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1 Introduction

Sturm-Liouville problems have attracted extensive attention due to their intrinsic mathe-
matical challenges and their applications in physics and engineering. However, apart from
classical Sturm-Liouville problems, also higher order ordinary linear differential equations
occur in applications, with or without the eigenvalue parameter in the boundary condi-
tions. Such problems are realized as operator polynomials, also called operator pencils.
Some recent developments of higher order differential operators whose boundary condi-
tions depend on the eigenvalue parameter, including spectral asymptotics and basis prop-
erties, have been investigated in [1-4]. General characterizations of self-adjoint boundary
conditions have been presented in [5, 6] for singular and (quasi-)regular problems. In all
these cases, the minimal operator associated with an nth order differential equation must
be symmetric, see [7, 8] for necessary and sufficient conditions. A more general discussion
on the spectra of fourth order differential operators can be found in [9, 10].

The generalized Regge problem is realized by a second order differential operator which
depends quadratically on the eigenvalue parameter and which has eigenvalue parameter
dependent boundary conditions, see [11]. The particular feature of this problem is that the
coefficient operators of this pencil are self-adjoint, and it is shown in [11] that this gives
some a priori knowledge about the location of the spectrum. In [12] this approach has been
extended to a fourth order differential equation describing small transversal vibrations
of a homogeneous beam compressed or stretched by a force g. Separation of variables

leads to a fourth order boundary problem with eigenvalue parameter dependent boundary
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conditions, where the differential equation
!
- (gy) =%y

depends quadratically on the eigenvalue parameter. This problem is represented by a
quadratic operator pencil, in a suitably chosen Hilbert space, whose coefficient opera-
tors are self-adjoint. In [13] we have investigated a class of boundary conditions for which
necessary and sufficient conditions were obtained such that the associated operator pencil
consists of self-adjoint operators, while in [14] we have continued the work of [13] in the
direction of [12] to derive eigenvalue asymptotics associated with boundary conditions
which lead to self-adjoint operator representations. We have considered the particular
case of boundary conditions which do not depend on the eigenvalue parameter at the left
endpoint and depend on the eigenvalue parameter at the right endpoint.

In this paper, we extend the work of [14] to a class of boundary conditions where exactly
one of the left endpoint boundary conditions does not depend on the eigenvalue param-
eter, while the remaining boundary conditions depend on the eigenvalue parameter.

We define the operator pencil in Section 2 and we discuss which boundary conditions
are considered. In Section 3, the eigenvalue asymptotics for the case g = 0 are derived. In
Section 4, it is shown that the boundary value problems under consideration are Birkhoff
regular, which implies that the eigenvalues for general g are small perturbations of the
eigenvalues for g = 0. Hence, in Section 5, the first four terms of the eigenvalue asymptotics
are found and are compared to those obtained in [14].

2 The quadratic operator pencil L
On the interval [0, a], we consider the boundary value problem

9 - () =%, @.1)

B]()‘)y = 0’ j: 11 2, 3; 4; (2.2)

where a > 0, g € C}[0, a] is a real valued function and (2.2) are separated boundary condi-
tions where the B;(1) are constant or depend on A linearly. The boundary conditions (2.2)
are taken at the endpoint O for j = 1,2 and at the endpoint a for j = 3, 4. Further, we assume
for simplicity that either B;(1)y = Yl (a)) + isja)»y[qi] (a;) or Bj(A)y = Yl (a;), where a; = 0
for j=1,2, a; = a for j = 3,4, « > 0 and ¢; € {-1,1}. We recall that the quasi-derivatives
associated with (2.1) are given by

/

Y=y, M=y, =y =y gy =y (gy)

/
’

see [8, p.26].
Define

®; = {s€{1,2,3,4} : By(A) depends on A}, O = {1,2,3,4}\04,
eY=0,n({1,2}, 0% =0,N{3,4}.

Assumption 2.1 The numbers p1, ps, q; for j € @Y are distinct as well as the numbers p,
P, gj forj € OF.


http://www.boundaryvalueproblems.com/content/2012/1/106

Méller and Zinsou Boundary Value Problems 2012, 2012:106 Page 3 0of 18
http://www.boundaryvalueproblems.com/content/2012/1/106

We denote by U the collection of the boundary conditions (2.2) and define the following
operators related to U:

Upy = (y“"/] (oz,))jE@1 and Uy = (eiy[qj](“i))je@l’ y € WZ(0,a). (2.3)

We put k = |®;| and consider the linear operators A(U/), K and M in the space L,(0, a) @ C*
with domains

i)(A(L[)) = !i: (Ij) ) 1y € Wf(O,a),y[Pf](zzj) =0forje ®0} ,

1y

D(K) = DM) = L5(0,a) & CF,

given by

~_ (™ ~ (o o (1 o
(A(U))y-(uoy) fory e D(A(U)), 1<_<0 1) and M_<0 0).

