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Abstract

We consider a nonlinear parametric equation driven by the sum of a p-Laplacian

(p > 2) and a Laplacian (a (p, 2)-equation) with a Carathéodory reaction, which is
strictly (p — 2)-sublinear near +o0. Using variational methods coupled with truncation
and comparison techniques, we prove a bifurcation-type theorem for the nonlinear
eigenvalue problem. So, we show that there is a critical parameter value A+ > 0 such
that for A > A~ the problem has at least two positive solutions, if A = A+, then the
problem has at least one positive solution and for A € (0, A+), it has no positive
solutions.
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1 Introduction
Let @ € RY be a bounded domain with a C?-boundary 3. In this paper, we study the
following nonlinear Dirichlet eigenvalue problem:

—Apu(z) — Au(z) = Af(z,u(z)) in, )
A
Ulyo =0, u>0, A>0, 2<p<+00.

Here, by A, we denote the p-Laplace differential operator defined by
Apu(z) = div(| Vu(z)Hp_ZVu(z)) Yu e Wé’p(Q)

(with 2 < p < +00).In (P);, A > 0 is a parameter and f(z, ¢) is a Carathéodory function (i.e.,
for all ¢ € R, the function z —> f(z, ¢) is measurable and for almost all z € 2, the func-
tion ¢ > f(z,¢) is continuous), which exhibits strictly (p — 2)-sublinear growth in the
¢ -variable near +00. The aim of this paper is to determine the precise dependence of the
set of positive solutions on the parameter A > 0. So, we prove a bifurcation-type theorem,
which establishes the existence of a critical parameter value A- > 0 such that for all A > A+,
problem (P), has at least two nontrivial positive smooth solutions, for A = A+, problem (P);,
has at least one nontrivial positive smooth solution and for X € (0, A+), problem (P), has
no positive solution. Similar nonlinear eigenvalue problems with (p — 2)-sublinear reac-
tion were studied by Maya and Shivaji [1] and Rabinowitz [2] for problems driven by the
Laplacian and by Guo [3], Hu and Papageorgiou [4] and Perera [5] for problems driven
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by the p-Laplacian. However, none of the aforementioned works produces the precise de-
pendence of the set of positive solutions on the parameter A > 0 (i.e., they do not prove
a bifurcation-type theorem). We mention that in problem (P); the differential operator
is not homogeneous in contrast to the case of the Laplacian and p-Laplacian. This fact is
the source of difficulties in the study of problem (P), which lead to new tools and meth-
ods.

We point out that (p, 2)-equations (i.e., equations in which the differential operator is the
sum of a p-Laplacian and a Laplacian) are important in quantum physics in the search for
solitions. We refer to the work of Benci, D’Avenia-Fortunato and Pisani [6]. More recently,
there have been some existence and multiplicity results for such problems; see Cingolani
and Degiovanni [7], Sun [8]. Finally, we should mention the recent papers of Marano and
Papageorgiou [9, 10]. In [9] the authors deal with parametric p-Laplacian equations in
which the reaction exhibits competing nonlinearities (concave-convex nonlinearity). In
[10], they study a nonparametric (p, g)-equation with a reaction that has different behavior
both at 00 and at 0 from those considered in the present paper, and so the geometry of
the problem is different.

Out approach is variational based on the critical point theory, combined with suitable
truncation and comparison techniques. In the next section, for the convenience of the

reader, we briefly recall the main mathematical tools that we use in this paper.

2 Mathematical background
Let X be a Banach space and let X~ be its topological dual. By {-,-) we denote the dual-
ity brackets for the pair (X', X). Let ¢ € CY(X). A point x € X is a critical point of ¢ if
¢'(x0) = 0. A number c € R is a critical value of ¢ if there exists a critical point xy € X such
that ¢(xg) = c.

