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Abstract

We consider the system of differential equations

—Apyt = ¥O[g(x)a(u) + f(v)] in L,
—Apyv = APD[g(x)b(v) + h(u)] in Q,
u=v=0 on 092,

where O € RV is a bounded domain with C? boundary &, 1 < p(x) e C' (Q) is a
function. Apyu = div (|VulP®=2Vu) is called p(x)-Laplacian. We discuss the
existence of positive solution via sub-super solutions without assuming sign
conditions on f(0), h(0).

MSC: 35J60; 35B30; 35B40.
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1. Introduction

The study of diferential equations and variational problems with variable exponent has
been a new and interesting topic. It arises from nonlinear elasticity theory, electrorheo-
logical fluids, etc., (see[1-3]). Many results have been obtained on this kind of pro-
blems, for example [1,3-8]. In [7], Fan gives the regularity of weak solutions for
differential equations with variable exponent. On the existence of solutions for elliptic
systems with variable exponent, we refer to [8,9]. In this article, we mainly consider
the existence of positive weak solutions for the system

—Apytt = FO[g(x)a(u) + f(v)] in ,
(P) } —Apv = O [g(x)b(v) + h(u)] in ,
u=v=0 on 02,

where Q € RV is a bounded domain with C? boundary 0Q, 1 < p(x) € ct () is a
function. The operator Apyu = div (IVulP®=2vy) is called p(x)-Laplacian. Especially,

if p(x) = p (a constant), (P) is the well-known p-Laplacian system. There are many arti-
cles on the existence of solutions for p-Laplacian elliptic systems, for example [5,10].

Owing to the nonhomogeneity of p(x)-Laplacian problems are more complicated than
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those of p-Laplacian, many results and methods for p-Laplacian are invalid for p(x)-
Laplacian; for example, if Q is bounded, then the Rayleigh quotient

. S oy VU
Apx) = inf 1
uew @0 o ppe l4l7dx

is zero in general, and only under some special conditions A, >0 (see [11]), and
maybe the first eigenvalue and the first eigenfunction of p(x)-Laplacian do not exist,
but the fact that the first eigenvalue 4, >0 and the existence of the first eigenfunction
are very important in the study of p-Laplacian problems. There are more difficulties in
discussing the existence of solutions of variable exponent problems.

Hai and Shivaji [10], consider the existence of positive weak solutions for the follow-
ing p-Laplacian problems

—Apu=Af(v) in Q,
(I § —Apv=2rg(u) in ,
u=v=0 on 9$2

the first eigenfunction is used to construct the subsolution of p-Laplacian problems
success-fully. On the condition that A is large enough and

. f[M(g(u))“’i”]

U—>+00 up—1

=0, forevery M >0,

the authors give the existence of positive solutions for problem (I).
Chen [5], considers the existence and nonexistence of positive weak solution to the
following quasilinear elliptic system:

—Apu = Af(u,v) = Au*v” in Q,
(IN) § —Agv = 2g(u,v) = 2uv? inQ,
u=v=0 on I

the first eigenfunction is used to construct the subsolution of problem(Il), the main
results are as following

@O Ifo, B20,%0>0,0=@p-1-a)g-1-p)-y >0, then problem (II) has a posi-
tive weak solution for each A >0;

(it) If 0 = 0 and py = q(p - 1 - @), then there exists 1o >0 such that for 0 < 1 < 4,
then problem (II) has no nontrivial nonnegative weak solution.

On the p(x)-Laplacian problems, maybe the first eigenvalue and the first eigenfunc-
tion of p(x)-Laplacian do not exist. Even if the first eigenfunction of p(x)-Laplacian
exist, because of the nonhomogeneity of p(x)-Laplacian, the first eigenfunction cannot
be used to construct the subsolution of p(x)-Laplacian problems. Zhang [12] investi-
gated the existence of positive solutions of the system

—Apyu = M¥Of(v) in Q,
—Apyv = *PWg(u) in Q,
u=v=0 on 0€2,
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In this article, we consider the existence of positive solutions of the system

—Apyu = WOF(x, u,v) in Q,
—ApyV = MPWIG(x,u,v) in Q,
u=v=20 on 0€2,

where p(x) € C' () is a function, F(x, u, v) = [gx)a(u) + fiv)], G(x, u, v) = [gx)b(v)
+h(u)], A is a positive parameter and Q C RY is a bounded domain.