Itis easy to checkthat K > 0, M > 0, M + K = I and M| puy > 0. We associate a quadratic
operator pencil

L) =AM —ia)hK —A(U), reC (2.4)

in the space Ly(0, ) @ C¥ with the problem (2.1), (2.2).
The conditions under which the differential operator A(U) is self-adjoint are given in

Theorem 2.2 ([13], Theorem 1.2) Denote by Py the set of p in y*/(0) = 0 for the -
independent boundary conditions and by P, the corresponding set for y)(a) = 0. Then the
differential operator A(U) associated with this boundary value problem is self-adjoint if
and only if p + q = 3 for all boundary conditions of the form y¥)(a;) + icce;ry'9(a;) = 0 and
gj=1lifqisevenincasea; = 0oroddincasea; = a, &; = -1 otherwise, {0,3} ¢ Py, {1,2} ¢ Py,
{0,3} & P, and {1,2} ¢ P,.

Proposition 2.3 The operator pencil L(-,«) is a Fredholm valued operator function with
index 0. The spectrum of the Fredholm operator L(-, ) consists of discrete eigenvalues of
finite multiplicities, and all eigenvalues of L(-, ), « > 0, lie in the closed upper half-plane
and on the imaginary axis and are symmetric with respect to the imaginary axis.

Proof As in [12, Section 3], we can argue that for all » € C, L(A,«) is a relatively com-
pact perturbation of L(0,0), where L(0,0) is well known to be a Fredholm operator. The
statement on the location of the spectrum now follows as in [12, Lemma 3.1]. O

We now consider the particular cases that exactly one of the boundary conditions at 0
depends on A, whereas both boundary conditions at a depend on A. Therefore, taking
Assumption 2.1 and Theorem 2.2 into account, we have the four boundary conditions

0 =0,  H)0) +iaes1y)(0) = 0,
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Y2 )(a) + iaez0y1%)(a) = 0, Yy (a) + iceary 1) (a) = 0,

where0 <p; <3,0<py <3,0 <q2 <3,p2+q> =3,and p; ¢ {q2,p2}, while {p3, g3} = {1,2}
and {p4, g4} = {0, 3}. Thus, we have 8 and 4 possible sets of boundary conditions at the end-
point 0 and 4, respectively. Whence there are 32 different sets of boundary conditions. Re-
call that the parameter A emanates from derivatives with respect to the time variable in the
original partial differential equation, and it is reasonable that the highest space derivative
occurs in the term without time derivative. Thus, the most relevant boundary conditions
would have g3 < py, g3 < p3 and ¢4 < p4. This leaves us with four different cases for the
boundary conditions B;(1)y = 0.

These four cases are uniquely determined by the value of p;, so that we will consider

Case 1: p; = 3; Case 2: p; = 0; Case 3: p; =1; Case 4: p; = 2.

The corresponding boundary operators are then

Byy = ym (0) (Casel), By =y(0) (Case?2),

(2.5)
Biy=y'(0) (Case3),  Biy=y"(0) (Case4),
By(M)y =9"(0) - icery (0) (Cases 1and 2),
Bo(W)y = y%(0) + iady(0) (Cases 3 and 4), (20
Bs(M)y =y'(a) + iary (a), (2.7)
Bi(\)y =y (a) - iary(a). (2.8)

3 Asymptotics of eigenvalues forg=0

In this section, we consider the boundary value problem (2.1), (2.2) with g = 0. We count
all eigenvalues with their proper multiplicities and develop a formula for the asymptotic
distribution of the eigenvalues, which is used to obtain the corresponding formula for
general g. Observe that for g = 0, the quasi-derivatives yV coincide with the standard
derivatives y). We take the canonical fundamental system y;(-,A),j = 1,...,4, of (2.1) with
y;m)(O) =8jmn ifj > 2form = 0,...,3.Itis well known that the functions y;(, A) are analytic
on C with respect to A. Putting

4

M) = (B 1),y

the eigenvalues of the boundary value problem (2.1), (2.2) are the eigenvalues of the ana-
lytic matrix function M, where the corresponding geometric and algebraic multiplicities
coincide, see [15, Theorem 6.3.2].

Setting A = 1* and

1 1 .
y(x, 1) = o sinh(ux) — e sin(px)
it is easy to see that

¥i(x, 1) =y D n), j=1,...,4.

The second row of M(1) has exactly two non-zero entries (for A # 0), and these non-zero
entries are:
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In Cases 1 and 2, Bo(A)y2(+, A) = —iepu? and Bo(A)y3 (-, A) = 1;

In Cases 3 and 4, By(A)y1 (-, A) = iau? and By (A)ya(-, ) = 1.
Since the first row of M(1) has exactly one entry 1 and all other entries zero, an expansion
of M()) with respect to the second row shows that det M (1) = ¢ (i), where

. B3(i®)yo ) (1) Bs(i?)yo () (5 1)
= iap2det
Pn) = e et(m(u%@(-,m Ba(i2)o) (1)

Bs(1®)yo3) (5 1) B3 Yo (1)
+ det )
Ba(t)yo@) (1) Ba(i?)yo(a (> 1)

with

(1,3,1,2) inCasel,
(3,4,2,4) in Case?2,
(3,4,1,3) in Case 3,
(2,4,1,2) in Case4.

