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1 Introduction
We consider a Cauchy-type problem associated with the equation

D%[(x—a)'Dfy(x)] =f(x,y), x>a O<a<1l 0=<p<1, r<a (1)

where D and Daﬁ are the Riemann-Liouville fractional derivatives.

In recent years there has been a considerable interest in the theory and applications
of fractional differential equations. As for the theory, the investigations include the
existence and uniqueness of solutions, asymptotic behavior, stability, etc. See for exam-
ple the books [1-3] and the articles [4-10] and the references therein.

As for the applications, fractional models provide a tool for capturing and under-
standing complex phenomena in many fields. See for example the surveys in [1,11] and
the collection of applications in [12].

Some recent applications include control systems [13,14], viscoelasticity [15-18], and
nanotechnology [19]. Also fractional models are used to model a vibrating string [20],
and anomalous transport [21], anomalous diffusion [22-24].

Another field of applications is in random walk and stochastic processes [25-27] and
its applications in financial modeling [28-30]. Other physical and engineering processes
are given in [31,32]

In a series of articles, [33-35], Glushak studied the uniform well-posedness of a Cau-
chy-type problem with two fractional derivatives and bounded operator. He also pro-
posed a criterion for the uniform correctness of unbounded operator.
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In this article we prove an existence and uniqueness result for a nonlinear Cauchy-
type problem associated with the Equation (1) in the space of weighted continuous
functions.

We start with some preliminaries in Section 2. In Section 3 we define the sequential
derivative and develop some properties and composition identities. In Section 4 we set
up the Cauchy-type problem and establish the equivalence with the associated integral
equation. Finally, in Section 5 we prove the existence and uniqueness of the solution.

2 Preliminaries
In this section we present some definitions, lemmas, properties and notation which we
use later. For more details please see [1].

Let -0 <a <b < oo. Let Cla, b] denote the spaces of continuous functions on [a, b].
We denote by L(a, b) the spaces of Lebesgue integrable functions on (a, ). Let CL(a,
b) = L(a, b) n C(a, b].

We introduce the weighted spaces of continuous functions

Cyla,b] ={f: (ab] > R: (x—a)'f(x) eCla,b]}, ye€eR, (2)

with the norm

”f”q ab] = | (x—a)"f(x) ”C[a,b]’ 3)
where

£l ctas = max @] )
In the case f is not defined at x = a or y < 0 we let

(x — a)7f(x) |x=a = limy_g(x — @)”f(x). The spaces C,la, b] satisfy the following prop-

erties.

o Cola,b] = Cla,b].

« Cyla,b] CCyla bl yi < 2.

» CJla,b] cCL(a,b),y < 1.

+fe C,la, b] if and only if fe C(a, b) and lim,_, .- (x — a)”f(x) exists and is finite.

The left-sided Riemann-Liouville fractional integrals and derivatives are defined as
follows.
Definition 1 Let fe L(a,b). The integral

N B R (O o
B = / SO xma s ©

is called the left-sided Riemann-Liouville fractional integral of order o of the function

f

Definition 2 The expression

d
DYf(x) := DI*"'f(x), x>a, O<a<1, D= g’ (6)
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is called the left-sided Riemann-Liouville fractional derivative of order o of f provided
the right-hand side exists.

For power functions we have the following formulas.

Lemma 3 For x >a we have

T'(B)

T +a)(x— a1, a>0 B>0. (7)

HEDEOE.

[Dg(t - a)“_l] (x)=0, 0<a<l. (8)

Next we present some mapping properties of the operator IS .

Lemma 4 For o > 0, IS maps L(a, b) into L(a, b).

The proof of Lemma 4 is given in [36]. The following lemma is proved in [37].

Lemma 5 For o > 0, IS maps Cla, b] into Cla, b].

The following lemma is proved in [38].

Lemma 6 Let o > 0. If fe CL(a, b) then I f € CL(a,b).

The mapping properties of Ij in the spaces C)la, b], 0 < or < y < 1, are given in [1],
Lemma 2.8 which is proved in [39] in Russian. For completeness we present here a
more general result for o > 0 and y < 1. First we prove the necessity condition at the

left end.
Lemma 7 Let 2 0 and y< 1. If fe C)Ja, b] then
, _ cr'(1-vy)
_ o \y—agqo —
xli)rg (r = )" Laf (x) Frl+a—y) ®)

where ¢ = limy_ 4+ (x — a)”f(x).