We say that ¢ € C'(X) satisfies the Palais-Smale condition if the following is true:

‘Every sequence {x,},>1 € X, such that {¢(x,)},>1 € R is bounded and

*

¢'(x,)— 0 inX,

admits a strongly convergent subsequence’

This compactness-type condition is crucial in proving a deformation theorem which in
turn leads to the minimax theory of certain critical values of ¢ € C!(X) (see, e.g., Gasinski
and Papageorgiou [11]). A well-written discussion of this compactness condition and its
role in critical point theory can be found in Mawhin and Willem [12]. One of the minimax

theorems needed in the sequel is the well-known ‘mountain pass theorem’

Theorem 2.1 Ifg € C(X) satisfies the Palais-Smale condition, xo,x1 € X, ||, —xo| > r > 0,
max{@(xo), p(x1)} < inf{g(x): |lx - %o =7} = n,

and

= inf t)),
¢ = inf max ¢(y ()
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where
I'={y € C([0,1; X) : ¥(0) = x0, ¥y (1) = %1 },
then ¢ > 0, and c is a critical value of ¢.

In the analysis of problem (P),, in addition to the Sobolev space Wé’p (2), we will also
use the Banach space

Co(Q) = {u € C'(Q) : ulya = 0}.

This is an ordered Banach space with a positive cone:
C, = {u € Cy(R):u(z) >0 forallze 5}

This cone has a nonempty interior given by

9
intC, = {u €C,:u(z)>0forallzeQ, ﬁ(z) <Oforallze asz},

where by n(-) we denote the outward unit normal on 9€2.
Let fo: 2 x R— R be a Carathéodory function with subcritical growth in ¢ € R, i.e.,

%(z,§)| <ao(z) +colz|t foralmostallze €, all ¢ € R,

with ag € L®(RQ),,co >0and 1 <7< p, where

. NN—i ifp<N,
+oo ifp>N

(the critical Sobolev exponent).
We set

¢
Foe )= [ fitasds
0
and consider the C!-functional v : Wé’p (Q) — R defined by
1 » 1 9 10
Yo(u) = 5 IVulb + 5||Vu||2 — | Folzulz)dz Vue Wy*(Q). (2.1)
Q

The next proposition is a special case of a more general result proved by Gasinski and

Papageorgiou [13]. We mention that the first result of this type was proved by Brezis and
Nirenberg [14].

Proposition 2.2 If , is defined by (2.1) and uy € Wy*(R) is a local CA\(Q)-minimizer of
Yo, i.e., there exists 01 > 0 such that

Yolo) < Yoluo +h)  Vh e Ci(Q), 17y < o1
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then ug € Ci’ﬁ(ﬁ) for some B € (0,1) and uy is also a local Wé’p(Q)-minimizer of ¥, ie.,

there exists gy > 0 such that
Voluo) < Yoo + ) Vh e WP (Q), Ikl < o2

Let g, 1 € L*°(2). We say that g < /4 if for all compact subsets K C €2, we can find ¢ =
&(K) > 0 such that

g(z) + & <h(z) foralmostallz € K.

Clearly, if g, h € C(£2) and g(z) < h(z) for all z € 2, then g < h. A slight modification of the
proof of Proposition 2.6 of Arcoya and Ruiz [15] in order to accommodate the presence of

the extra linear term —Au leads to the following strong comparison principle.

Proposition 2.3 If§ >0, g,h € L®(Q), g < h and u € Cy(Q), v € int C, are solutions of
the problems

—Apu(2) — Au(z) + £ lu(2) P 2ulz) = g(z) inQ,
—Av(z) = Av(z) + E|v(2) P (2) = h(z) in R,

thenv—-ucintC,.

Let r € (1,+00) and let A,: W' () — W (Q) = W' (R)" (where il =Dbea
nonlinear map defined by

(A,(u),y) = /Q IVul"2(Vu, Vy)pn dz VYu,y € Wy (). (2.2)

The next proposition can be found in Dinca, Jebelean and Mawhin [16] and Gasinski

and Papageorgiou [11].

Proposition 2.4 IfA,: WS”(Q) — WY (Q) (where 1 < r < +00) is defined by (2.2), then
A, is continuous, strictly monotone (hence maximal monotone too), bounded and of type
(S),, i.e., if u, —> u weakly in Wé’r(ﬂ) and

=<0,

lim sup(A,(u,,), U, — u>
n—+00

then u, — uin Wé’p(Q).