(0(1),0(2),0(3),0(4)) =

In view of (2.7), (2.8) this gives

o) = i [ (¥ 0y (@ 12) + it iy, 1) (@, 1)) (Y (@5 1) = it 12y ) (1, 1)
(

— (@ ) + i Y, o) (a, 1)) (Vo @, 1) = it 12y 1y (@5 10)) ]

+ (V@ ) + iy, 5y (@, 1) (950 (@ 1) = iy ) (@, 1))

— (V@ 1) + iy, 4y (@, 1)) (J’S()g) (@, ) = e Yo 3)(a; 1))
= i [ior st {0 (@ 1Y Sy (@ 1) = VL 0y (@5 10)Y oy (@ 12)

+ ¥y (@ W)Yo )@ 18) = ¥y 1) (@ 1)V () (@ 1) }

+ o Y, 0) (@ 1Yo ) (@ 1) = ¥l o) (@ 1Yoy (@ 1)}

+ 50y (@ Wy (@ 1) = ¥y (@ 1y Ch (@, )]

i [y, 5y (@ WY (@ 1) = Y,y 0y (@ )Y (@ 1)

+ Y4y 1)V (3) (@ 1) = Y3 (@ 1)V () (@, 1) ]

+ 0 1 (3 (@ 1Yo )@, 1) = V) 4y (@ 11)Yo 3) (@, 1))

3 3
+ )’g(g)(ﬂ; M))’((,()4) (6{, /-'L) - J’g(z;)(ﬂ; M))’((,()g)(ﬂ» ,LL).

Each of the summands in ¢ is a product of a power in u and a product of two sums of a
trigonometric and a hyperbolic functions. The terms with the highest p-powers in ¢ (1)

are non-zero constant multiples of

2ut (@, M)yf,3<)2) (@ 1) =y, (a u)yf’()l)(a, wn)) inCasesl,?2,

3)

Po(u) = 2(n/ (3) / ( :
2050 3y (@ )Y 4y (@ 1) = Vi 4y (@5 )Y 3y (@, 1)) in Cases 3, 4.

Page 5 of 18


http://www.boundaryvalueproblems.com/content/2012/1/106

Méller and Zinsou Boundary Value Problems 2012, 2012:106 Page 6 of 18
http://www.boundaryvalueproblems.com/content/2012/1/106

For the above four cases, we obtain:

Casel: ¢o(p) = % 118 [ (sinh(12a) - sin(ua))” - (sinh(ua) + sin(ua))’]
= —21° sin(pa) sinh(ua).
Case2: ¢o(u) = %/LB[(sinh(ua) + sin(ua)) (cosh(ua) + cos(ia))
— (sinh(ua) — sin(ua)) (cosh(ua) — cos(ua))]
= p®[sinh(1a) cos(ua) + cosh(ua) sin(ua) .
Case3: ¢o(i) = %u‘*[(sinh(,m) —sin(ua))” — (sinh(ua) + sin(a))’]
= —241* sin(pa) sinh(pa).
Case . go40) = 5] (sinh(a) —sin(ua))(cosh(ia) — cos(yua)
— (sinh(ua) + sin(ua))(cosh(ua) + cos(ua))|

=—u’ [sinh(;m) cos(ua) + cosh(ua) sin(;uz)].
We next give the asymptotic distributions of the zeros of ¢ () with proper counting.

Lemma 3.1

Case 1: ¢ has a zero of multiplicity 8 at 0, simple zeros at
i
x=(k=-2)—, k=3,4,...,
a
simple zeros at —[ik, fL_x = ijix and —ifiy for k = 3,4,..., and no other zeros.
Case 2: ¢ has a zero of multiplicity 4 at 0, exactly one simple zero [iy in each interval
((k - %)%, (k + %)%)forpositive integers k with asymptotics

fig = (4k—5) = +o(1), k=2,3,...,
4q

simple zeros at —[ik, fi_x = ijix and —ifi for k =2,3,..., and no other zeros.
Case 3: ¢¢ has a zero of multiplicity 6 at 0, simple zeros at

bid
fi=(k-1=, k=2,3,...,
a
simple zeros at — iy, [L_x = ifix and —ifix for k = 2,3,..., and no other zeros.
Case 4: ¢ has a zero of multiplicity 6 at 0, exactly one simple zero [iy in each interval
((k - %)%, (k+ %)%)forpositive integers k with asymptotics
- b1
k= (4k-5)—+o0(1), k=2,3,...,
4a
simple zeros at — iy, [l = ifix and —ifix for k = 2,3,..., and no other zeros.

Proof The result is obvious in Cases 1 and 3. Cases 2 and 4 only differ in the factor with
the power of 1, and the multiplicity of the corresponding zero of ¢ at 0 is easy to verify.
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The choice of the indexing for the non-zero zeros of ¢ in each case will become apparent
later.