Proof. Note that from Lemma 3 we have

o -y _ F(l - )/) _ -
[F(x—a)™7 = ra +a—y)(x a)*7.
Thus
-y eisf) - 007 | e s - - - a7

= (x—a) " |I3f(x) — el (x —a) 77|
= (x—a)" |1 [(x— a) " {(x— a)"f(x) — c}]].

Now, given € > 0 there exists 6 > 0 such that x - 4 <6 implies that

|(x —a)’f(x) —c| < sr(l}(:(i;)y)
Thus
Gy enp) - ) ey - - a0 -2
el
F(1+0[—]/) y—a F(l_y) a—
T r-y) T ey BT
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This yields the limit (9).
Next we present the mapping properties of I in the spaces C,a, b].
Lemma 8 Let o > 0 and y< 1. If fe C,la, b] then I;f € C,_4la,b] and for x € (a,

b] we have

)

o F(l - a—y
|qu(x)| = F(l o — )/)(x - a) Hf”CV[a,b]' (10)
Proof. From Lemmas 6 and 7 we have I°fe C(a, b) and lim,_, . (x — a)? *I%f(x)

exists and is finite. Thus I5f € C,—_4[a,b]. Now for x € (a, b] we have

13f(x)| = F(la) /(x — ) N t—a) 7 (t—a) f(t)dt

< F(loz) ||f||cy[a,b]/(x— )% ' (t —a) 7t

The relation (10) follows by applying Lemma 3.

Consequently, from Lemma 8 we have the following property.

Lemma 9 Let o« > 0, vy < 1, and r € R. If f e C,la, b] then
(x—a)"I%f € Cyir—ola, b). In particular, if y + r - o < 1 then I°f e CL(a, b).

Later, the following observation is important.

Lemma 10 Let oo > 0 and r <o If fe CL(a, b) then (x —a)™7"I¢f € CL(a,b).

Proof. When r < 0 the result follows clearly from Lemma 6. When r > 0 it follows
from Lemma 6 that (x—a)"I%f € C(a,b) and we only need to show that
(x—a)"I%f € L(a, D).

For any x € (a, b] we have the following inequality.

BIG) = 1y | [ =0 0

1 i a—r— T
- F(a)a/(x—t) Y=o [f(0)|dt

L
< Fw):[u 0 )] de
F(O{ - 7‘) Tya—r

Or,

(o —71)

(=) rp =

L @)

From Lemma 4 the right-hand side is in L(a, b) and thus (x —a)7'ISf € L(a, b). This
completes the proof.
The following lemma follows by direct calculations using Dirichlet formula, [36].
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Lemma 11 Let @ > 0, B > 0, and fe CL(a, b). Then
LI5f (x) = I3 f (x), (11)

forall x € (a, b].
Lemma 11 leads to the left inverse operator.
Lemma 12 Let o > 0 and fe CL(a, b). Then

DEIaf(x) = f(x), (12)

for all x € (a, D).

Now we present a version of the fundamental theorem of fractional calculus.

Lemma 13 Let 0 <a < 1. If f € C(a, b) and DSf € CL(a,b), then
f € CL(a,b),I$f(a*) exists and is finite, and

I;=f(a%)

r@) (x— a)“’l, (13)

I Daf(x) = f(x) =

for all x € (a, b).
Proof. From Lemma 12 we have for all x € (a, b] the relation

DRIEDgf (x) = Dyf (x),
which we can write as

DS [f — D] (x) = .
This implies that

F6) = IEDGf(x) = c(x — a)* 7, (14)

for some constant c. Since Lemma 6 implies that ID5f € CL(a, b), we also have fe

CL(a, b). Also, if we apply I17® to both sides of (14) we obtain
I (%) = LDSf (%) = cT(a).

Taking the limit yields I}7f(a*) = ¢I'(«) and (13) is obtained.

In the proof of our existence and uniqueness result we will use the following results.

