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Abstract
In this article, we discuss the existence and multiplicity of positive solutions for the
sixth-order boundary value problem with three variable parameters as follows:

u® + A()u® + B(6)u® + C(t)u + f(x, u) = 0,

u(0) = u(1) = u”(0) = u”’(1) = u®(0) =u®(1) = 0,

where A(t), B(t), C(t) € C[0,1], fit, u) : [0,1] X [0, e0) — [0. o) is continuous. The proof
of our main result is based upon spectral theory of operators and fixed point
theorem in cone.

Keywords: sixth-order differential equation, positive solution, fixed point theorem,
spectral theory of operators

1 Introduction
In this article, we study the existence and multiplicity of positive solution for the fol-
lowing nonlinear sixth-order boundary value problem (BVP for short) with three vari-
able parameters

{ —u® — C(t)u™® + B(t)u” —A(t)u=f(t, u), te(0,1), w1)

u(0) = u(1) = u’(0) = u’(1) = u®(0) = u(1) = 0,

where A(), B(t), C(¢) € C[0,1], fit, u) : [0,1] x [0, o) — [0. o) is continuous.

In recent years, BVPs for sixth-order ordinary differential equations have been stu-
died extensively, see [1-7] and the references therein. For example, Tersian and Cha-
parova [1] have studied the existence of positive solutions for the following systems
(1.2):

{u(6)+Au(4)+Bu”+Cu—f(t, u)=0. 0<x<lIL, (12)

u(0) = u(L) = u"(0) = u"(L) = u®(0) = u®)(L) = 0,

where A, B, and C are some given real constants and flx, «) is a continuous function
on R? is motivated by the study for stationary solutions of the sixth-order parabolic
differential equations
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ou %u  dtu _d%u
ot = oxs FAgus *Bap /W)

This equation arose in the formation of the spatial periodic patterns in bistable sys-
tems and is also a model for describing the behaviour of phase fronts in materials that
are undergoing a transition between the liquid and solid state. When flx, u) = u - u°, it
was studied by Gardner and Jones [2] as well as by Caginalp and Fife [3]. In [1], exis-
tence of nontrivial solutions for (1.2) is proved using a minimization theorem and a
multiplicity result using Clarks theorem when C = 1 and flx, u) = #°. The authors have
studied also the homoclinic solutions for (1.2) when C = -1 and flx, u) = -a(x)u|u|°,
where a(x) is a positive periodic function and o is a positive constant by the moun-
tain-pass theorem of Brezis-Nirenberg and concentration-compactness arguments. In
[4], by variational tools, including two Brezis-Nirenbergs linking theorems, Gyulov et
al. have studied the existence and multiplicity of nontrivial solutions of BVP (1.2).

Recently, in [5], the existence and multiplicity of positive solutions of sixth-order
BVP with three parameters

(1.3)

—u® —yu® 4 gy —aqu =f(t, u), t €]0, 1],
u0)=u®(1)=0, i=0,1,2,3,4,5

has been studied under the hypothesis of
(A1) f:[0,1] x [0, ) — [0. =) is continuous.
(Ay) o, B, ye R and under the condition of satisfying

3t —2yn? - B >0, y <3n?
18aBy — By? +4ay’ +27a> —4B3 <0,

the existence and multiplicity for positive solution of BVP (1.3) are established by
using fixed point index theory. In this article, we consider more general BVP (1.1),
based upon spectral theory of operators and fixed point theorem in cone, we will
establish the existence and multiplicity positive solution of BVP (1.1) and extend the
result of [5] under appropriate conditions. Our ideas mainly come from [5,8-10].
We list the following conditions for convenience:
(Hy) f:10,1] x [0, +00) — [0. +e0) is continuous.
(Hy) A(2), B(t), C(t) € C[0,1], & = ming<s<; A(2), B = ming<,<1 B(f), ¥ = ming<; C(2),
and satisfies
« B v
a6 e T g2
3n* —2yn? - B >0, y<3n?
18afy — B2y? +4ay> +27a> —4B3 < 0.

<1,

Let Y=C[0,1], Y, ={ue Y:u(t) >0, te [0,1]}. It is well known that Y is a Banach
space equipped with the norm ||u||o = supo-<1 |u(f)], ue Y. Set X = {ue CY0,1] : u
(0) = u(1) = u”(0) = u”(1) = 0}, then X also is a Banach space equipped with the norm
|u| [x = max {|[u(®)]]o, ||u“®)]]o [P @)]]o}. If w e C}0,1] n C%(0,1) fulfils BVP (1.1),
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then we call u is a solution of BVP (1.1). If u is a solution of BVP (1.1), and u(t) > 0, ¢
€ (0, 1), then we say u is a positive solution of BVP (1.1).

