &7 strongly in (Ey, )V,
al. (), VT(5) ) — a(, Tu(w), VT (1) XY) strongly in (Ey,(Q)),

and VTi(1) X} — VTi(u)X* strongly in (L, (Q))™.
Then,

J2 = ¢(n.j).

Following the same way as in J,, one has
Iz = / h VTi(u)dxdt + e(n, j, i1, s).
Q
Concerning the terms J, :
Ja=— f 0 Tt (1), ¥ Tt () )V, o (18) i dt
Q
= —/ ka(., Tt (Un), Vi1 (4n))Vorjom(u,) dx dt
Jun|<
— / a(. Tmer (Un), VTmer (un)) Vo, jom(un) dx dt.
k<|u,|<m+1
Letting n — oo, then
Js = — / R Vo jom(u) dx dt — / hV o, jom(u) dx dt + e(n).
k<|u|<m+1 lul<k
Taking now the limits j — o and after 4 — oo in the last equality, we obtain
Ja = —/ heVTi(u) dxdt + e(n, j, 1).
Q
Then,
(1) = fQ (a(.,Tk(un), VTi(un)) — a(., Te(tn), VTk(uj)X;)) (VT(un) =V Tu(u) X )+6(n, o 1, 5).
About (2):

|/Qa(., U, Vi) Vit (T (thn) —wpu j) oy, () ldxdt < C(k)/ a(., un, V) Vuy, dxdt.

<|up|<m+1
Since (u,,) is bounded in Wé'xLD(Q) and using (iii), we have (a(., u,,Vu,)) is bounded

in Ly(Q), then

| a(., un, Vup) Vg dxdt] < |la(., un, Vun)| 15,0l Viallpm<ju, <ma < &(n, m),
m<|u,|<m+1
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so,
(2) < e(n, m).

About (4):
Since u > y, then Ti(u) 2 Ti(y) and there exist a smooth function v; > Ti(y) such

that v; = Ty(u) for the modular convergence in Wé'xLM(Q).
(4)=n /Q Tt — )7 ) (Tlitn) — Toy), o (et < e(n,j, 0).
Taking into account now the estimation of (1), (2), (4)and (5), we obtain
/Q (A Tawn), ITwn)) = al Tulun), VI()) ) (VTi(t) VT (1)) dxde < (e, s,m). (3.8)
On the other hand,
/Q (a(., Tr(un), VTi(un)) — a(., Te(un), V() X)) (VT (tn) — VT (u)X*) dx dt
_ /Q (a(,, Ti(un), VTi(n)) — a(., Tie(tin), VTk(vj)XjS)>(VTk(un) — VTi(1y) A7) dx dt
- [ o Titw), VTV Ti0); — VT s
- /Q a, To(tn), V()X ) (Tt X — VTi(u) X*) d e

+ /O a(., Ti(un), V(0 X5) (VTi(ttn) — V() X) dxd,

each term of the last right hand side is of the form €(#, j, s), which gives
/Q (a(., Tr(un), VTi(un)) — a(., Ti(un), VTR () X)) (VT (un) — VT (u) X°) dx dt
= (T V) = T, VI () = Vi) )
+(n,j,9).

Following the same technique used by Porretta [2], we have for all r <s :

fQ (@, Te(un), VTi(tn)) = a., Te(un), V(1)) (VTe(ttn) — VTi(u)) dredt — 0.

Thus, as in the elliptic case (see [7]), there exists a subsequence also denoted by u,,
such that

Vu, — Vua.e.in Q.
We deduce then that,

a(., Te(un), VTi(un)) = a(., Te(w), VTr(u)) in (L, (Q))for o (] [ Lat, [ | En)-
Lemma 3.7 For all k > 0,

VTi(un) = VT (u)for the modular convergence in (Ly (Q))N.

Proof:
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We have proved that
/Q (a(., Te(un), VTi(un)) — a(., T(un), VTk(vj)st)> (VTi(un) — V() X7) dxdt

<em j, u s, m) (see (3.8)).
We can also deduce that

/; (a(., Te(un), VTi(tn)) — a(., Te(un), VTR(w) X)) (VT(thn) — Tp(u) X°) dx dt
= /Q <a(-« Ti(un), VTiu(un)) — a(., Te(un), VTk(uj)X]F)> (VTi(un) — VTi(v)) X;) dx dt
+e(n,j, s).
Then
fQ a(. Te(un), VTie(un)) VT (un) dx dt
< /Q a(., Te(tn), VTi(1tn)) V Tio(u) X dxdt
T, ) (9 T40) = )N 0 ),

lim/ a(., Ti(un), VTk(un))VTk(un)dxdtgfa(.,Tk(u), VT (1)) VT (u) X dxdt+lime(n, j, u, s, m)
n Q Q n

then,

lim / a(e Ti(ttn), VTi(t0n) V() < ] a(. Telw), V() VTi(u) < lim, / a(. Ti(utn), VTi(10,)) VTt
mJq Q Q

Letting n — oo, we deduce

a(., Te(un), V() V Ti(un) = a(, Te(w), V(1)) V(1) X* in L'(Q).
Using the same argument as above, we obtain

a(., Te(un), V(1)) VTr(tn) = a(., Ti(u), V(1)) VTr(1) inL}(Q),
and Vitali’s theorem and (1.1) gives

VTy(un) — VTi(u) for the modular convergence in (Ly (Q)).

3.3.1 The convergence of the problems (P,) and the completion of the proof of Theorem 3.1
The passage to the limit is an easy task by using the last steps, then

a(., uy, Vu,) — a(.,u, Vu) weakly in Ly(Q) and a.e. in Q,

then,

d
—/ u’ +/ a(.,u, Vu)Ve dxdt—/ odug =/<pdu,
Q 9t Jg Q Q
for all ¢ € D(RN*') which are zero in a neighborhood of (0,7) x 9Q and {7} x Q.

4 Conclusion
In this article, we have proved the existence of solutions of some class of unilateral
problems in the Orlicz-Sobolev spaces when the right-hand side is a Radon measure.
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