Lemma 14 Let ye R, a <c <b, g€ C,a, c], g€ Clc, b] and g is continuous at c.
Then g e C)a, b].

Theorem 15 ([1], Banach Fixed Point Theorem) Let (U, d) be a nonempty complete
metric space. Let T : U — U be a map such that for every u, v € U, the relation

d(Tu, Tv) < wd(u,v), 0<w<1,
holds. Then the operator T has a unique fixed point u* € U.

3 Sequential derivative
In this section we define the sequential derivative and integral that we consider and
develop some of their properties. In particular, we derive the composition identities.

Definition 16 Let o > 0, B > 0, r € R. Let fe CL(a, b). Define the sequential integral
jr‘,"a'ﬁ f and the sequential derivative D‘,",f f by
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TEPf(x) = I3 (x — a) "I f (), (15)
and
Dyl f(x) = D} (x — a) Dif (x), (16)

if the right-hand sides exist.
From Lemma 3 we have the following formula for the power function.
Lemma 17 Let ¢ > 0,3 >0, re R If

p>max{—1,8—1r—1},
then for x >a,

I'(p+1) F(p+r—pB+1)

6B (g0 -
Dra(x—a)” = Fp—B+)T(p+r—B—a+1)

(x — a)* P, (17)

Moreover, from Lemmas 3 and 17 we have the following vanishing derivatives.
Lemma 18

(a) Let o« > 0,0 <B < 1, r € R. Then for x >a,

D (x—a)f ! = 0. (18)

(b) Let 0 <ot < 1 and B > 0. Let r € R be such that r <o + . Then for x >a,
Drf(x—a) P77t =0, (19)

Lemma 19 (Left inverse) Let o > 0, B > 0, and r € R. If fe CL(a, b) such that
(x —a)7"I%f € CL(a, b) then

Dyl TEAf(x) = f(x), (20)

for all x € (a, D).

Proof. Relation (20) follows directly by applying Lemma 12 twice.

From Lemmas 8 and 9 we have the following mapping property of the operator
B

ra °

Lemma 20 Let ot >0, 3> 0, andr <1+ a Let 0 < y<min{l, 1 + & - r}. If fe C)la,
b] then J/.°f € Cyir_a—pla, b] and for x € (a, b] we have

|TEef ()] < k”fHCy[a/b] (x— )™=, (21)

where

Frl—y)r(l+a—r—y)

=F(1—y+oz)F(1+oz+ﬂ—r—y)' (22)

Lemma 20 implies the following.
Lemma 21 Let ¢ >0, >0, and r <1 + o Let 0 < y<min{l, 1 + a-r}. If r < o + B,

then jr‘?a"" is bounded in C)la, b] and
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7L f| C lab] = k(b — a)**P~ ”f”q [a.b]’ (23)

where k is given by (22).
Proof. Since ¥ + r - & - 8 < ¥, then from Lemma 20 we have

‘Zﬁiaf € Cy+r7a7ﬁ [ar b] C Cy [a, b]

The bound in (23) follows by multiply (21) by (x - @)” and taking the maximum.
As a special case of Lemma 21, we have

Lemma 22 Let o > 0, B > 0, and r < min{oc + 1, oo + }. Then jrfzo‘, maps Cla, b)
into Cla, b) and

|7 s “C[a/b] < L(b—a)"|f ”C[a,b]’ (24)

where

'l+a—r)

B Frl+a)I(1+a+B—1) (25)

The following is an analogous result to the result for the Riemann-Liouville integral
proved in [10].
Lemma 23 Let @ > 0, B > 0, and r <o. Let fe CL(a, c). Let

g(x) / (x — )P 71t — a) TIOf (¢) dt.

" I(B)

Then

lim g(x) = T/f(c).

Proof. Since r <o, Lemma 10 implies that (x —a)™"I5f(x) € CL(a, c). Thus 7/:%f(c)

is finite and
_ 7B < 1 [ o\ T
l8(x) = TEf(0)] < r(8) afk(x, 0)(t—a)”'I; [f(1)] dt,

where
k(x, t) = ‘(c —f (k- t)ﬁ_l‘ :

Since limy_,+k(x,t) = 0, the limit of the right-hand side vanishes and the proof is
complete.