If r = 2, then we write Ay = A € L(H}(Q); HH(Q)).
In what follows, by 1(p) we denote the first eigenvalue of the negative Dirichlet
p-Laplacian (-A,, Wé’p(Q)). We know that xl(p) > 0 and it admits the following varia-

tional characterization:

2
IVully

'
ol

M) = inf{ ue WP (Q),u 0}. (2.3)
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Finally, throughout this work, by || - | we denote the norm of the Sobolev space Wé’p ().

By virtue of the Poincaré inequality, we have

lull = IVall,  Vu € WP (),
The notation || - || will also be used to denote the norm of RN, No confusion is possible
since it will always be clear from the context which norm is used. For ¢ € R, we set {* =
max{=+Z,0}. Then for u € Wé’p(Q), we define u*(-) = u(-)*. We know that

ut e Wé’p(Q), lu| =u" +u, u=ut-u" Vue Wé’p(Q).

If1: @ xR — R is superpositionally measurable (for example, a Carathéodory function),

then we set
Nuu)() = h(u()) Ve Wp"(Q).
By | - v we denote the Lebesgue measure on RY,

3 Positive solutions
The hypotheses on the reaction f are the following.
H: f: @ x R— Ris a Carathéodory function such that f(z,0) = 0 for almost all z € €2,
f(z,¢) > 0 for almost all z € Q and all ¢ > 0 and
(i) for every g > 0, there exists a, € L°°(2), such that

f(z,¢) <ay(z) foralmostallze Q, all¢ €0,0];

(ii) limg o0 f; (Z'_ﬂ) = 0 uniformly for almost all z € Q2;
(iii) limg_ o+ % = 0 uniformly for almost all z € ©2;

(iv) for every o > 0, there exists &, > 0 such that for almost all z € €2, the map
¢ +—> f(z,¢) + &,¢P7 is nondecreasing on [0, o];
(v) if

¢
Flz¢) = /0 Fas)ds,

then there exists ¢ € R such that
F(z,c) >0 foralmostall z € Q.

Remark 3.1 Since we are looking for positive solutions and hypotheses H concern only
the positive semiaxis R, = [0, +00), we may and will assume that f(z, ¢) = 0 for almost all
z € Q and all ¢ < 0. Hypothesis H(ii) implies that for almost all z € Q, the map f(z,-) is
strictly (p — 2)-sublinear near +o0o. Hypothesis H(iv) is much weaker than assuming the

monotonicity of f(z, -) for almost all z € Q.

Page 5 of 17
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Example 3.2 The following functions satisfy hypotheses H (for the sake of simplicity, we
drop the z-dependence):

;b oife e[0,1],
()=
At 29t ifl<e,

;e ife e[0,1],
(€)=
% 9 e ifl<g,

with 1 < g <p <t <n.Clearly f; is not monotone.
Let
Y= {k >0: problem (P); has a nontrivial positive solution}
and let S(1) be the set of solutions of (P),. We set
A =inf )y
(if Y = @, then A« = +00).
Proposition 3.3 If hypotheses H hold, then
SA) CintC, and I>0.

Proof Clearly, the result is true if ) = #. So, suppose that ) # ¥ and let A € ). So, we can
find u € S(A) N Wé'p(Q) such that

—Apu(2) — Au(z) = Af(z,u(2)) in ,

ulpq = 0.

From Ladyzhenskaya and Uraltseva [17, p.286], we have that u € L*°(2). Then we can
apply Theorem 1 of Lieberman [18] and have that u# € int C, \ {0}. Let ¢ = ||u|« and let
&, > 0 be as postulated by hypothesis H(iv). Then

—A,u(z) — Au(z) + Egu(z)"’_1 >0 foralmostallze Q,
)

Apu(z) + Au(z) < égu(z)’”1 for almost all z € Q.
From the strong maximum principle of Pucci and Serrin [19, p.34], we have that

u(z)>0 VzeQ.