To study p(x)-Laplacian problems, we need some theory on the spaces L7®(Q), W**
@(Q) and properties of p(x)-Laplacian which we will use later (see [6,13]). If Q ¢ R
is an open domain, write

Ci(Q)=1{h:heC(Q) h(x) > 1forx e 2},
h* =suph(x),h™ = ingigh(x), for any h € C(Q2).
xXe

xeQ

Throughout the article, we will assume that:
(H,) Q@ < R" is an open bounded domain with C* boundary 0Q.

(H>) px) e C* (Q)and 1< p < p".

(Hs) a, b e C'([0, )) are nonnegative, nondecreasing functions such that

lim a(u) =0, lim b(u) =

=0.
u—+oo yb 1 u—+oo yb 1

(Hy) f, h : [0, +e0) = R are C', monotone functions, lim,,_, .. flu) = +oo, lim,,_, .. /()

= +oo, and
1
fMthy o |
lim 1 =0, YM=>O0.
U—>+00 ub™—

(Hs) g : [0, +0) = (0, +0) is a continuous function such that L1 = r;liélg(x), and

L, = maxxeﬁg(x) .
Denote

LPW() = { uluis a measurable real - valued function, / |u(x)PPdx < oo

Q

We introduce the norm on IZ®(Q) by

p(x)

u(x) dx <1
A

[ulpy =inf A > 0 : /
Q

and (I79(Q), || p(x)) becomes a Banach space, we call it generalized Lebesgue space.
The space (I @(Q), |.|pw) is a separable, reflexive, and uniform convex Banach space
(see [[6], Theorems 1.10 and 1.14]).

The space WPE(Q) is defined by WPE(Q) = (u e 1P¥ . | Vu| e 7™} and it is
equipped with the norm

lull = [ulp) + [Vilpy,  Yu e WHPI(Q).
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We denote by Wo7%(Q) is the closure of CF () in W*®(Q). W*¥(Q) and
Wé"’(x)(gz) are separable, reflexive, and uniform convex Banach space (see [[6], Theo-

rem 2.1] We define

(L(w),v) = / \VulP®2vuvdx, Vo,ue Wy"M(Q),

then [ - Wé/p(x)(gz) - (Wé/p(x)(gz))* is a continuous, bounded, and strictly mono-
tone operator, and it is a homeomorphism (see [[14], Theorem 3.1]).

If yve Wé'p(x)(g), (u,v) is called a weak solution of (P) if it satisfies

f|Vu|p(x) 2Vu - Vqdx = f)J’(x)F(x, u, v)qdx, Vq € Wl p(x)(Q)

f [VuP)=2V - Vgdx = fv(x>c(xuv)qu Vg e wer (@),

Define A Wl,p(x)(Q) N (Wéfp(x)(g))* as
< Au, ¢ >= / (IVulPD2VuVe +1(x, u)p)dx,

Vue WH(Q), Vo e Wy(Q),

where [(x, u) is continuous on  x R, and /(x, .) is increasing. It is easy to check that
A is a continuous bounded mapping. Copying the proof of [15], we have the following
lemma.

Lemma 1.1. (Comparison Principle). Let u, v € WPE(Q) satisfying Au - Av > 0 in
(WP (Q))", o(x) = minfu(x) — v(x), 0} If o(x) € WeP(Q)(ie, u > v on 0Q ),
then u > v a.e. in Q.

Here and hereafter, we will use the notation d(x, dQ2) to denote the distance of x €
Q to the boundary of Q.

Denote d(x) = d(x, Q) and 3L, = {x € Q|d(x, Q) < €}. Since dQ is C* regularly,
then there exists a constant d € (0, 1) such that d(x) € C?(8€23s), and |Vd(x)| = 1.