The following lemma relates the fractional derivative D"‘ﬁ to the Riemann-Liouville
derivative p#.

Lemma 24 Let 0 <ot < 1, B> 0, and r € R. Ifoy(x) € C(a,b) and D‘r",'fy € CL(a, b)

then (x — a)'Dly € CL(a,b), I\¢ [(x - a)’ny] (a*) exists and finite, and
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I« [(x - a)ngy] (a%)

_ e (26)
I'(a) (e—a)

Dfjy(x) = (x — a) "I} DL y(x) +
for all x € (a, b). If in addition, r <o then ny € CL(a, b)-
Proof. Clearly ny € C(a, b) implies that (x — a)TDaﬁy € C(a, b)- Thus we can apply

Lemma 13 to (x — a)Tny and obtain
Dy y(x) = 15Dg (x — a) Dfy(x)

1 [(x = ayDfy] (@)

- (=) Dly() - Fa)

By multiplying both sides by (x - a)” we obtain (26). If r <o then Lemma 10 implies
that (x — a)*TIZ‘D:,/ZY(x) € CL(a,b) and thus from (26) we have Dy e CL(q, b). This
proves the result.

The Next lemma gives an analogous result to the fundamental theorem of calculus in

terms of the operators D‘r"/f and jrl,léﬂ .

Lemma 25 Let 0 <ot < 1 and 0 < < 1. Let y € Cla, b) be such that D‘r’ffy € CL(a, b)
and ny € CL(a,b) - Then both 1}~ [(x — a)Tny] (a*) and [;’ﬂy(a’r) exist, y € CL(a,
b), and

[17y] @)

TLDE V() = y(x) — (x—a)’!

[,1_a( F(ﬁ))rDﬂ ] - (27)
x—a) Dgy|(a o+
. 4 Y F( T) (x _ a)a+ﬁ—r—1’

') Fa+p—r1)

for all x € (a, b).
Proof. By applying Lemma 13 twice we obtain

TLeDfy(x) = 1} (x = a) DG (x — a) Dfy(x)

[ie@-ayply]@)
r(@) (x—a)

=ﬁu—@’[u—w®bm—

[I;‘“ (x— a)ery] (a*)

=1/Dfy — r@) Ifx—a) '
Ly |(a")
= y(x) - [ r; (x—a)’!
[l = @Dl @) ) arhr1
- ) r(a+ﬁ—r)(x_“) ‘

4 Cauchy-type problem and equivalency
Consider the Cauchy-type problem

D‘r",fy(x) =f(x,y(x)), a<x<b O<a<l O0<B<lrekR, (28)



Furati Boundary Value Problems 2012, 2012:58
http://www.boundaryvalueproblems.com/content/2012/1/58

lim 17 [(x - a) DY) (x) = c1, (29)
. 1-8 _
lim 1;77y(x) = co, (30)

where ¢, and ¢; are real numbers.

In this problem there are two conditions even when 0 <o + B < 1. The two initial
conditions are based on the composition (27). The condition (29) is of one order less
than that in the differential Equation (28) while the condition (30) is one order less
than the equation for pf y-

In addition, from [1, Lemma 3.2], the condition (30) follows from the condition

. _\1-B _ Co
Jim [(x a) y(x)] r(g)’ 51
and if 0 <& - r < 1 then (29) follows from the condition
: _ 1—a+r g _ 1
lim [(x—a)" "Dy = ) (32)

Consequently, the results below hold under conditions of the type (31) and (32).
Now, Based on the composition in Lemma 24, in the next theorem we establish an
equivalence with the following fractional integro-differential equation:

Dy = (x= @) I+ s = a) T (33)
lim IPy(x) = co. (34)

Theorem 26 Let 0 <ax < 1, B > 0 and r € R. Let f: (a, b] x R > R be a function
such that f(,y(.)) € Ci.q la, b] for any y € Cy_q [a, b]. Then we have the following.

(a) If y € Ci.qla, b] satisfies (33) and (34) then y(x) satisfies (28-30).

(b) If y € Cy4la, b] with ny € C(a, b) satisty (28-30), then y(x) satisfies (33-34).

Proof.

