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1 Introduction
We are concerned with the existence and uniqueness of anti-periodic solutions of the fol-
lowing prescribed mean curvature Rayleigh equation:

(ﬁ) +f (6% (0) + g(t,x(2)) = e(?), (1.1)
where e € C(R,R) is T-periodic, and f,g € C(R x R,R) are T-periodic in the first argu-
ment, T > 0 is a constant.

In recent years, the existence of periodic solutions and anti-periodic solutions for some
types of second-order differential equations, especially for the Rayleigh ones, were widely
studied (see [1-7]) and the references cited therein). For example, Liu [7] discussed the
Rayleigh equation

x +f(t, ®(1)) +g(t,x(t)) =e(t),

and established the existence and uniqueness of anti-periodic solutions. At the same
time, a kind of prescribed mean curvature equations attracted many people’s attention
(see [8—11] and the references cited therein). Feng [8] investigated the prescribed mean
curvature Liénard equation

x ' ,
+x
and obtained some existence results on periodic solutions. However, to the best of our

knowledge, the existence and uniqueness of anti-periodic solution for Eq. (1.1) have not
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been investigated till now. Motivated by [7, 8], we establish some sufficient conditions
for the existence and uniqueness of anti-periodic solutions via the Leray-Schauder degree
theory.

The rest of the paper is organized as follows. In Section 2, we shall state and prove some
basic lemmas. In Section 3, we shall prove the main result. An example will be given to
show the applications of our main result in the final section.

2 Preliminaries

We first give the definition of an anti-periodic function. Assume that N is a positive integer.
Let #: R — RN be a continuous function. We call x(£) an anti-periodic function on R if u
satisfies the following condition:

T
u<t + E) =—u(t), forallteRR.

Obviously, a %—anti—periodic function u is a T-periodic function.
Throughout this paper, we will adopt the following notations:

C]}(R, RN) = {x(t) = (xl(t), . ..,xN(t))T € Ck(R, RN),x is T—periodic}, k=0,1,2,

T 1/2
2 .
|xi]2 = (/ |x,~(t)f dt) , |%iloo = max |xi(t) , i=12,...,N,
0 te[0,7]

] o0 = max{[%1]oos [62]00s -5 [N ]00 }

3 T
C’;2 (R,RN) = {x(t) € Cl}(R, RN),x(t + E) =—x(t), forall t € R},
which is a linear normal space endowed with the norm || - || defined by

Il =max{|x|oo, x(k)|oo}, for allxeCl;%(R,]RN).

J
Xl
oo! )

The following lemmas will be useful to prove our main results.

Lemma 2.1 [12] Ifx € CL(R,R) and foTx(t) dt =0, then
r 2 g 2
/ x(0)” dt < (12142 / W ()| de
0 0
(Wirtinger inequality) and

T
%, < (T/12) / % (8)| dt
0

(Sobolev inequality).

Lemma 2.2 Suppose that the following condition holds:
(Hy) (g(t,%1) — g(t,%2)) (%1 — x2) < O, for all t,x1,%, € R and x1 # x».

Then Eq. (1.1) has at most one T-periodic solution.
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Proof Assume that x;(¢) and x,(£) are two T-periodic solutions of Eq. (1.1). Then we obtain

(xi(t)) +f(650) +g(6xi(0) =e(®), i=1,2. @1)

J1+x2()

It is easy to see that x;(¢) € C[0, T] (i = 1,2). From (2.1), we know

@ x50
W1+  (V1+a7(8)?
+(f(tx1(0) - f (6, x5(0))) + (g(t,%1(0)) — g(£,%2(8))) = 0. (2.2)

Set z(t) = x1(£) — x5(£). Now, we prove
z(t) <0, forallteRR.
Otherwise, we have

max z(£) = max z(t) > 0.
teR te[0,T]

Then there exists a t” € [0, T] such that
x1(t)) —x2(t") = 2(t) = maxz(¢) = max z(t) > 0, (2.3)
teR tel0,T]

which implies that

It follows from (2.2), (2.4) and (2.5) that

N (T

£t =500 (s~ o)
= (F(£,x () = (£ %(£)))

(#(£) = #5(£)

1
RVt

1 o
N ek (t)=zo0

From (H;), we get

x(t) -x(t) <0,
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which contradicts (2.3). Thus,
z(t) <0, forallteRR.
By using a similar argument, we can also show
z(t) >0, forallteR.
Hence,
x1() —x2(t) = 2z(t) =0, forallteR.
Therefore, Eq. (1.1) has at most one T-periodic solution. The proof is completed. d

To prove the main result of this paper, we shall use a continuation theorem [13, 14] as
follows.

Lemma 2.3 Let 2 be open bounded in a linear normal space X. Suppose that]7 is a com-
plete continuous field on Q. Moreover, assume that the Leray-Schauder degree

deg{f, 2,p) #0, for p e X \F(3).
Then the equation f (x) = p has at least one solution in Q.