2 Preliminaries
In this section, we will make some preliminaries which are needed to show our main
results.

Lemma 2.1. Let u € X, then ||u||o < ||u“[|o < [|#™]|]o < ||#]]x-

Proof. The proof is similar to the Lemma 1 in [8], so we omit it. O

Lemma 2.2. [5] Let A1, A,, and A5 be the roots of the polynomial P () = A + A* -
BA + a. Suppose that condition (H,) holds, then A, 1,, and A3 are real and greater
than -7,

Note : Based on Lemma 2.2, it is easy to learn that when the three parameters satisfy
the condition of (H,), they satisfy the condition of non-resonance.

Let G(t, s)(i = 1, 2, 3) be the Green’s function of the linear BVP

-u(t) + Au(t) = 0, u(0) = u(1) =0,

Lemma 2.3. [10]G,(¢, s)(i = 1, 2, 3) has the following properties

(c1) Gi(t, s) > 0, Vt, s e (0, 1).

(c2) Gi(t, s) <C;G(s, s), Vt, s € [0,1], in which C; > 0 is constant.

(c3) Gi(t, s) = 0,Gi(t, t)Gy(s, s), Vt, s € [0,1], in which J; > 0 is constant.

We set

M; = max Gj(s, s), m;= min Gj(s, s), i=1,2,3.
0=t<1 1__3

(2.1)

4554

1

3
4
Cij =fGi(8, 8)G;j(8, 8)ds, «cij= /Gi(é, 8)Gj(s, 8)ds, i, j=1,2,3. (2.2)
0 1
4
3
1 4
D; = ggeaxl Gi(t, s)ds, d;= 1rnax3 /G,-(t, s)ds i=1,2,3, (2.3)
0 45t5 1
4

then starting from Lemma 2.3 we know M;, m;, C;; > 0.
For any /1 € Y, take into consideration of linear BVP:

—u® —yu® 1 gy —au =h(t), t €][0,1],
{u(o) = u(1) ='(0) = (1) = uM(0) = ul)(1) = 0,

where «, f3, v satisfy assumption (H). Since

6 4 " dz dz dz
—u® —pu® 4 By — qu = <_dt2 +A1> <_dt2 +A2> <_dt2 +A3> u, (2.5

then for any / € Y, the LBVP(2.4) has a unique solution #, which we denoted by Ah
= u. The operator A can be expressed by
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1 1 1
u(t) = (AR)(t) := / / / Gi(t, 8)Ga2(8, 7)Gs(t, s)h(t)dsdrds. (2.6)
0 0 O

Lemma 2.4. The linear operator A : Y — X is completely continuous and ||A|| < m,
where @ = |/12+A.3|(C1C2C3M1M2M3|2.3|+C1C2M1M2)+| /1213|(C1C2C3M1M2M3+C1M1).
Proof. It is easy to show that the operator A : Y — X is linear operator. Vi e Y, u =
Ah e X, w(0) = u(l) = w*(0) = w*(1) = u#¥0) = u¥¥(1) = 0. Let

V= <_1sz2 + )‘2> (‘f:z +k3> u, that is
d? 32
'= <_ a2 " )Lz) <_dt2 + )‘3) u=u® — (O +213) v + Aahzu, (2.7)
by (2.5) and (2.7), we have
—v' +av=h(t), te(0,1),
v(0) =v(1) =0,
and v(t) = [} Gy (t,s)h(s)ds, t € [0, 1], so

1
u® — (g +A3) U’ + Aohsu = / Gi(t,s)h(s)ds, te]o,1]. (2.8)
0

By (2.6), for any ¢ € [0,1], we have

1 11
|u(t)| S///Gl([,S)GQ(S,‘L’)G3(‘[,S)|h(t)|d§dl’d(8 < C1C,C3M 1 MyMs||h]|o. (29)
0 00

Again, let o = -u“ + Azu, then ©(0) = w(1) = ©“(0) = ©“(1) = 0, by (2,5), we have