For assertion (a), let y € Cj_4la, b] satisty (33-34). We multiply (33) by (x - a)" to
obtain

C1

(@) (x—a)* . (35)

(v — @) Dly = 5f (v y() +

Next we apply DJ to both sides of (35) to obtain (28). As for the initial condition,
apply 17 to both sides of (35) and then take the limit to obtain (29).

For assertion (b), let y € C_,[a, b] satisfy (28-30). Since fix, y(x)) € Cy.4la, b], then
from (28) we have D;’f;lﬂy € Cy1_q|a, b]. Since also by hypothesis ny € C(a, b), we can
apply Lemma 24 and the formula (26) holds. By substituting the initial condition we
obtain (33). This completes the proof.
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The composition in Lemma 25 leads to the nonlinear integral equation,

Co

r'(8)

al(e—r)

(=) M(@) (o +f 1)

y(x) = TEf (xy(x)) + (x—a)*P771 (36)

The following theorem establishes an equivalence with this equation.

Theorem 27 Let 0 <ot < 1, 0 <B < 1 and r <a. Let f: (a, b] x R — R be a function
such that f(.,y(.)) € Cypla, b] for any y € Cy_gla, b]. Then the following statements hold.

(a) If y € Cila, b] satisfies the integral Equation (36) then y(x) satisfies the Cauchy-
type problem (28-30).

(b) If y € Cy.la, b] with ny € C(a, b) satisfies the Cauchy-type problem (28-30),
then y(x) satisfies the integral Equation (36).

Proof. (a). Let y € C;_gla, b] satisfy the integral Equation (36). By hypothesis we have
fe Cigla, b]. Moreover, from Lemma 9 and the hypothesis r <o, we have

(x—a)'I}f € Cryy—q—pla, b] C CL(a, b).

Thus the hypothesis of Lemmas 18 and 19 are satisfied. Applying the operator Dﬁff
to both sides of (36) and using Lemmas 18 and 19 yields (28) as follows.

DFy(x) = DU THF (x, (1)) +
o, B o _ \B-1 " Clr(a —T) _ya+B-r—1
Pri [r(ﬂ)(’“ Y rer@ap-n" Y }
 f (o y()).

Next, applying [1=# to both sides of (36) yields

1 MNae—r) T(e+p—r)

1-p _ 7l
a0 = TS YO+ 0% oy Pgap 1) (= r+ 1)

(x—a)* 7. (37)

Since r <a, taking the limit we obtain the initial condition (30).
Applying [}7¢(x — a)’D¥ to both sides of (36) and using Lemmas 3, 11, and 12
yields
L7 (x = a)' Diy(x) = ;™ (x — a)' Df [T (x, y(x))] +

al(e—r1)

L™=y Dy [r(a)r(a PB-7)

= Lf(xy(x) +c1.

(x— a)‘“ﬁ"’l}

Again, taking the limit we obtain the initial condition (29).

(b). Let y € Cy_pgla, b] satisfy (28-30). Since flx, y(x)) € CL(a, b) then from (28),
Dﬁf’aﬁy € CL(a, b)- Since r < then from Lemma 24 we have ny € CL(a, b)- Thus we
can apply Lemma 25 and the formula (27) holds. By using the initial conditions we
obtain (36). This completes the proof.

In the next section we use this equivalence to prove the existence and uniqueness of

solutions.
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5 Existence and uniqueness of the solution of the Cauchy-type problem
In this section we prove an existence and uniqueness result for the Cauchy-type pro-
blem (28-30) using the integral Equation (36). For this purpose we introduce the fol-
lowing lemma.

Lemma 28 Let 0 <r <o < 1, 0 <f8 < 1, then the fractional differentiation operator

JLi% is bounded in C,_gla, b] and
I «Zééaf“cl,ﬁ[a/b] < K(b—a)*"7"[f] Crglab]’ (38)

where

F(A)T(a+p—T)

- T(e+B)T(a+28—1) (39)

Proof. Clearly from the hypothesis we have r <o + fand 0 < 1 - f < min{1, 1 + o -
r}. Thus the result follows by taking ¥ = 1 -  in Lemma 21.