Denote
yd(x), d(x) <3,
2
d(x) 28 —t\ p— 1 _
8 =l s —la, s<d 26,
n(x) = V"'{V( 5 ) (Li+1) t <d(x) <
2
28 /285 — - _ _
y8+fy< 5 t)" Vs )P = lar, 28 <d(w).
§

Obviously, 0 < v, (x) € C'(Q). Considering

—Apmw(x)=n inQ, w=0 ond<Q, (1)
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we have the following result

Lemma 1.2. (see [16]). If positive parameter 1 is large enough and w is the unique
solution of (1), then we have

(i) For any 0e (0, 1) there exists a positive constant Cy such that

1
CinP'—14 < maxw(x);
xeQ

(ii) There exists a positive constant Cy such that

1
maxw(x) < ConP 1.

xeQ

2, Existence results
In the following, when there be no misunderstanding, we always use C; to denote posi-
tive constants.

Theorem 2.1. On the conditions of (H,) - (Hs), then (P) has a positive solution when
A is large enough.

Proof. We shall establish Theorem 2.1 by constructing a positive subsolution (®@;, ®,)
and supersolution (z;, z,) of (P), such that ®; < z; and ®, < z,. That is (®;, ®,) and
(z1, z5) satisfies

f VD, P2V ], - Vgdx <fAP(x)g(x)a(c1>1)qu+fAP(x)f(ebz)qu

f|vq>2|P(x) 2V®, - Vqdx < fm(x)g(x)b(cbz)qdmfxp(x)h(cbl)qu
Q

and
[ V21 P72V zy - Vadx > [ 2PFg(x)a(z1)gdx + [ APDf(z2)qdx,
Q Q Q
[ V22 P72V 2,y - Vadx > [ WX g(x)b(z2)qdx + [ APDh(z;)qdx,
Q Q Q

for all 4 ¢ Wé"’(x)(gz) with ¢ > 0. According to the sub-supersolution method for p

(x)-Laplacian equations (see [16]), then (P) has a positive solution.
Step 1. We construct a subsolution of (P).
Let 0 € (0, 0) is small enough. Denote

) — 1, dx) <o,

2

d(x) 28 —t\p -1

o — 1+ [ ket dt, o <d(x) <28,
. 26 — o

P(x) =
26—t
28 —o

25 p—z_l
ko —1+f kek"< ) dr, 28 <d(x).

It is easy to see that ¢ e C'(Q). Denote

e
@ = min { 4(5;1; fv(?(x)|1+ ! } , ¢ = min{a(0)L, + f(0), b(0)L +h(0), —1}.
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By computation

(ke )P [(p(x) — 1)+ (d(x) + h;zk)v;;vm Akd] d(x) <o,

2
1 2p)—1) (285-d g (28— VpVd+ Ad
26—0 p—1 28 —o 26 -0
25 d Z(pgx)zl)-l
x(ke’“’)v(x)—l(zs— ) =

— 0
0, 28 < d(x).

—Apwy =

(L1 +1), o <d(x) <26,

From (H3) and (H,), there exists a positive constant M >1 such that

fM=-1)=1, WM =1) = 1.
Let o = ilnM, then
ok =1nM. 2)

If k is sufficiently large, from (2), we have
—Apy¢ <~k W, d(x) <o. (3)
Let -A{ = ko, then
A OFS
from (3), then we have
—Bpwd = ¥ (a(0)Ly +£(0)) =< 2N (g(x)a(¢) +($)), dix) <o.  (4)

Since d(x) € C?(323s), then there exists a positive constant Cs such that

2(p(x) — 1)71
—Ap)d < (ke’*o)ﬂ(x)—l(za_d) -1

26—0

2
2(p(x) — 1) 26 —d o(20—d\p- —1
[(26—0)(17—1) _<2s—a> [(lnkek <25—g> )VPW+M“|

< C3(ke" )PP Ink,

o <d(x) < 25.
If k is sufficiently large, let -A{ = ko, we have
Cs(ke" Y™ Ink = C3(kM)PM 1 nk < 1PW,
then
—Apyd < MO(Ly +1), o <d(x) < 26.
Since ¢ (x) = 0 and a, f are monotone, when 4 is large enough, then we have