3 Main result
In this section, we present and prove our main result concerning the existence and unique-

ness of anti-periodic solutions of Eq. (1.1).

Theorem 3.1 Let (H;) hold. Moreover, assume that the following conditions hold:

(H,) there exists [ > 0 such that
|g(t,%1) — g(t,%2)| < llxy — %2, for all t,%1, %, € R;

(H3) there exists B,y > 0 such that

L . L .
y < liminfM <lim supM <pB, uniformlyinteR;
[%|—00 X |x|— 00 X

(Hy) forallt,x e R,

T T T
f(t+ 5,—x) =—f(t,%), g(t+ 5,—96) =-g(t,%), e(” g) = —e(0).

Then Eq. (1.1) has a unique anti-periodic solution for [ - % <y.

Proof Rewrite Eq. (1.1) in the equivalent form:

X0 = Y @a(t) = —29—,
o (3.1)

x(8) = ~f (&, ¥ (%2(2))) — g(£,%1()) + e(2),

q
=
=
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where ¥ (x) = 22— Now, we consider the auxiliary equation of (3.1),

%0 =2 2o = = =M (),
Xy (8) = =2 (&, Y (x2(£))) = Ag(t, 21 (£)) + he(d),

(3.2)

where A € (0,1] is a parameter. Set

_ (%) ¥ (xa(2)
x(t) = (xz(t)>, Qu(t,x1(2),x2(0)) = ( —f(t, ¥ (x2(2))) — glt, xl(t))+e(t)>

Then Eq. (3.2) can be reduced to the equation as follows:
() = 2Qu(t, x1(2), %2(2)).

By Lemma 2.2 and condition (H;), it is easy to see that Eq. (1.1) has at most one anti-
periodic solution. Thus, to prove Theorem 3.1, it suffices to show that Eq. (1.1) has at least
one anti-periodic solution. To do this, we shall apply Lemma 2.3. Firstly, we will prove that
the set of all possible anti-periodic solutions of Eq. (3.2) is bounded.

1
Let x(2) = (x1(2), %2(6))T € C;z (R,R?) be an arbitrary possible anti-periodic solution of
1
Eq. (3.2). Then x;(¢) € C;z (R,R). Thus, we have

fOTxl(t)dtz /O%xl(t)dt+/;x1(t)dt

2

T T
7 7 T
=/ xl(t)dt+/ x1<t+—>dt=0,
0 0 2

It follows from Lemma 2.1 that

T
MNENESE

Obviously, Eq. (3.2) is equivalent to the following equation:

1, '
(22 ) (5 5540) +relm) = re 33

J1+ a2 (2)
Multiplying (3.3) by %} and integrating from 0 to T, we have
T 1 T T
A /0 f (t, Xac/l(t))x/l(t) dt + x /0 g(t,x0(0)) () dt = & /0 e(t)x)(¢) dt. (3.4)
Since [ - % <y, there exists a constant ¢ > 0 such that

T
[-—<y-e (3.5)
2
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For such a ¢ > 0, in view of (H3), there exists M; > 0 such that for all £,x € R, xf(¢,x) >
(y — &)x> — M;. Hence,

‘/ ( )xl(t)dt'>A2/0Tf< (t)>x1(t)

T
> (y —¢) / %, @] dt - 22M,. (3.6)
0

It follows from (3.4) and (3.6) that

T T 1
y—s)fo o (0)|” dt < xfo f(t,xx;(t)>x;(t)dt +22M,
T T
< f g(t,xl(t))xi(t)dt +/0 e(t)x|(¢) dt| + My
0
T
5/0 lg(£,%1(0)) — g(2,0)| | (2)| dt
T
+/0 (Ig(6,0)] + [e(0)]) |, (0)| dt + M,
T
<1 /0 I (0)| |, )] e
+ max{|g(t O)| / |x1(t)|dt+M1

For u,v € C([a, b],R), we have the Schwarz inequality

b b Y/ b }
/|u(x)||v(x)|dx§</ |u(x)|2dx)j</ |v(x)|2dx>7.

Hence,

T T % T %
(y—s)/o |x;(t)|2dt§z</o |x1(t)|2dt> (/ |x/1(t)|2dt)

+max{|g(t0 (/ EAG |dt> + M,

tel0,T

= lalaad], + ﬁlxilztggg?;]{lg(w)l +le@|} + My
SR VT, ma 260+ @]} + M1 (37)
From (3.5) and (3.7), we know that there exists a constant D; > 0 such that
%[, <Di, and |%i]e <Dy (3.8)

By the first equation of (3.2), we have

T x(t)

———dt=
V1-x3(t)
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Then there exists € [0, T] such that x,(n) = 0. It follows that x,(£) = x2(n) + fnt x5(s) ds,
and so

T
ke = [ (0] dr
0
According to (H3), we know there exists M, > 0 such that for all £,x € R,
Lf(t,x)| < (B +1Dx| + M,.