It, therefore, remains to describe the behavior of the non-zero zeros of ¢, in Case 2.
First, we are going to find the zeros of ¢y on the positive real axis. One can observe that
for ;1 # 0, (1) = 0 implies cosh(ua) # 0 and cos(ua) # 0, whence the positive zeros of ¢
are those > 0 for which tan(ua) + tanh(ua) = 0. Since tan’(wa) > 1 and tanh’(a) > 0 for all
x € R where the functions are defined, the function p > tan(ua) + tanh(ua) is increasing
with a positive derivative on each interval ((k — %)%, (k + %)%), k € Z. On each of these
intervals, the function moves from —oo to oo, thus we have exactly one simple zero fix of
tan(ua) + tanh(ua) in each interval ((k — %)%, (k + %)%), where k is a positive integer, and
no zero in (0, 7). Since tanh(uua) — 1as u — oo, we have

fix = (4k —5) = +o(1), k=1,2,....
4q

The location of the zeros on the other three half-axes follows by repeated application of

Po(ip) = —do(1).
The proof will be complete if we show that all zeros of ¢ lie on the real or the imaginary
axis. To this end, we observe that the product-to-sum formula for trigonometric functions

gives
do(p) = [cosh(,ua) sin(ua) + sinh(ua) cos(;uz)]
= %;ﬁ [sin((1 + i)ua) + sin((1 - i)pa)
- isin((l + i)/m) + isin((l - i)/m)]

1
= Epcs [(1 — i) sin((l + i)ua) +(1+1i) sin((l — i);m)]. (3.1)
Putting (1 + i)pa = x + iy, x,y € R, it follows for i # 0 that

do(u)=0 = |[sin((1+)pa)|=|sin((1 - i)ua)|
& [sin(x +iy)| = [sin(y - ix)|

& cosh?y —cos®x = cosh? x — cos? y
e

cosh?(|yl) + cos?(|yl) = cosh®(Jx|) + cos?(|x]). (3.2)

Since cosh? x + cos®x = %cosh(Zx) + % cos(2x) + 1 has a positive derivative on (0, 00), this
function is strictly increasing, and ¢ (i) = 0 therefore, implies by (3.2) that |y| = |x| and
thus y = £x. Then

x+iy 1xix

'u_(1+i)a_ l+ia

is either real or pure imaginary. g

Proposition 3.2 For g = 0, there exists a positive integer ko such that the eigenvalues Ao
counted with multiplicity, of the problem (2.1), (2.5)-(2.8), where k € 7\ {0} in Cases 1 and 2
and k € 7Z in Cases 3 and 4, can be enumerated in such a way that the eigenvalues )A»k are
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pure imaginary for |k| < ko, and A= —):kfor k > ko. Fork > 0, we can write Ay = /fL,Z(, where
the [1x have the following asymptotic representation as k — 0o:

Casel: [y = (k- 2)z +o(1).
a
N bid
Case2: g =(4k-5)— +o0(1).
4a
N g
Case3: jx=(k-1)—+o0(1).
a
. g
Case 4: [ir = (4k —5)— + o(1).
4a

In particular, the number of pure imaginary eigenvalues is even in Cases 1 and 2 and odd
in Cases 3 and 4.

Proof Case 4: A straightforward calculation gives
1
o) = —Ei(2a + a®) u?[cosh(ua) sin(ua) — sinh(1a) cos(ua)]
1
- EiaMS [sinh(,tm) cos(ua) + cosh(pa) sin(pm)]

1 1
- Eoﬂ;ﬁ [3 cosh(ia) cos(ua) +1] - E;ﬁ[cosh(,ua) cos(ua) — 1]

— o212 sin(pa) sinh(a). (3.3)

Up to the constant factor %ia, the second term equals ¢ (). It follows that for u outside
the zeros of ¢, cos(-a) and cosh(-a), we have

10) = 2¢(n) —iago(pn)  a* -1 1 1
1= i () "~ o cosh(ua)cos(ua) tan(pa) + tanh(pa)
30 +1 1 2a tan(pa)tanh(pa)

+ _
iap tan(ua) + tanh(ua)  iu3 tan(ua) + tanh(ua)

N 2+a?) |:1 Ly tanh(ua) :|

w2 tan(a) + tanh(pa) 34

Fix ¢ € (0, ;) and for k = 2,3,... let Ry be the squares determined by the vertices (4k —
5);. & L ie, k € Z. These squares do not intersect due to ¢ < 7-. Since tanz = -1 if and
only if z = jm — % and j € Z, it follows from the periodicity of tan that the number

Ci(e) = 2min{|tan(ua) + 1| TS Rk,g}

is positive and independent of ¢. Since tanh(pa) — 1 uniformly in the strip {© € C:
Rep >1,[Impu| < =} as |u| — oo, there is an integer ki (¢) such that

’tan(,tm) + tanh(,ua)’ > Cy(e) forall u € Ry, with k > ky(&).

By periodicity, there are numbers Cy(¢) > 0 and Cs(¢) > 0 such that |tan(ua)| < Cy(¢) and
| cos(ua)| > Cs(e) for all u € Ry, and all k. Observing | cosh(ua)| > | sinh((Re p)a)|, it fol-
lows that there is ky(g) > ki(¢) such that for all u on the squares Ry, with k > ky(¢) the
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estimate |¢;(u)| < 1 holds. Further, we may assume by Lemma 3.1 that /i is inside Ry,
for k > ky(¢) and that no other zero of ¢ has this property. Hence, it follows by Rouché’s
theorem that there is exactly one (simple) zero fix of ¢ in each Ry for k > ky(¢). Replacing
w with i only changes the sign of the second term in (3.3) and thus the sign of ¢;. Hence,
the same estimates apply to corresponding squares along the other three half-axes, and we
therefore have that ¢ has zeros /ix, £[i_x for k > k,(¢) with the same asymptotic behavior
as the zeros +fi, +ifix of ¢g as discussed in Lemma 3.1.