@) — (A + 12)0" + Mraw =h(t), te(0,1), (2.10)
w(0) =w(1) = 0"(0) = 0"(1) = 0. ’
Then w(t) = [y [i Gi(t, T)Ga(z, s)h(s)dsdz, t € [0,1], that is
11
—u" + Au= //Gl(t, )Gy (7, s)h(s)dsdr, te[0,1]. (2.11)
00
So
[u"| < CiCoM M, (1 + |A3|C3M3)|lhllo, t €0, 1]. (2.12)
Based on (2.8), (2.9), and (2.12), we have
1
WD) < 1hg+23]lu” ()] + [Aars]lu(e)] + / Ga(t, 5)Ih(s)lds
° 2.13
< Do+ 251(C1CCsMiMaMs 3] + C1CoM M) g (2.13)

+ [A2A3|(C1CL.CsM 1 MaMs||hllo + CiM1)lAllo
w||h||0, te [01 l]/

IA
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where

@ = [Ay + A3](C1CoCsM MaMs|As| + CiCaMiM;)

(2.14)
+ |)»2)\3|(6162C3M1M2M3 + ClMl).
So, [|u™®(9)|| < w||k||o, by Lemma2.1, ||u||x < ]||/||o then
[|Ahllx < @ ||hllo, (2.15)

so A is continuous, and ||A]| < @.

Next, we will show that A is compact with respect to the norm ||-||x on X.

Suppose {h,}(n = 1, 2, . . .) an arbitrary bounded sequence in Y, then there exists K,
>0 such that ||i,||lo < Ko, n =1,2,....Letu, = Ah,, 1, 2, ..By (2.8), Vt3, t, € [0, 1],

t, < ty, we have

EXCESTE

IA

1
A2+ As||u"n(t2) — w'n(t1)] + [A223|un(t2) — un(t1)] + / [ G1(t2,5) — Gi(t1, 8)[1hn(s)lds.
0

IA

11
[A2 + A3 (lksllun(fz) un(t1)|+//|cl(tsz)Gl(tlrT)||G2(T’5)||hn(5)|d5df)
0

0

1
+|A2A3|Iun(t2) - un(tl)\ + / | G1(t2,5) -G (t1,$)||hn(s)|d5.
0

IA

1 1 1
(A§+2lkzk3|)///|G1(t2,8)—Gl(tl,S)lle(é,r)l|G3(r,s)||h,,(s)|dsdrd8.
0O 0 0
1 1
s + s / / |G (L2 7) — Ga(tr, D)IIGa(r, 5) 1 (s)ldsdr
0 0

- [161(65) = G, a9l
0

IA

1 1 1
(()\.% + 2|)~2)\3|) / / / |G1 (tz,a) — Gl(t1,8)|G2(8, ‘[)G3(‘[,S)d5d‘5d8.
0 0 0

11 1
+|Xo + A3 f / | Gy (Iz, ‘L’) -G ([1, ‘[)Gz(‘[,S)de‘L’ + / | G](tz,S) — Gl(tl,s)lds) Ko.
0 0 0

Because Gi(t, s)(i = 1, 2, 3) is uniform continuity on [0,1] x [0,1], based on the above
demonstration, it is easy to proof that {u£l4)}:ol is equicontinuous on [0,1]. From
(2.15), we know |[[u]|o, ||2“[|o, [1u®]]0 < [|u]|x < ||| |o € WK, s0 {ua(t)}, {u(2)}
and {u%‘”(t)} are relatively compact in R. Based on Lemma 1.2.7 in [11], we know

{un}ne, is the relatively compact in X, so A is compact operator. O

The main tools of this article are the following well-known fixed point index
theorems.

Let E be a Banach Space and K C E be a closed convex cone in E. Assume that Q is
a bounded open subset of E with boundary 0Q, and KN Q = J. Let A-KNQ — K

be a completely continuous mapping. If Au #u for every u € K n 90Q, then the fixed
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point index i(4, K n Q, K) is well defined. We have that if i(4, K n Q, K) =0, then A
has a fixed point in K n Q.

Let K, = {u € K |||u|| <r} and 0K, = {u € K |||u|| <r} for every r >0.

Lemma 2.5. [12] Let A : K — K be a completely continuous mapping. If yAu =u for
every u € 0K, and 0 < g < 1, then i(4, K, K) = 1.

Lemma 2.6. [12] Let A : K — K be a completely continuous mapping. Suppose that
the following two conditions are satisfied:

(i) infyear, ||Aul| > 0,

(i) pAu =#u for every u € oK, and y = 1,

then i(4, K,, K) = 0.

Lemma 2.7. [12] Let X be a Banach space, and let K € X be a cone in X. For p >0,
define Kp = {u € K|||u|]| < p}. Assume that A : K, - K is a completely continuous
mapping such that Au =u for every u € 0K, = {u € K]|||u|| = p}.