From the second equation of (3.2), we get

T T 1 T T
/ij’z(t)wtgfo AP(t,Xx;(t)NdH/O |g(t,x1(t))|dt+/0 |e(t)| dt

T T T
<(B+ 1)/ |xi(t)| dt + AM2T+f ’g(t,xl(t))|dt+f !e(t)| dt
0 0 0
T T
<(B+ 1)ﬁ‘x;‘2 +/ |g(t,x1(t))|dt+/ |e(t)}dt+M2T.
0 0
From (3.8), we know that there exists a constant k > 0 such that
gtx()| <k Ve[, T).
Thus,
T
/ |y (t)| dt < (B+V)VTDy + kKT + T rr[1a>;]|e(t)| +M,T,
0 telo,
which implies that there exists a constant D, > 0 such that
|x2 |oo = D2~
Let
M = max{Dy,D,} + 1. (3.9)
Set
1
Q={xreCy?(R,R?) = X:|jxl| < M}.
Then Eq. (3.2) has no anti-periodic solution on 92 for A € (0,1].

. . . . . k%
Next, we consider the Fourier series expansions of two functions x;(t) € C;*(R,R)
(f=1,2). We have

o0
i 2r(2i+ 1)t ;. 2m(i+ 1)t
%;(t) = Z[ﬂ'zm Cos ————+ D, sin — 7 |

i=0
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1 al )
Define an operator L; : CI;’Z (R,R) — C]; b3 (R, R) by setting

t T &V,
(L1x))(2) = fo x(s)ds — — Z 212:11

o0 j . i .
T |: Tyi sin 27 (2i +1)t _ Vi cos 27 (2i + 1)t:|.

Eizo 2i+1 T 2i+1 T

Then

d
E(lej)(t) = x;(1),

and

|b]z+ |
’(lej)(t)’ = /(; }x, ‘ds+ 297 Z 212+11

= 3
5T|xf|°°+ﬂ(z 26l ) (Z(zzu)z) '

i=0

Since

= 1 : T
(XO: (2i+1>2) T2V2

and
T 2 T & ) P N\2
[ o s = T3l + ()
i=0
we obtain

|(L1x)(8)] < Tl + (Z his1) 2l+1)2])

i=0

1
T (2 (T 9 )2
< Tjloe + —=| = x:(s)|” ds
< Tlxjloo 4ﬁ(T/O|,()|
T
< <T+ —>|x,»|oo.
4

1
Define L: C];Z (R, R?) — k+1 '2(R,R?) by setting

(Lx)(t) =L () _ (L) @)
x2(¢) Lix)®) )

Then |Lx|o < (T + %)|x|oo, and thus L is continuous.
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1
For any x(t) € C(;’ 2(R,R?), we know from (H,) that

Q1(t+ g,xl (t+ g),xz(t+ g)) = _Ql(trxl(t)rx2(t))'

1 _
Therefore, Q,(t,x1(t),x,(t)) € C(%'Z (R,R?). Define an operator F,, : Q@ — C;z (R,R*) Cc X
by setting

Fu(®) = pL(Qi (30, %)), e [0,1].
It is easy to see that F,, is a compact homotopy, and the fixed point of F; on € is the anti-

periodic of Eq. (3.1).
Define a homotopic field as follows:

— 1

H,(%): 2 x [0,1] - C72 (R,R?),  H,(x) =x— F,(x).
From (3.9), we have

H,(02) #0, ue(0,1].
Using the homotopy invariance property of degree, we obtain

deg{x - Fi(x),,0} = deg{x, 2,0} #0.
Till now, we have proved that < satisfies all the requirements in Lemma 2.3. Consequently,
x — Fi(x) = 0 has at least one solution in 2, i.e., F; has a fixed point x(£) = (x;(£), %2 (£))”
on Q. Therefore, Eq. (1.1) has at least one anti-periodic solution x;(¢). This completes the

proof. O

4 An example
In this section, we shall construct an example to show the applications of Theorem 3.1.

Example 4.1 Let f(¢,x) = (1 + % sin? £) \/%, g(t,x) = —(1 +sin*t) - 3- Then the prescribed

mean curvature Rayleigh equation

(\/191/7) +f (64 (2)) + g(t,%(t)) = cost (4.1)

has a unique anti-periodic solution with period 2.

Proof Let T = 2m. From the definitions of f(£,x) and g(¢,x), we can easily check that con-
ditions (H;) and (H,) hold. Moreover, it is easy to see that (H3) holds for / = % and (H3)
holds for y =1, 8 = % Since [ - % <y, we know from Theorem 3.1 that Eq. (4.1) has a

unique anti-periodic solution with period 2. d
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