So, we can apply the boundary point theorem of Pucci and Serrin [19, p.120] and have that
u € int C,. Therefore, S(A) CintC,.
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By virtue of hypotheses H(ii) and (iii), we see that we can find ¢; > 0 such that
f(z,¢) < clgl’*l for almost all z € 2, all ¢ > 0. (3.1)

Let A € (0, xlc—(lp}) and ¥ € (0, A¢]. Suppose that € ). Then from the first part of the proof,
we know that we can find uy € S(¢) C int C,. We have

Ap(up) + Aluy) = O Np(uy),
SO

Vg |12 < / 0f (o uy dz < Derllus | < hocrlli |12 < @)lueo 1
Q

(see (3.1) and recall that ¥ < Ag < xlc—(lp)), which contradicts (2.3). Therefore, A« > Ag > 0.
O

For A > 0, let ¢y : Wé'p (€2) — R be the energy functional for problem (P), defined by

1 1
@(u) = — | Vull}; + 5||Vu||% - k/ Fz,u)dz Yue Wp?(Q).
p Q

Evidently, ¢; € C(Wé’p(ﬂ)).
Proposition 3.4 If hypotheses H hold, then Y # ().

Proof By virtue of hypotheses H(i) and (ii), for a given ¢ > 0, we can find ¢, > 0 such that

F(z,¢) < i{" +c¢. foralmostallze 2, all¢ > 0. (3.2)
p
Then for u € Wé’p(Q) and A > 0, we have

1 1
01(0) = = Vull? + —||Vu||§—A/ Fle,u)dz
V4 2 Q

1 re
> Ivuly -~ ][5 = hcelQn

1 re
= ;(1—%([,))Ilull’”—kcslﬁlw 3.3)

(see (3.2) anc1(2.3)).

Let s € (0, “T(p)). Then from (3.3) it follows that ¢; is coercive. Also, exploiting the com-
pactness of the embedding Wé'p (R2) € LP(Q2) (by the Sobolev embedding theorem), we see
that ¢, is sequentially weakly lower semicontinuous. So, by the Weierstrass theorem, we
can find ug € W/é’p (2) such that

@n(uo) = inf @ (u). (3.4)
uew ()
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Consider the integral functional K: L?(2) — R defined by
K(u) = / F(z,u(z))dz  Vu € IF(RQ).
Q
Hypothesis H(v) implies that K(c) > 0 and since F(z, ¢) = 0 for almostallz € Q,all{ <0, we

may assume that ¢ > 0. Since Wé’p(Q) is dense in L?(2) and ¢ > 0, we can find v € Wé’p(Q),
V> 0, such that K(¥) > 0. Then for 2 > 0 large, we have

K@) > 99 + 31901
SO
@, (1) <0 for A >0 large
and thus
@i.(u0) < 0 = 3 (0)
(see (3.4)), hence ug # 0. From (3.4), we have
@3 (u0) =0,
SO
Ay(ug) + A(ug) = AN (ug). (3.5)
On (3.5), we act with —ug € Wé’p(Q). Then
[vis I+ | Vo5 = 0,

hence uy > 0, ug # 0.

From (3.5), we have

—Apuo(z) — Aug(2) = Mf(z,up(2)) in £,

uolae = 0, uy >0, ug 70,

so ug € S(A) Cint C, (see Proposition 3.3).
So, for 1 > X big, we have A € Y and so Y #{. O

Proposition 3.5 If hypotheses H hold and ) € Y, then [A, +00) C V.

Proof Since by hypothesis A € ), we can find a solution u; € intC, of (P), (see Propo-
sition 3.3). Let u > A and consider the following truncation of the reaction in problem
(P)/L:

ho(ar0) = wf(z, u,(2)) ffz <u,(2), (3.6)
wf(z,¢) if u,(2) < ¢.
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This is a Carathéodory function. Let

¢
H[L(Z’ {) = / h,,,(Z,S) ds
0
and consider the C*-functional v, : Wé‘p () — R, defined by
1 , 1 , .
Y (u) = Z"V””” +SIVul - | Hy (zu(z))dz  Yu e Wy*(Q).
Q