Theorem 29 Let 0 <r <ot < 1,0 < B < 1. Let f: (a, b] x R = R be a function such
that f.,y(.)) € Cipla, b] for any y € C_gla, b] and the condition:

[fxy1) —fe )| <Ay =12, A>0, (40)

is satisfied for all x € (a, b] and for all y,, y, € R.
Then the Cauchy-type problem (28-30) has a solution y € C,_gla, b]. Furthermore, if

for this solution Daﬁy € C(a, b) , then this solution is unique.

Proof.

According to Theorem 27(a), we can consider the existence of an C;_g[a, b] solution
for the integral Equation (36). This equation holds in any interval (a, 1] < (a, b], a
<x; <b. Choose x; such that

wy = AK(x; —a)*P" <1,

where K is given by (39). We rewrite the integral equation in the form y(x) = Ty(x),
where

Ty(x) = vo(x) + T5f (%, v(x)),
and

al(e—r)
Me)(¢+p—r1)

Co

T'(B)

vo(x) = (x—a)fl+ (x —a)*P1,

Since r <o then vy € Cy_gla, b]. Thus, it follows from Lemma 28 that if y € C;_gla,
x1] then Ty € Cy_gla, x1]. Also, for any y,, y, in Cy_gla, x1], we have
||T}/1 - Ty2 ||C1,5[u,x1] = ” \7T/,3a,0t {}f(x’ n (x)) _f(x' yz(x))}}”Cl,lg[a,xl]
= A” *7r,ﬁéa {|y1 (x) )2 (x) | } ” Ci_glaxi]
S AK(xl - a)DH—ﬁ_T”yl - }/2 ” C],ﬂ[ﬂ,x]]

=un ”yl _y2||C1,ﬁ[a,x1]’ 0<w <1

Page 11 of 14
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Hence by Theorem 15 there exists a unique solution y* € Cj_gla, x;] to the Equation
(36) on the interval (a, x;].

If x; # b then we consider the interval [x;, b]. On this interval we consider solutions
y € Clxy, b] for the equation

y(x) = Ty(x) = vor (%) + TLf (o y(x), x € [x1,b], (41)
where
vo1 (x) = l")(/(;?) (x— a)ﬂ_1+

1 x1 NP t e
F(Ot)l“(ﬂ)uf (x=0)"(t=a) af(t ) (s, y(s))ds ¢ |dr.

Now we select xy € (x, b] such that
wy = AL(JCQ — xl)OHﬂ_T <1,

where L is given by (25). Since the solution is uniquely defined on the interval (a,
x1], we can consider vg;(x) to be a known function. For y;, y, € Clxy, x,], it follows
from the Lipschitz condition and Lemma 22 that

1Ty = Tyl ey = 172 PG () = £ 12 g
= Al I ) = 2 g,
=< AL(xZ — X1 )0t+/3—r H)’l - )’2 ||C[xlrx2]

<w, ||)’1 -2 “ Clx1,x2]"

Since 0 <w, < 1, T is a contraction. Since flx, y(x)) € Clx;, x,] for any y € Clxy, %3],
then TJHEf € Clxy, x2]- Moreover, clearly vp1(x) is in C[xy, x5]. Thus the right-hand
side of (41) is in C[xy, x,]. Therefore T maps C[x;, x,] into itself. By Theorem 15,
there exists a unique solution yj € C[x1,x2] to the equation on the interval [x, x,].
Moreover, it follows from Lemma 23 that ¥;(x1) = ¥§(x1). Therefore if

wry _ | V0(x), a<x<x,
y(x)_{y’{(x), X1 <X <%,

then by Lemma 14, y* € C;_gla, x,]. So y* is the unique solution of (36) in C;_gla, x,]
on the interval (a, x5].

If x, # b, we repeat the process as necessary, say M - 2 times, to obtain the unique

solutions ¥ € Cr—g[xp, xk1], k=2,3,..., M, where a = xy <x; < - <xp = b, such that
Wit = AL(Xpy1 — xk)"’*ﬂ” < 1.
As a result we have the unique solution y* € C;_gla, b] of (36) given by
Y'(x)=yi(x), x€ (%% Xe], k=0,1,...,M—1. (42)

This solution is also a solution for (28-30).
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If ny € C(a, b) then the uniqueness follows from part (b) of Theorem 27. This

completes the proof.
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