—Apw¢ < 2O (g(x)a(8) + f($)), o <d(x) < 26. 5)
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Obyviously
—Apw$ =0 < WO(Ly +1) < A0 (g(x)a(d) + f(4)), 28 < d(x). ©6)

Combining (4), (5), and (6), we can conclude that

~Bpd < MO (g(x)a(9) +f(9)), ae.on Q. 7
Similarly
—Bp¢ < MO (g(x)b(@) + h(9)), a.e.on Q. (8)

From (7) and (8), we can see that (¢, ) = (¢, ) is a subsolution of (P).
Step 2. We construct a supersolution of (P).
We consider

—Apz1 =M u(Ly +1) in Q,
—Apza = M (Ly + Dh(B(A"(Ly + 1)p)) in €,
z21=2=0 on 92,

where B = B(A"(Ly + 1)i) = max,gz1 (x). We shall prove that (23, z,) is a superso-
lution for (p).
For g ¢ Wé'p(x)(gz) with g > 0, it is easy to see that

/ V2P 2Vz, - Vqdx = /kw (La + DR(B(AY (Ly + 1)p))qdx
Q Q

©)
> [ 3 Lah(pG (s Va4 herYads.

Q Q

Si fMo) L) ] h is sufficiently 1 bining L 12
ince jjm uﬂ*E? -1 _ g when p is sufficiently large, combining Lemma 1.

and (Hjz), then we have
1
hwﬂmnt%qﬂmnwmmmmM%ﬂwm)m

Hence

/ V2, M) 2Vz, - Vgdx > / AP g(x)b(z2)qdx + / A" h(z1)qdx. (11)
Q Q Q
Also

/ |Vz, P 2Vz, - Vgdx = / A(Ly + 1) gdx
Q Q

Page 7 of 12
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By (H3), (Hy), when y is sufficiently large, combining Lemma 1.2 and (H3), we have

-1
Gz, 0507 @]

AP

> Laa(B(W (L2 + D)) +f (Cz[k"*(Lz + (B (La + 1)#))]”’1‘1) :

Then
/|Vz1|p(x)’2Vz1 - Vqdx > /Ap+g(x)a(z1)qu+/Ap+f(zz)qu. 12)
Q Q Q

According to (11) and (12), we can conclude that (z;, z,) is a supersolution for (P).
It only remains to prove that ¢; < z; and @, < z,.

In the definition of v,(x), let y =3 (max,cg¢(x) + max,.s|VP(x)|). We claim that
o(x) <v1(x), Vxe Q. (13)

From the definition of vy, it is easy to see that

¢(x) < 2max¢(x) < v1(x), when d(x) =6,
xeQ
and
¢(x) < 2max¢(x) < vi(x), when d(x) > 6.
xeQ

It only remains to prove that

B (x) < v1(x), when d(x) < §.
Since v; — ¢ € C!(32s), then there exists a point x, € 3§2; such that

v1(x0) — ¢(x0) = min[v;(x) — ¢(x)].

X0 €025
If v1(x0) - @(xo) <O, it is easy to see that 0 < d(xg) < 0, and then
VUl (X()) — V¢(JCO) =0.

From the definition of v;, we have

[Vvi(xo)l =y = 2 <ma_X¢(x) +m%XIV¢(x)I> > [V (xo)l.
xeQ xeQ

)

It is a contradiction to Vv;(xg) - V@(xp) = 0. Thus (13) is valid.
Obviously, there exists a positive constant C3 such that

Since d(x) € C?(9R3s), according to the proof of Lemma 1.2, then there exists a

positive constant C, such that

—ApyV1 (%) < CuyPO =140 < Cp0=140 a.e.in ,where 6 € (0, 1).
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When 5 > A*" is large enough, we have

—Apyvi(x) <.
According to the comparison principle, we have

v1(x) < w(x), Vx € Q. (14)
From (13) and (14), when 5 > A?" and A > 1 is sufficiently large, we have

P(x) = v1(x) < w(x), Vx e . (15)
According to the comparison principle, when y is large enough, we have

v1(x) < w(x) < z1(x), Vx € Q.
Combining the definition of v;(x) and (15), it is easy to see that

$1(x) = ¢(x) = v1(x) < w(x) <z1(x), Vx € 2.