Asin the proof of Proposition 3.4, using hypotheses H(i) and (ii), we see that 1/, is coercive.
Also, it is sequentially weakly lower semicontinuous. So, we can find 1, € Wé’p (2) such
that

wu (uu_) = 11’11£ 1;///1 (I/l),

ueWy? ()
)
¥, () = 0
and thus
Ap(a,) + Al,) = Ny, (14,). (37)

On (3.7) we act with (u; —u,)* € Wé'p(Q). Then

(Ap(un), (o — w,)*) + (Auy), (= )"

=thM(z,u,l)(u,\—uH)+dz
- [ wften) - " dz

> /Q M (@ 1) — ) dz
= (Ap (), (= u,)*) + (Aun), (5, — 1))

(see (3.6) and use the facts that 4 > A and f > 0), so
_ _ 2
/ IV P> Vs = Ve P>V, Vi, = Vi) oy dz + | V(s — u,)* ||, <0,
{up>up}

thus

|{uk >”u}|N:0

and hence u; <u,.

Therefore, (3.7) becomes

Ap(”u) +A(M;L) = /'L]\/}(uu)’

Page9of 17


http://www.boundaryvalueproblems.com/content/2012/1/152

Gasinski and Papageorgiou Boundary Value Problems 2012, 2012:152 Page 10 of 17
http://www.boundaryvalueproblems.com/content/2012/1/152

so
u, € S(u) CintC,,

hence u € Y. This proves that [A, +00) C ). O

Proposition 3.6 If hypotheses H hold, then for every A > A+ problem (P); has at least two

positive solutions
ug,u €intC,, ug#1i.

Proof Note that Proposition 3.5 implies that (A:,+00) € V. Let A+ < ¥ < A < u. Then we
can find uy € () CintC, and u, € S(u) € int C,. We have

—Apuy — Auy =Vf(z,uy) < M(z,uy) inQ, (3.8)

—Apuy — Auy, = uf(z,u,) = AM(z,u,) inQ (3.9)

(recall that f > 0 and ¥ < A < ). As in the proof of Proposition 3.5, we can show that
uy < u,. We introduce the following truncation of the reaction in problem (P);:

M(z,uy(2)) if¢ <uy(2),
&.(z,¢) = 1 M(2¢) if uy(2) < ¢ <u,(2), (3.10)
Mo uu(2) ifu(z) <.

This is a Carathéodory function. We set

¢
G0 - [ e
0
and consider the C-functional ¥; : Wé’p (Q) — R defined by
~ 1 1 2 Lp
Yo (u) = l—gIIVuH’; t3 IVuls - | Gilz,u)dz Yue Wy ().
Q

It is clear from (3.10) that ¥, is coercive. Also, it is sequentially weakly lower semicontin-
uous. So, we can find ug € Wé’p(Q) such that

U(wo) = inf 9 (w),

ueWy? ()

)
¥} (1) = 0
and thus

Ap(uo) + A(uo) = Ng, (uo)- (3.11)
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Acting on (3.11) with (uy — ug)* € Wé’p(Q) and next with (uo —u,)* € Wé’p(Q) (similarly
as in the proof of Proposition 3.5), we get

Uy < = U,.
Hence, we have
U € [uﬁ’uu]r

where [uy,u,] ={ue Wé’p(Q) 1uo(2) < u(z) < u,(z) for almost all z € Q2}.
Then (3.11) becomes

A, (uo) + Aluo) = ANy (uo)
(see (3.10)), so

ug € S(A) CintC,.
Let

a() = lyl" 2y +y VyeRY.