Next, we are going to estimate ¢; on the squares Si, k € N, whose vertices are ﬂ:k% + ik%.
ForkeZand y € R,

tan((%r + iy)a) =tan(iya) = itanh(ya) € iR. (3.5)

k;” +iy,where k € Z and y € R, that

Therefore, we have for u =
’tan(pm)’ <1 and |tan(/m) + 1’ >1. (3.6)

For u =x + iy, x,y € R and x # 0, we have

(ax+iay) _ e—(ax+iay)

tanh(ua) = i) o +1
e

ax+iay) 4 e—(ax+iay)

uniformly in y as x — £o00. Hence, there exists /A(o € N such that for all k € Z, |k| > /A<0 and

y €R,
k.
tanh((—n + iy)a) —sgn(k)| < =. (3.7)
a 2
It follows from (3.6) and (3.7) for u = 1% +iy, ke, |kl > l?o and y € R that
1
|tan(;uz) + tanh(,ua){ > 3 (3.8)
Furthermore, we are going to make use of the estimates
kmw . .
cosh( | — +iy )a )| > [sinh(km)|, (3.9)
a
km |
cos|{ | — +iy Ja )| =cosh(ya) >1, (3.10)
a

which hold for all k € Z with |k| > ko and all y € R. Therefore, it follows from (3.6), (3.8)-
(3.10) and the corresponding estimates with u replaced by iu that there is ki such that
|1 ()] < 1 for all u € Sg with k > k. Again from the definition of ¢ in (3.4) and Rouché’s
theorem, we conclude that the functions ¢y and ¢ have the same number of zeros in the
square Sy, for k € N with k > lAq.

Since ¢q has 4k + 2 zeros inside S and thus 4k + 2 + 4 zeros inside Sg,1, it follows that ¢
has no large zeros other than the zeros %/i; found above for || sufficiently large, and that
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Ak = ;212( account for all eigenvalues of the problem (2.1)-(2.2) since each of these eigenval-
ues gives rise to two zeros of ¢, counted with multiplicity. By Proposition 2.3, all eigenval-
ues with non-zero real_part occur in pairs Xk, —ik, which shows that we can index all such
eigenvalues as *_x = —Ax. Since there is an odd number of remaining indices, the number
of pure imaginary eigenvalues must be odd.

Case 2: The function ¢ in this case is

o(u) = —% (2052 + l)u[cosh(,ua) sin(ua) — sinh(ua) cos(;w)]
- %oﬂ;ﬁ [sinh(;m) cos(ia) + cosh(ua) sin(;uz)]

1 1
+ Eia,uz [3 cosh(ua) cos(ua) + 1] + Eiaﬂﬂ [cosh(/m) cos(pa) — 1]
+ o sin(pa) sinh(pa).
Then all the estimates are as in Case 4, and the result in Case 2 immediately follows from

that in Case 4 if we observe that each Sy for k large enough contains two fewer zeros of ¢
than in Case 4.

Case 1: A straightforward calculation gives
26 . 1 2\ 4
¢(un) = a”u® sin(ua) sinh(pa) — 5(1 + 3a ),u cos(ua) cosh(ua)
1
- 51’(20{ + o) (sin(ua) cosh(ua) + cos(iua) sinh(ua))

1 1
- Eia/f (sin(ua) cosh(ua) — cos(ua) sinh(ua)) + 2 (1-a?)put.

Then
2¢() + o)
d1(u) = —ff)o(ﬂ)
1+ 3a? (2a + o®)i

= 2 cot(ua) coth(ua) + [coth(,ua)+c0t(ua)]

1-a? 1

+ all [COth(l/m) - COt(/“l)] - 2u? sin(ua) sinh(pa) '

2u3

The result follows with reasonings and estimates as in the proof of Case 4, replacing u by
w =+ 7 and p +i7, respectively.
Case 3: The function ¢ in this case is

o) = —iop* sin(ua) sinh(na) + %i(Sa + ozg)u2 cos(ua) cosh(pa)
- %(20{2 + l)u3 (sin(,ua) cosh(ua) + cos(iua) sinh(,ua))
- %a2u(sin(ua)cosh(,uzz) — cos(ua) sinh(ua)) + %i(a -a?)u?,

and a reasoning as in Case 1 completes the proof. g
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4 Birkhoff regularity
We refer to [15, Definition 7.3.1] for the definition of the Birkhoff regularity.

Proposition 4.1 The boundary value problem (2.1), (2.5)-(2.8) is Birkhoff regular for o > 0
with respect to the eigenvalue parameter | given by ) = .