(@) If ||u|| < ||Aul||, for every u € 9K, then i(A, K, K) = 0.

(ii) If ||u|| = ||Aull|, for every u € 0K, then i(A, K, K) = 1.

3 Main results
We bring in following notations in this section:

fo = lim inf min (f(z, u)/u), foo = Jim sup max (£(t, u)/u),
fo = lin(')l sup 0r£1{<axl(f(t, ufu), f_ = ul_i)rpoo inf0r£1[i<nl(f(t, u)/u).
a(t) =A() —a, b(6) =B() =B, o(t) =C(e) =y,
F=n®—yr*—pr*—-a, K= Orgg[a(t) +b(t) +c(1)],

Suppose that:
(H3) L = WK <1, where w is defined as in (2.14).
Theorem 3.1. Assume that (Hy)-(H3) hold, and

b(t) > (A2 +A3)c(t), Asb(t) — a(t) < A%c(t), then in each of the following cases:
M) fy>T, fo<(1=D)T, (i) fo< (1 =L)T, f_ >T,the BVP (L1) has at least

one positive solution.
Proof. Vi € Y, consider the LBVP

—ul®) — C(t)u™® + B(t)u” — A(t)u = h(t),
100 ) a0y 0 )ity g, O <1< .
It is easy to prove (3.1) is equivalent to the following BVP
—u® —yu® 4 By — & = Gu + h(t),
{u(O) —u(1) = w'(0) = uw'(1) =u@(0) =u®(1) =0, 0 =F=1 (32)

where Gv := (C(¢) - )/)V(4) - (B(®)- Bv* + (A(®) - o)v, Vv € X. Obviously, the operator
G : X — Yis linear, and Vv e X, t € [0,1], we have |Gv(£)| < K ||v||x. Hence ||GV||o <
K ||v||x and so ||G]| < K. On the other hand, u € C*[0,1]nC%(0,1), t € [0,1] is a solu-
tion of (3.2) iff u € X satisfies u = A(Gu + h), i.e,

ueX, (I—AG)u-=Ah. (3.3)
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Owing to G: X = Yand A : Y — X, the operator / - AG maps X into Y. From A <
W (by Lemma 2.4) together with ||G|| < K and condition (Hj3), applying operator spec-
tral theorem, we have that the operator (I - AG)™" exists and is bounded. Let H = (I -
AG) A, then (3.3) is equivalent to u = Hh. By the Neumann expansion formula, H can
be expressed by

H=(I+AG+ - +(AG)"+--- ) A=A+ (AG)A+ - -+ (AG)"A +--- . (3.4)

The complete continuity of A with the continuity of (I - AG)™ yields that the opera-
tor H: Y — X is completely continuous. If we restrict H: Y, — Y, Vi € Y, and mark
u = Ah, then u € X nY,. Based on equation (2.8), (2.11) and Lemma 2.4, we have

11
U’ = su— / / G1(t, v)Ga(t, s)h(s)dsdr < Asu, te€]0,1],
00
1
u(4) = ()\.2 + )»3)14” — ApAs3U + / Gl(t,s)h(s)ds > ()\2 + )\.3)14” — AAszl, tE€ [0, 1],
0

by b(t) > (A, + As)c(t) and A3b(t) — a(t) < Adc(t), we have

(Gu)(t) = c(t)u™ — b(t)u” + a(t)u
> [(A2 +A3)c(t) — b(e) ] u” — [Aarse(t) — a(r) ] u
> A3 [ (A2 + A3)e(t) — b(t) ] u — [AaAsc(t) — a(t)] u
> [A3c(t) — Asb(t) +a(t)]u=0, te[0,1]

Hence
VheY, (GAh)(t)>=0, VtelO, 1], (3.5)

and so (AG)(Ah)(t) = A(GAh)(t) = 0, Vt € [0,1]. Suppose that Vi € Y,, (AG)* (Ah)(?)
>0,Vte [0,1]. Forany h € Y,, let hy = GAh, by (3.5) we have /&, € Y., and so

(AG)“1(AR)(t) = (AG)*(AGAR)(1) = (AG)*(Ah1)(t) = 0, Vte[0,1].