Then a € CH(RN;RN) (recall that p > 2) and

Va(y) = ||)’||p2(1 +(p- 2)1513) +1 VyeRN,
SO

(Va®)E,&)gn = €I V3,6 €RY.
Note that

diva(Vu)= Apu+ Au Vue Wé’p(Q).
So, we can apply the tangency principle of Pucci and Serrin [19, p.35] and infer that
uy(z) <ug(z) VzeQ. (3.12)
Let 0 = [|uolloc and let &, > 0 be as postulated by hypothesis H(iv). Then

~Apuy(2) — Ay (2) + Doy (2
=0f (z,uy(2)) + OE,uy (2
< 0f(z,u0(2)) + V& uo(2)
<M (z,u0(2)) + 9E,uo ()™

=—-A,up(z) — Aug(z) + 19$Qu0(z)"’1 for almost all z €

Page 11 of 17
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(see hypothesis H(iv) and use the facts that A > ¢ and f > 0), so
Uy — Uy €int C, (3.13)

(see (3.12) and Proposition 2.3).
In a similar fashion, we show that

u, —ug €intC,. (3.14)
From (3.13) and (3.14), it follows that

Uy € intc(l)@ [y, u,]. (3.15)
From (3.10), we see that

(pk|[u19,uﬂ] = &A'[u,;,uﬂ] + Sk
for some &, € R.

So, (3.15) implies that u is a local C} ()-minimizer of ¢;. Invoking Proposition 2.3, we

have that

ug is a local Wé’p(Q)—minimizer of ;. (3.16)

Hypotheses H(i), (ii) and (iii) imply that for given ¢ > 0 and r > p, we can find ¢, = ¢»(¢&,7) >
0 such that

F(z,¢) < f{" +c¢" foralmostallze Q, all ¢ > 0. (3.17)
p
Then for all 4 € Wé’p(Q), we have

1 1
@.() = =[|Vull? + —||Vu||§—k/ F(z,u)dz
p 2 Q

1 1 Ae
= IVl + S IVulls - " [ |5 = realur]|

1 re » 1 9 ,
>—\1-== IIVu||p+EIIVullz—Msllull

p A(p)
1 re ,
> ;<l—xlw)>llvbtllp = Acs|lu]| (3.18)

for some ¢3 > 0 (sge (3.17) and (2.3)).

Choose ¢ € (0, “T(p)). Then, from (3.18) and since r > p, we infer that i is a local min-
imizer of ¢,. Without any loss of generality, we may assume that ¢, (0) = 0 < ¢, (uo) (the
analysis is similar if the opposite inequality holds). By virtue of (3.16), as in Gasinski and
Papageorgiou [20] (see the proof of Theorem 2.12), we can find 0 < ¢ < ||uo|| such that

9:(0) = 0 < @3 (uo) < inf{g; () : llu - uoll = 0} =1, (3.19)

Page 12 of 17
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Recall that ¢, is coercive, hence it satisfies the Palais-Smale condition. This fact and
(3.19) permit the use of the mountain pass theorem (see Theorem 2.1). So, we can find
ue Wé’p(Q) such that

ny < ¢a(@2) (3.20)
and

o) = 0. (3.21)

From (3.20) and (3.19), we have that &z # 0, & = ug. From (3.21), it follows that z € S(A) C
intC,. 0

Next, we examine what happens at the critical parameter A-.
Proposition 3.7 If hypotheses H hold, then 1- € ).
Proof Let {A,},>1 C ) be a sequence such that
A<A, Vn>1
and
An \\ A+ asnm— +00.
For every n > 1, we can find u,, € int C,, such that
Ap(un) + Aun) = LuNy(uy). (3.22)
We claim that the sequence {u,},>1 C Wé’p (€2) is bounded. Arguing indirectly, suppose

that the sequence {u,},>1 C Wg’p (2) is unbounded. By passing to a suitable subsequence
if necessary, we may assume that ||u,|| — +00. Let

Vn>1.