Proof The characteristic function of (2.1) as defined in [15, (7.1.4)] is w (p) = p* -1, and its
zeros are i* 1, k=1,...,4. We can choose

Clor, ) = diag (L, % 1) (D)

according to [15, Theorem 7.2.4.A]. The boundary condition (2.5)-(2.8) can be written in

the form

Bi(M\)y = Ej(ﬂ)(y(ﬂj):y/(aj)’y”(aj):y(g)(ﬂj)): j=12,3,4,

where
N (0,-g(0),0,1) inCasel,
Biw =1 '
&1 in Cases r = 2,3, 4,
R (0, —iorpt?,1,0) in Cases 1 and 2,
By(u) =
(—iept?,-g(0),0,1) in Cases 3 and 4,

B3(M) = (0¢ iaMZ) 11 O)’

él}(ﬂ) = (_iaﬂz’ —g(ﬂ): 0, 1);

and where ¢, denotes the vth unit vector in C*. Thus the boundary matrices defined in
[15, (7.3.1)] are given by

B, 0
wou - | 2% e, wow-].% |cauw.
?3(#)
0 Bi(1)

Choosing Cy(u) = diag(u?t, u?, u?, 1), it follows that Cy(u)'W9 () = Wéj) +0(u™),

where
1 lr—2 i2(r—2) i3(r—2) 0 0 0 0
wo _ | 6 6 Oa ww_]0 0 0 0
0 0 0 0 o |’ 0 i - —ia ol
0 0 0 0 1 - -1 i

for Case rand 6; = —ia for Cases 1 and 2, while 0 = (—=iy! for Cases 3 and 4. The Birkhoff

matrices are

WA+ W - A)), (4.1)


http://www.boundaryvalueproblems.com/content/2012/1/106

Méller and Zinsou Boundary Value Problems 2012, 2012:106 Page 12 0of 18
http://www.boundaryvalueproblems.com/content/2012/1/106

where Aj, j=1,2,3,4 are the 4 x 4 diagonal matrices with 2 consecutive ones and 2 con-
secutive zeros in the diagonal in a cyclic arrangement, see [15, Definition 7.3.1 and Propo-
sition 4.1.7]. It is easy to see that after a permutation of columns, the matrices (4.1) are
block diagonal matrices consisting of 2 x 2 blocks taken from two consecutive columns
(in the sense of cyclic arrangement) of the first two rows of Wé‘” and the last two rows of
Wél), respectively. Hence the determinants of the Birkhoff matrices (4.1) are

G00-2) e || g2y 43y

) | =V + )20 #0
(7 iy (i

—Ja -ty

in Cases1and 2, i.e., r € {1,2}, whereas

(j-1)(r-2) 5(r—2) 42 5+3 )
w0 T T 49 (2 _ ) A0,
(=)0 (=Y | =iyt (it
in Cases 3 and 4. Thus, the problem (2.1), (2.5)-(2.8) is Birkhoff regular. O

5 Asymptotic expansions of eigenvalues

Let D, as a function of u with A = 12, be the characteristic function of the problem (2.1),
(2.5)-(2.8) with respect to the fundamental system y;, j = 1,2, 3, 4, with y][m] (0) = 8jm1 for
m =0,1,2,3, where § is the Kronecker delta. Denote by Dy the corresponding characteris-
tic function for g = 0. Note that the characteristic functions Dy and ¢ considered in Sec-
tion 3 have the same zeros counted with multiplicity. Due to the Birkhoft regularity, g only
influences lower order terms in D. Therefore, it can be inferred that outside the interior
of the small squares Ry, —Ry, iRy, —iR_j around the zeros of Dy, |D(i) — Do(1t)| < |Do ()| if
|| is sufficiently large. Since the fundamental system y;, j = 1,2, 3,4, depends analytically
on w, also D and Dy are analytic functions. Hence, applying Rouché’s theorem both to the
large squares Si and to the small squares which are sufficiently far away from the origin,
it follows that the eigenvalues of the boundary value problem for general g have the same
asymptotic distribution as for g = 0. Whence Proposition 3.2 leads to

Proposition 5.1 For g € C'[0,al, there exists a positive integer ko such that the eigenval-
ues i, counted with multiplicity, of the problem (2.1), (2.5)-(2.8), where k € Z \ {0} in
Cases 1 and 2 and k € Z in Cases 3 and 4, can be enumerated in such a way that the
eigenvalues Ay are pure imaginary for |k| < ko, and h_x = =iy for k > ko. For k > 0, we can

write i = i, where the . have the following asymptotic representation as k — oo:

Casel: u=k-2)Z +o(1).
a
bid
Case2: ug=(4k-5)— +o0(1).
4a
big
Case3: ux=(k-1)—+o0(1).
a

Case4: = (4k— 5)£ +0(1).
4a

In particular, the number of pure imaginary eigenvalues is even in Cases 1 and 2 and odd
in Cases 3 and 4.
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In the remainder of the section, we are going to establish more precise asymptotic ex-
pansions of the eigenvalues. According to [15, Theorem 8.2.1], (2.1) has an asymptotic

fundamental system {11, 2, 3, 74} of the form

1 (x, 1) = 8, ,u)e’lv*l“x; v=1,...,4j=0,...,3; (5.1)
where
d] 4 e M lux | v —4+j
8y (%, 1) = T Z(Ml ) pr(x)e e +o(u), (5.2)
r=0

and [;%.] means that we omit those terms of the Leibniz expansion which contain a func-
tion <p£k) with k > 4 — r. Since the coefficient of y® in (2.1) is zero, we have ¢ (x) = 1, see
15, (8.2.3)].