When g > 1 and A is large enough, from Lemma 1.2, we can see that
B(A"(Ly + 1)) is large enough, then A?" (L, + 1)h(B(A" (Lo + 1)p)) is large enough.

Similarly, we have ¢, < z,. This completes the proof. O

3. Asymptotic behavior of positive solutions
In this section, when parameter A — +, we will discuss the asymptotic behavior of
maximum of solutions about parameter 4, and the asymptotic behavior of solutions
near boundary about parameter A.

Theorem 3.1. On the conditions of (Hy)-(Hs), if (u, v) is a solution of (P) which has
been given in Theorem 2.1, then

(i) There exist positive constants C, and C, such that

1
Cia < maxu(x) < Co(M (Ly + 1)p) P! (16)
xeQ
1
1 p=—1
Cih < maxv(x) < Co{ A" (L + Dh | G (A (Ly + )P~ — 1 (17)
xeQ

(ii) for any 6 € (0, 1), there exist positive constants Cs3 and Cy such that
Csrd(x) < u(x) < Cs(A" (Ly + D))V =D (d(x))?, as d(x) — 0, (18)
1

1 p—1
Csid(x) < v(x) < Cy4 lxﬂ‘ (La + )R [(:Z(AP‘(L2 + )P~ 1} ] (d(x))?, asd(x) = 0 (19)

where y satisfies (10).

Page 9 of 12
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Proof. (i) Obviously, when 25 < d(x), we have

25

2 25 2
28 — -1 28 — -1
u(x), v(x) = ¢(x) = e’“’—1+/ke"" R U R /M AL L
2§ —o o 28 — o

o
then there exists a positive constant C; such that

Cih <maxu(x) and Ciji < maxy(x).
xeQ xeQ

It is easy to see
X 1
u(x) < z1(x) < maxzy(x) < Co(A (Ly + 1)pu)P 1,
x€Q

then

1
maxu(x) < Co (AP (Ly + 1)p)P 1.

xeQ

Similarly

IE%XV(JC) < Cz{)J’*(Lz + 1)k |:C2()J’+(L2 . 1)M)p7171 ]}Pll

Thus (16) and (17) are valid.

(ii) Denote
v3(x) = a(d(®))’, d(x) < p,

where 0 € (0, 1) is a positive constant, p € (0, J) is small enough.
Obviously, v3(x) € CI(QP), By computation

—Apv3(x) = —(@0)P 7 (0—1) (p(x)—1)(d(x)) O~ DD D1 (1411(x)), d(x) < p,
where

(VpVd) Inab (VpVd) Ind p Ad

I =d .
O pw-1) " pw-1 "Yo-1pw-1)

Let @ = [C(A" (Ly + 1) 1) V(=1 where p > 0 is small enough, it is easy to see
that
1 . 1
@Y = W p(Ly + 1) and [T ()] < X
where p >0 is small enough, then we have
—Dpyvs @) = W p Ly + 1),

Obviously v5(x) 2 z;(x) on dQ,. According to the comparison principle, we have v;
(%) = z; (x) on Q, Thus

Page 10 of 12
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u@ < G L+ 1)) T @wy, asd@ — o.

1 + + 1 p__l .
Let 4 = ", {AP (L, + ) h |:C2 ()y (L, + 1) M)p‘—l ] } , when p >0 is small
0

enough, it is easy to see that
+ + 1
@@L > A (L, + 1) h [cz (A (L + D) /J,)p__l:| .

Similarly, when p >0 is small enough, we have

1
1 -
v(x) < C4 {AP* (L, + D) h |:C2 (W (L + 1) M)P*—l]}p ' d@)?asd(x) — 0

Obviously, when d(x) <o, we have
U@, v = ¢ = MY — 1= Cadw.

Thus (18) and (19) are valid. This completes the proof. &
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