Thus by induction it follows that Vi > 1, Vi e Y,, (AG)” (Ah)(¢) = 0, Vt € [0,1]. By
(3.4), we have

Vh e Y., (Hh)(t) = (Ah)(t) + (AG)(AR)(t) + - - - + (AG)"(AR)(t) + - - -

(3.6)
> (Ah)(t), Vte]0,1].
SoH:Y,>Y, nX
On the other hand, we have
Vhe Y., (Hh)(t) < (Ah)(t) + [I(AG)I|(AR)(E) + - - - + ||(AG)"||(AR)(£) + - - -
<(Q+L+---+L"+---)(Ah)(¥) (3.7)

< liL(Ah)(t), vt e [0, 1].
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So the following inequalities hold
1
[[Hhllo < 1_LllAhllor Vi e [0, 1]. (3.8)

For any u € Y,, define Fu = f{t, u). Based on condition (H), it is easy to show F :
Y, — Y, is continuous. By (3.1)-(3.3), It is easy to see that u € C*[0,1] N %0, 1) is
a positive solution of BVP (1.1) iff u € Y, is a nonzero solution of an operator equa-

tion as follows
u = HFu. (3.9)

Let Q = HF. Obviously, Q : Y, — Y, is completely continuous. We next show that
the operator Q has at least one nonzero fixed point in Y,.
Let

P={ueY.|u(t) > ollullo, Ytelo,1]}.

In which

818203C12Cy3

= 1—-L)Gi (¢, 1). 3.10
7= e (=G () (3.10)

Here M, and M, can be defined as that in (2.1), C;, and C,3 can be defined as that
in (2.2), C;,04i = 1, 2, 3) can be defined as that in Lemma 2.3. It is easy to prove that P
is a cone in Y. We will prove QP C P next.

For any u € P, let h = Fu, then i € Y,. By (3.6) and Lemma 2.3, we have

(Qu)(t) = (HFu)(t) = (AFu)(t), VYte][O0,1]}.

By Lemma 2.3, for all # € P, we have

(AFu)(t) =///Gl(t,(S)Gz(zS,t)G3(r,s)(Fu)(s)dsdrd8
000

1
< C1CyC5MM, / Gs (5, 5) (Fu) (s)ds.
0

And accordingly we have ||AFu||o < C1C,C3M M, fol Gs(s, s)(Fu)(s)ds, that is

||AFullo

1
/0 Gs(s, s)(Fu)(s)ds > CLCoCsMi My (3.11)
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By using (c3) in Lemma 2.3, (3.8) and (3.11), we have

(AFu)(t) > 618283C12C23Gl(t, t) / G3(S, s)(Fu)(s)ds

- 818283C12C23G1 (1, 1)

> |AFullo
C1C7_C3M1M2
616283C12Co3G1 (8, t
5 010205C12Cas 1( )(1 — L)[|HFullo
C1C,CsM 1M,
816203C12C3G1 (4, 1)
> 1-L .
= G CMiM, ( )I1Qullo
So(Qu)(1) = M2 e (1 — L)]1Qullo = o11Qullo- Thus QP < P.
Let
8182063C12C 1-L
_ 010203012 2311 ( )’ (3.12)
C1C,CsM 1M,
in which m; can be defined as that in (2.1). It’s easy to prove
13
Yu e P = u(t) > pllullo, Vte [4,4]. (3.13)

Case (i), since fo >I" there exist ¢ >0 and r, >0 such that fit, x) > (I’ + &)x, 0 < ¢ <

1,0< x <rg. Letre (0, o) and Q, = {u € P | ||ul|o < 1}, then for every u € 9Q,, we
have ||u|lo =7 0 < u(t) < r, te (0, 1), and so fit, u(t)) = (I' + e)u(t), t € (0,1). By
(3.13), it follows that

f(tu(t)) > (C+e)u(t) = (T +e)pr, Vte [411’ 431] . (3.14)

From (3.6) and (3.14), we have

1Qullo > Qu(;) - (HFu)(i) > (AFu)(i)
1
1

G (; 3) G(8, 7)Gs (7, )f (s, u(s))dsdrds

=

1 1
0 0

3 3
/4/4
1 1
4 4

o/
/Gl (;, 8) G2(8,t)Gs(t,s)(T + &) prdsdrds
1
4

> 818283m1C12C23(F + 8),0T Gs (5, S)dS.

.';H\J;W

1
> 25152831’}11"13C12C23(F + 8))01‘ > 0.