We will now determine the functions ¢; and ¢,. In this regard, observe that 7y = 0 and
[ = 4 in the notation of [15, (8.1.2) and (8.1.3)], see [15, Theorem 8.1.2]. From [15, (8.2.45)],

we know that
_ _ T [r]
or =1 =& VQ" ey, (5.3)

where ¢, is the vth unit vector in C*, V = (i(/‘l)(k‘l))szl, and Q") are 4 x 4 matrices given
by [15, (8.2.28), (8.2.33) and (8.2.34)], that is, Q1°! = I,

Q,QY — QUg, - Q[O]/ -0, (5.4)
1
Q02 - QPg, = Q' - e £10;2QU), (5.5)
T A2 1¢ To15 2]
0=¢,Q“ + 1 Zkg_,{hss Q2,70 e, (v=1,2,3,4), (5.6)
j=1

where ky = —g, ki = —¢’, Q4 = diag(1,i,-1,—i) and &' = (1,1,1,1). Let G(x) = f(fg(t) dt.
A lengthy but straightforward calculation gives

and thus

T R R S O ) I s

+Ho(u?)) e (5.8)

for v = 1,2, 3,4, where {0(-)}s means that the estimate is uniform in x.
The characteristic function of (2.1), (2.5)-(2.8) is

D(u) = det(yjexp(eje)) 1y


http://www.boundaryvalueproblems.com/content/2012/1/106

Méller and Zinsou Boundary Value Problems 2012, 2012:106 Page 14 0of 18
http://www.boundaryvalueproblems.com/content/2012/1/106

where
ek =ex =0,  ex=eq =0 'ua,
y 8x,3(0, 1) — g(0)841(0, ) in Casel,
k=

Sr—2(0, 1) in Cases r with r = 2,3, 4,
8x2(0, w) — ioepu®851(0, 1) in Cases 1 and 2,

Vok =
8x3(0, 1) — g(0)8x1(0, i) + i ?850(0, ) in Cases 3 and 4,

Vak = Sxal@, ) + i *8x 1 (a, ),

Vak = Si3(a, 1) — g(@)di(a, k) — ioep*Sico(a, ).

Note that
5
D) = Y Ym()eme, (5.9)
m=1

where w1 =1+i, wy =-1+i, w3 =-1—-1i, wg =1-1i, ws =0, and each of the functions
¥1,...,¥s has asymptotic representations of the form ¢ % + ¢k +- - - + Cko ko +o(uko).
It follows from (5.9) that

5

Dy(p) i= D()e™H% = (1) + 3 Y (u)elem-enia, (5.10)
m=2
where wy —w; = -2, w3 —w) = -2 —2i, wq — ) = -2i, w5 —w; =-1—i. Ifargu € [—%’,%],we

have |e(@m—eDra| < g=singlula for 1y = 2 3 5 and the terms ¥, (1)e @14 for m = 2,3,5

can be absorbed by v () as they are of the form o(1~*) for any integer s. Hence, for arg . €

-3,%],
Di(p) = Ya() + Yra(u)e " = 4y () + Yrau)e >, (5.11)
where
Y1) = [V13v2a — vuyesllysivaz — vsayal, (5.12)
Va(u) = 12v2s — i3yl vs1vas — vaayal. (5.13)

A straightforward calculation gives

ya1vaz — Vaavar = 20’ + (1= )u’ (1 + o + 2a¢(a))
—2ipt ((x (1 + (pl(a)2) + (1 + az)(pl(a)) + 0(u4), (5.14)
V31Vaa — Vaaya = —201° + (L+ )’ (1 + o® = 2091 (a))

—2ip*(a(1+¢1(@)®) — (1 +o?)g1(a)) +o(u?). (5.15)
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For the other two factors in (5.12) and (5.13), we have to consider the four different

cases.

Casel: yi3yaa — Yiayes = 2au® + (1 —i)u® + o(u‘*),

Vio¥as — Vi3Vaz = 20’ — (L+)u’ + o(u*).

Therefore,

V() =42 u? + (1 - i (20:2 +aG(a) + 4)/,Lu

_ ‘<%a2G2(a) +a(a® +2)Ga) +2(1+ 3a2))u10 +o(u'?),

Va(p) = -4 + (1 + i)o:(2012 - aG(a) + 4)u11

1
_ i(Za2G2(ﬂ) —o(a® +2)G(a) +2(1 + 3a2)>/ﬁo +o(u').
1
Case2: yi3)aa — yuyes = —(1+dop® — 2> + 21— DagO)u + o),

1
Yi2Vas — Vis¥az = —(1 = o +2u* + 1(1 +D)ag(0)p + o(u).

Thus, we have

V() = —2(1 + e p® — (aQG(a) + 2(3a + ag))us

- %(1 - i),u7<%azG2(a) + ((x3 + Sa)G(a)

- a’g(0) +4(20” + 1)) +o(u’),
Ya(u) =21 - o’ 1’ + (0?*Gla) - 2(3a + o))

1 1
+ 5(1 + i),u7<1a2G2(a) - (oz3 + Ba)G(a)
- a’g(0) +4(20” + 1)> +o(u’).
Case 3: Y13Yaa — Yiayos = —2ip* — (1 + Do p® + o(,uz),

Yi2¥as — visvaz = =2ip* — (L - iap® + o(u?).
Hence, we get
Y1 (w) = —diap’ — (1 +6)(4a® + aG(a) +2) 1’
_ (ian(a) + (20 +1)G(a) + 20> + 6a),u8 +o(1®),
Ya(p) = 4iop'® + (1-i)(4e® - aGla) + 2) 1’

_ (iaGZ(a) - (22* +1)G(a) + 20> + 6a)p.8 +o(u®).