Yn =
2, ||

Then ||y, =1 and y, € intC, for all n > 1. From (3.22), we have

1 _ )Wle(un)

Alyn) = 1. 3.23
P~ o) llaen [P (423

Apbm +
Recall that
f(z,¢) < ac?t foralmostallze @, allz >0

(see (3.1)), so the sequence {%}nzl C I”(2) is bounded. This fact and hypothesis H(ii)
imply that at least for a subsequence, we have

Ny (un)

— 0 weaklyin L”/(Q) (3.24)
ll, 1P~
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(see Gasinski and Papageorgiou [20]). Also, passing to a subsequence if necessary, we may

assume that

yu—y weakly in Wp?(R), (3.25)

yn—>y inLP(Q). (3.26)

On (3.23) we act with y, —y € Wé’p(Q), pass to the limit as # — +oo and use (3.24) and
(3.26). Then

. 1
lim ((Ap(yn)’yn —)’) + W(A(yn),yn —y)) =0,

n—+00

SO

lim (Ap(y,,),y,, —y) <0.

n—+00

Using Proposition 2.4, we have that
yu—>y in W P(Q)
and so
Iyl =1. (3.27)

Passing to the limit as # — +00 in (3.23) and using (3.24), (3.27) and the fact that p > 2,

we obtain

Ap()/) = 0;

so y = 0, which contradicts (3.27).
This proves that the sequence {u,},>1 C Wé’p(Q) is bounded. So, passing to a subse-

quence if necessary, we may assume that

u, — u» weakly in Wé’p(Q), (3.28)

u, — u- inLP(Q). (3.29)

On (3.22) we act with u,, — u- € Wé’p(Q), pass to the limit as # — +00 and use (3.28) and
(3.29). Then

lim ((Ap(n), uy — e) + (A(tn), ty — 1)) = 0,

n—+00

SO

lim sup(Ap(u,,), Uy, — u) <0

n—+00
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(since A is monotone) and thus
Uy — u- in WpP(Q) (3.30)

(see Proposition 2.4).
Therefore, if in (3.22) we pass to the limit as # — +00 and use (3.30), then

Ap(u) + A(ue) = ANp(u-)

and so u- € C, is a solution of problem (P);,.
We need to show that u- # 0. From (3.22), we have

—Apuy(2) — Auy(2) = Ayf (2, un(2)) inQ

un|3§2:0

Vn>1.

From Ladyzhenskaya and Uraltseva [17, p.286], we know that we can find M; > 0 such that
ltnlloo <My Vn=1.
Then applying Theorem 1 of Lieberman [18], we can find § € (0,1) and M, > 0 such that
u, € G (@) and sl g <Mz V=1
Recall that C(l)’ﬂ (R) is embedded compactly in c (R). So, by virtue of (3.28), we have
U, — U+ in C(l) (Q).
Suppose that #- = 0. Then
u, — 0 in Cy(Q). (3.31)
Hypothesis H(iii) implies that for a given ¢ > 0, we can find § € (0, ¢] such that
f(z,¢) <ec?™ foralmostallz € , all ¢ € [0,8]. (3.32)
From (3.31), it follows that we can find #y > 1 such that
u,(z) €[0,8] VzeQ, alln> n. (3.33)
Therefore, for almost all z € Q and all # > n(, we have
—Apttn(2) = Atiy(2) = Af (2, 4n(2)) < Apttn(2)P™

(see (3.32) and (3.33)), so

An
IVunllf) < Anellunlly < =~——el|Vu,lll, Vn=ng

M(p)
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(see (2.3)), thus

p
1_([7)_)% Vn > ng
€
and so
M) _
. =

Let ¢ \{ 0 to get a contradiction. This proves that #» # 0 and so u- € S(A+) C int C,, hence
A€ . O

The bifurcation-type theorem summarizes the situation for problem (P);.

Theorem 3.8 If hypotheses H hold, then there exists A+ > 0 such that
(a) forevery A > A+ problem (P); has at least two positive solutions:

ug, it € int C,;

(b) for A = A+ problem (P);. has at least one positive solution u- € int Cy;
(c) for A € (0, ) problem (P); has no positive solution.

Remark 3.9 Asthe referee pointed out, it is an interesting problem to produce an example
in which, at the bifurcation point A" > 0, the equation has exactly one solution. We believe
that the recent paper of Gasiniski and Papageorgiou [21] on the existence and uniqueness
of positive solutions will be helpful. Concerning the existence of nodal solutions for A €
(0,17), we mention the recent paper of Gasiriski and Papageorgiou [22], which studies the
(p, 2)-equations and produces nodal solutions for them.
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