Therefore, uieralsfz,”Qu”O > 0. Now we shall prove Vu € 9Q,, 4 > 1, uQu # u. In fact,

suppose the contrary, then there exist uy € 3Q2;, and o = 1 such that yoQug = ug. By
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(3.6), we have ug(t) > ulo uo(t) = Quo(t) > (AFuo)(t). Let wy = AFuy, then uy > wy and
wo(t) satisfies BVP (2.4) with % = Fu,. Hence

{ —a)gG) — ywé4) + B’y —awy =f(t,ug), te(0,1), (3.15)

@0(0) = wo(1) = "0(0) = &'o(1) = w5 (0) = (1) = 0,
After multiplying the two sides of the first equation in (3.15) by sin &#960¢ and inte-
grating on [0,1], we have

1 1

l"/a)o(t) sin wtdt = 0/f(t, up(t)) sin wdt,

0

then

1 1
(T +¢€) [ up(t)sinmtdt < | f(t, up(t))sinmtdt
[z

1 1 (3.16)

= F/a)o(t) sinwtdt <T / uo(t) sin tdt.
0 0

1
Since ug(t) = plluolly = pr, Vt € [}1, 2], o) / up(t)sinztdt > 0 and we see that I'
0

+ ¢ < I', which is a contradiction. Then based on Lemma 2.6, we come to

i(Q, 2, P) = 0. (3.17)
On the other hand, since foo < (1 =L)T, there exist ¢ € (0, (1 - L)I) and Ry >0

such that iz, x) < [(1-L)T" - &) x, 0 < £ < 1, x >Ry. Let Mg, = 0 sup f(t, X) . Then

<t<1,0=x=<Rg

f(tx) < [(1—L)F—8]x+MR0, o<t<1, «x>0.

We choose R > max{RO,r, and let Qg = {u € P|||ullo < R}. Next we prove

V2Mp, }
pe
Yue dQp, ¢ 2 1, pu # Qu. Assume on the contrary that Iy > 1, ug € 9Qp, such that
potto = Quo. Let wy = AFug, by (3.6), we have uy < potio = Quo < ', AFup < ', &1

and w(¢) satisfies BVP (2.4) with /1 = Fu,. Similarly to (3.16), we can prove

1 1 1

(1 —L)F/uo(t) sinmtdt < F/a)l(t) sinntdt:/f(t,uo(t))sin wtdt
0

0 0

X 1 (3.18)
<[1-L)r- s]fuo(t) sin wdt + Mg, fsinntdt,
0 0
and so
3
1 1 4
MRU/sinntdtz e/uo(t)sinntdtz s/uo(t)sinntdt
’ ’ i (3.19)

1

> penuono/sinmdt,
0
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V2Mp, : : : .
Thus, by (3.19), we have R= |lug|lo < e which is contradictory with
«/2MR0

pe

R >

Then by Lemma 2.5 we know
i(Q R, P)=1. (3.20)

Now, by the additivity of fixed point index, combine (3.17) and (3.20) to conclude
that

l(Qr QR\er P) = l(Q, QRIP) - l(Q' er P) = 1.

Therefore Q has a fixed point in Qg\Q,, which is the positive solution of BVP (1.1).
Case (ii), since fy < (1 —L)I', based on the definition of f;, we may choose ¢ >0
and @ >0, so that
fbu)<[Q1-L)F—¢]u, 0<t<1, O0<u<o. (3.21)
Let r € (0, w), we now prove that yQu = u for every u € 0Q,, and 0 < ¢ < 1. In fact,
suppose the contrary, then there exist uy € 9Q,, and 0 < pg < 1 such that y,Quo = uo.
Let w, = AFuy, by (3.6), we have ugp = oQugy < 1iLAFuo < lisz and w,(t) satisfies
BVP (2.4) with & = Fuy. Similarly to (3.18), we have

1 1 1

(1 —L)F/uo(t) sinmtdt < F/a)z(t)sinntdt= /f(t,uo(t)) sin wtdt
0

0 0 1 (3.22)

<[1-L)r —8]/u0(t) sin wtdt.

0

Since fol uo(t) sin widt > 0, We see that (1 - L)I' < (1 - L)' - ¢, which is a contradic-
tion. By Lemma 2.5, we have

i(Q 2, P)=1. (3.23)
On the other hand, because f o > [, there exist e € (0, T) and H >0 such that

f(t.x)= (T +e)x, te[0,1], x> H. (3.24)

f(t.x)=(T+e)x—C, te]0,1], x>0. (3.25)

ChOOSe R > RO = max {}[/p, a)}) Vi € aQR. By (3.13) and (3.25), we haVe
u(S) > ,4)”””1) H VS €
> ’ ’ .
Alld SO

f(s u(s)) = (T +&)u(s) = (T +&)pllullo, Vse |:£11, Z] . (3.26)

Page 11 of 16
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From (3.6) and (3.26), we get