, , 3.
Case 4: Y1324 — Yiayos = —(L = )u’ + 2iap* + 1(1 +0)g(0)u® + o(1?),

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)
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) . 3 )
Vi2yas — Visyae = (L+ )’ — 2iop® — 1(1 —)g(0)u® + o(1?).
Thus, we have
Yi(w) = —2(1 - o™ +i(aGa) + 6a” +2)u'°

+(1+ i)(%an(a) + %(3052 +1)G(a)

3
+ Eag(O) +20 + 40:),u9 + o(ug), (5.22)

Ya(p) = -2(1 + ap - i(aG(a) - 60 - 2) "

+(1- i)(%an(a) - %(30(2 +1)G(a)

3
+ Eag(O) +20° + 4a) w’+ o(pc9). (5.23)

We already know by Proposition 5.1 that the zeros i of D satisfy the asymptotic repre-
sentations jx = kZ + 7o + 0(1) as k — oc. In order to improve on these asymptotic repre-

sentations, write
W=kt @), tk) =3tk +o(k "), k=12,.... (5.24)
a m=0

Because of the symmetry of the eigenvalues, we will only need to find the asymptotic ex-
pansions as k — 00. We know 7, from Proposition 5.1, and it is our aim to find 7; and 7,. To
this end, we will substitute (5.24) into D;(x) = 0 and we will then compare the coefficients
of k% k7! and k2.

Observe that
g2imka _ gm2it(ka _ ,-2itga exp (—21’@(% + % + 0(/(‘2))>
= 2a(]1_2; ! 2a%12 + 2i ! k™2 5.25
=e - mfl/—(—(atl+ mtz)ﬁ+o( ) , (5.25)
while
1 a at (k) 14 a*to 2
E = j'[_k 1+ kj'[ = k_j'[ — /(2712 + O(k ) (5.26)
Using (5.11), D;(14x) = 0 can be written as
e (i) + i Wa(pr)e ™ = 0, (5.27)

where y is the highest ©-power in v (u) and ¥4(u). Substituting (5.25) and (5.26) into
(5.27) and comparing the coefficients of k%, k™! and k=2, we get

Theorem 5.2 For g € C'[0,a), there exists a positive integer ko such that the eigenvalues
Mo, k € Z, counted with multiplicity, of the problem (2.1), (2.5)-(2.8), where k € 7.\ {0} in
Cases 1 and 2 and k € Z in Cases 3 and 4, can be enumerated in such a way that the
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eigenvalues Ly are pure imaginary for |k| < ko, and h_i = =k for k > ko, where A = Mi and
the i have the asymptotic representations

,uk=k£+1'0+r—+ﬁ+0(k %)

and the numbers vy, 11, To are as follows:

2 i2+0®> 1G(a)
Casel: tH=——, T =— o
a 2 o 4 7
Q2+a?)i a-2a*+a*) 1G(a)
Ty = - - .
T 4o 2 7
5 i3+a’ 1G
Case 2: roz——n, ‘L'lzi ta +_ﬂ,
4a 2 nmo 4
5i3+a? a5-2a?+at ag(O) 5 G(a)
Ty = — - = -—= .
8 rna 4  o?m? 4 72 16 T
T [ 1+2 1 G
Case3: 19=—-—, rlzi o (a)
a 2 na 4 T
i1+2a?) al-2a2+2a") 1G(a)
Ty = - - .
2 2ra 4m2a2 4 7
5 3 1 1G
Case 4: tO:——ﬂ, = i 30 + (a)
4a 2 ra 4 T
5 Gl@) 3ag0) 5i3a2+1 ab5a*-2a%+1
Ty = — - + — - =
16 =« 4 m2 8 am 4 a’m?

In particular, the number of pure imaginary eigenvalues is even in Cases 1 and 2 and odd
in Cases 3 and 4.

Remark 5.3 In [14] we have considered the differential equation (2.1) with the same
boundary conditions Bs, B, at a as in this paper but with A-independent boundary con-
ditions at 0, that is, the boundary conditions B; also occur in [14]. Whereas in [14] the
number of pure imaginary eigenvalues is odd in each case, this number is even in Cases 1
and 2 of this paper. We observe that in Cases 1 and 2, the A-dependent part is the ‘dominat-
ing’ part of the boundary condition By, in the sense that it has the highest ;-power arising
as u¥** from My, whereas in Cases 3 and 4 the A-independent part is dominating. It
may be interesting to investigate if, in general, the parity of the number of pure imaginary
eigenvalues can be determined by the number of dominating A-dependent parts in the
boundary conditions.

We can observe that the functions ¢, in the Cases 3 and 4 are respectively the same as
in [14] since the corresponding dominating terms in the boundary conditions coincide.
However, the numbers 7; and 1, differ from those of [14] in each case, which is due to the
A-term in the boundary condition Bs.
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