1Qullo > Qu(;) = (HFu) C) > (AFu) (;)

G <; 8) G2(8, v)Gs (7, s)f (s, u(s))dsdrds

1
Gy (2,8) G2(8, 7)Gs (7, s)(T + &)pllullodsdrds

00 0
333
4 4 4
=[]/
111
4 4 4

3
4

> 816283m1C12Co3(T" + &) pllullo / Gs(s, s)ds.
1
4

1
> 2513233"11"13C12Czs(F +¢&)pllullo > 0,

from which we see that inf,cyq,[|Qullo > 0, namely the hypotheses (i) of Lemma 2.6
holds. Next, we show that if R is large enough, then 4Qu =u for any u € dQp and y > 1.
In fact, suppose the contrary, then there exist uy € dQpz and po > 1 such that poQug =
ug, then by (3.6), AFug < Quo <up = poQuo < [*°, AFug.Let @, = AFu,, then

o

wo < Uy < [ wo, and wy, satisfies BVP (2.4), in which /& = Fu,, consequently,

{ —a)(()6) — ya)gl) + By —awo =f(t, up), te]0,1], (3.27)

@0(0) = wo(1) = '0(0) = o(1) = 5" (0) = " (1) = 0,
After multiplying the two sides of the first equation in (3.27) by sin 7t and integrat-

ing on [0,1], we have

1

1 1
2C
F/a)o(t) sinmtdt = /f(t,uo(t))sinntdtz (F+£)/u0(t)sin7ttdt— B
0 0

0

1
2C
> (F+8)/a)0(t)sinntdt— R
0

Consequently, we obtain that

1 2C
Joo(t)sinedt <~ . (3.28)
0 e

It's easy to prove that wy(£), the solution of LBVF (3.27) satisfies

816263C12Cy3

t) = Gi(t,t ,
wo(t) = CCyCsM M, 1(t, Ollwollo
and accordingly,

1

/wo(t) sin wtdt >

0

818283C12Ca3llapllo

1

Gq(t, t) si tdt, 3.29
Ci1C,CM M, /1( Jsin (3.29)
0
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by (3.28), we get
1 -1

/ Gi(t, t) sin wedt =

0

2CC1 CngMle

(3.30)
||CUO||0 -6 5233C12C237‘[8

?U 1

ConsequentIYr ||u0||0 =< 1,0L||w0||0 = IH,OLR-

We choose R > max({ I@LR, Ro}, then to any u € dQp, p = 1, there is always yQu =u.
Hence, hypothesis (ii) of Lemma 2.6 also holds. By Lemma 2.6, we have

i(Q, Qr, P) = 0. (3.31)

Now, by the additivity of fixed point index, combine (3.23) and (3.31) to conclude
that

l(Q, QR\S_Zr, P) = l(Qr QRrP) - l(Q, Q?’r P) =—1.

Therefore, Q has a fixed poind in Qg\$,, which is the positive solution of BVP (1.1).
The proof is completed. O

From Theorem 3.1, we immediately obtain the following.

Corollary 3.1. Assume (H;)-(H3) hold, then in each of the following cases:

(i) fo =00 foo =0, (i) fo=0, f_ =00,
the BVP (1.1) has at least one positive solution.

4 Multiple solutions
Next, we study the multiplicity of positive solutions of BVP (1.1) and assume in this
section that

(H,) there is a p >0 such that 0 < u < p and 0 < ¢ < 1 imply f(¢, u) < np, where

1
n= (C1C2C3M1M2f Gi(s, s)ds)

(Hs) there is a p >0 such that op < u < p and 0 < ¢ < 1 imply f (¢, u) > Ap,
3
where)p ™! = §,8,83m1C12Cas /14 Gs(s, s)ds - Here, o can be defined as (3.10).
4
Theorem 4.1. Assume (H;)-(H,) hold. If fo >T andfoo > I, then BVP (1.1) has at

least two positive solution u; and u, such that 0 < [|uy||o < p < ||u2]]o-

Proof. According to the proof of Theorem 3.1, there exists 0 < rg < p < Rj <+oo,
such that 0 < r < rg implies i(Q, Q,, P) = 0 and R > R; implies i(Q, Qg, P) = 0.

Next we prove i(Q, Q,, P) = 1 if (H,) is satisfied. In fact, for every u € 90}, based on
the preceding definition of Q we come to

(Qu) (1) = (HFw)(1) = | | 1AFullo

1 1 1
Gi(t, 8)Ga (8, 7)Gs(t, 5) (Fu) (s)dsdzds
o 0/ /]

1

/ Gs (s, 5)f (s, u(s)ds| .

0

< C1C2C3M1M2
- 1-L
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Consequently,

C1CCsM 1M,

<
Quily =

/ Gs(s,5)f (s, u(s))ds

0

< Cl C2C3M1M2

1
< Ll ng(s,s)npds=p= [lullo-

0

Therefore, by (ii) of Lemma 2.7 we have
1(Qr QP! P) =1 (41)
Combined with (3.17), (3.31), and (4.1), we have

i(Q, Qr\2p, P) =i(Q, Qr, P) —i(Q, 2y, P) = —1.
i(Q 2\, P) =i(Q, 2, P) —i(Q, 2, P) = 1.

Therefore, Q has fixed points u; and u, in ,\Q, and Qg\Q,, respectively, which

means that u,(¢) and u,(¢) are positive solutions of BVP (1.1) and 0 < ||uy||o < p < ||
Us||o. The proof is completed. D

Theorem 4.2. Assume (H,)-(H3) and (Hs) can be established, and fo <(1—-L)r and

foo < (1 —=L)r, then BVP (1.1) has at least two positive solution #; and u, such that 0

< lmllo < p < [|u2]fo.

Proof. According to the proof of Theorem 3.1, there exists 0 < w < p < Ry <+ oo,
such that 0 < 7 < @ implies i(Q, Q,, P) = 1 and R > R, implies i(Q, Qf, P) = 1.

We now prove that i(Q, Q,, P) = 0 if (Hj) is satisfied. In fact, for every u € 90, by
(3.13) we come to pp < p||ullo < u(t) < ||u||lo = p, t € [1/4, 3/4], accordingly, by (Hs),

we have
13
ftu)=rp, te 4l Yu € 9Q.

from the proof of (ii) of Theorem 3.1, we have

1Qullo = Qu (;)—(HFu)( )Z(AF”)(;)

\

Gy < )Gz(é, 7)Gs(7,5)f (s, u(s))dsdrds

G < ) G2(5, I)G3(T,S))\,pd5dl'd8

111
0/0/0/
333
4 4 4
=[]
111
4 4 4

3
4
> 618283m1C12Ca3 f Gs(s,s)Apds =p = |lullo.
1
4
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Therefore, ||Qullo > Qu(;) = llullo, according to (i) of Lemma 2.7, we come to
i(Q, 2, P) =0. (4.2)
Combined with (3.20), (3.23), and (4.2), there exist

i(Q, Qr\Qp, P) =i(Q, 2, P) —i(Q, 2, P) = 1.
i(Q, 2\Q2r, P) =i(Q, 2, P) —i(Q 2, P) = —1.

Therefore, Q has fixed points u#; and u, in QP\S_Z, and QR\S_Zp, respectively, which
means that () and u,(¢) are positive solutions of BVP (1.1) and 0 < ||u1]|o < p < ||
us||o- The proof is completed. O

Theorem 4.3. Assume that (H,)-(H3) hold. If f, > T and f,, < (1 — L)I", and there

exists p, > p; >0 that satisfies

(i) flt, u) < Mp, if0<t<1and 0 < u < py,

(ii) fit, u) = Apy if 0 <t < 1 and op;y < u < po,

where 77, 0, A are just as the above, then BVP (1.1) has at least three positive solu-
tions uy, Uy, and uz such that 0 < [|uy||o < p1 < [|u2]lo < p2 < ||us]|o-

Proof. According to the proof of Theorem 3.1, there exists 0 < 7y < p; < p < R3 <
+o0, such that 0 < r < ry implies i(Q, Q,, P) = 0 and R > Rz implies i(Q, Qg, P) = 1.

From the proof of Theorems 4.1 and 4.2, we have i(Q, €,,,P) = 1,i(Q, €p,,P) = 0.

Combining the four afore-mentioned equations, we have

i(Q, Qr\2p,, P) = i(Q, R, P) —i(Q, 2p,, P) = 1.
l(Q, QPz\QPI’P) = l(Qr QPZ’P) - l(Qr QPI’P) =-1
i(Q, 2, \Q2r, P) = i(Q, 2p,, P) —i(Q 2, P) = 1.

Therefore, Q has fixed points u;, u and uz in Qp\Qp,, 2y,\Qp and p\Qr,
respectively, which means that u,(£), u,(¢) and u3(¢) are positive solutions of BVP (1.1)
and 0 < ||uz||o € p1 < ||u2]o € p2 < ||u3]]o- The proof is completed. O
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