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Abstract
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1 Introduction
In this paper, we study one-dimensional p-Laplacian system with singular weights of the

form

oo (@) + A @)f (v(H) =0, te(0,1),
0, (V1) + Mo (Og(u(®)) =0, te(0,1), (P)
u(0) =0, v(0) =0, u(1)=0, v(1) =0,

where ¢, (1) = |ue|P~2u, X is a nonnegative parameter, /;, i = 1,2 is a nonnegative measurable
function on (0,1), /; # 0 on any open subinterval in (0,1) and f,g € C(R,,R,) with R, =
[0, 00). In particular, /; may be singular at the boundary or may not be in Z1(0,1). It is easy
to see that if #; € L1(0,1), then all solutions of (P;) are in C'[0,1]. On the other hand, if
h; ¢ L}(0,1), then this regularity of solutions is not true in general; for example, even for
scalar case, if we take h(t) = (p — 1)t [1 + In¢tP2, p>2and A = 1, f =1, then & ¢ L1(0,1),
and the solution u for corresponding scalar problem of (P, ) is given by u(t) = —tInt which
is not in C'[0,1].

For more precise description, let us introduce the following two classes of weights;

3 3 1 s
A= {heL}OC(O,l):/ wI;l(/ h(‘[)d‘L’) ds+/ <p1;1</ h(‘L’)d‘L’) ds<oo},
0 s 3 3

1
BE{hGLl (0,1):f spl(l—s)plh(s)ds«)o}.
0

loc
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We note that 4 given in the above example satisfies # € A N B but # ¢ L'(0,1). The
main interest of this paper is to establish Amann type three solutions theorem [4] when
h; € AN B with possibility of & ¢ L1(0,1). The theorem generally describes that two pairs
of lower and upper solutions with an ordering condition imply the existence of three so-
lutions. Recently, Ben Naoum and De Coster [6] have proved the theorem for scalar one-
dimensional p-Laplacian problems with L!-Caratheodory condition which corresponds
to case & € L}(0,1); Henderson and Thompson [18] as well as Lii, O’Regan, and Agarwal
[23] - for scalar second order ODEs and one-dimensional p-Laplacian with the derivative-
dependent nonlinearity respectively; and De Coster and Nicaise [11] - for semilinear el-
liptic problems in nonsmooth domains. For noncooperative elliptic systems (p = 2) with
k; =1 and Q bounded, one may refer to Ali, Shivaji, and Ramaswamy [3]. Specially, for
subsuper solutions which are not completely ordered, this type of three solutions result
was studied in [26].

The three solutions theorem for our system (P,) or even for corresponding scalar p-
Laplacian problems is not obviously extended from previous works mainly by the possibil-
ity # ¢ L1(0,1). Caused by the delicacy of Leray-Schauder degree computation, the crucial
step for the proof is to guarantee C? regularity of solutions, but with condition 4 € AN B,
C! regularity is not known yet. Due to the singularity of weights on the boundary, the C!
regularity heavily depends on the shape of nonlinear terms f and g. Therefore, the first
step is to investigate certain conditions on f and g to guarantee C' regularity of solutions.
Another difficulty is to show that a corresponding integral operator is bounded on the set
of functions between upper and lower solutions in C3[0, 1]. To overcome this difficulty, we
give some restrictions on upper and lower solutions such that their boundary values are
zero. As far as the authors know, our three solutions theorem (Theorem 1.1 in Section 2)
is new and first for singular p-Laplacian systems with weights of A N B class.

To cover a larger class of differential system, we consider the systems of the form

@p (u’(t))/ +F(t,v() =0, te(0,1),
0, (V) +G(tult)) =0, te(0,1), P)
u(0) =0, v(0) =0, u(1) =0, v(1) =0,

where F,G: (0,1) x R — R are continuous. We give more conditions on F and G as fol-
lows:

(F1) Foreachte(0,1), F(t,u) and G(t, u) are nondecreasing in u.
(H) There exist hy,hy € AN Band f,g € C(R,R*) such that

0<timZY oo 0<lim 2@
s—>0 ‘pp(|3|) s=>0 ‘Pp(|5|)

and

’F(tr L{)’ < hl(t)f(u)’ ’G(t, u)| < hz(t)g(bt),

forall t € (0,1) and u € R.
(Fy) F(t,u)u>0and G(t, u)u > 0, for all (¢,u) € (0,1) x R.
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We now state our first main result related to three solutions theorem as follows. See for

more details in Section 2.

Theorem 1.1 Assume (H), (F) and (F,). Let (o1,1), (B2, B2) be a lower solution and an
upper solution and (a2, @), (B1, B1) be a strict lower solution and a strict upper solution of
problem (P) respectively. Also, assume that all of them are contained in C}[0,1] x C3[0,1]
and satisfy (a1,@1) < (B, B1) < (B2, Ba)s (o1,01) < (a2,@2) < (B2, Ba)s (2, @2) £ (Bu, Bo)
Then problem (P) has at least three solutions (uy, v1), (42, v2) and (us, vs) such that (a1, &) <
(1, v1) < (Br, B1)s (2, @2) < (u2,v2) < (Ba, Bo), (o1,01) < (u3,v3) < (B, B2) and (u3,v3) £
(B1, B1)s (u3,v3) 2 (o2, @2).

As an application of Theorem 1.1, we study the existence, nonexistence, and multiplicity

of positive radial solutions for the following quasilinear system on an exterior domain:

-Apz= Ak1(|x|)f(w) in Q,
—Apw =rky(|x])g(2) inQ,

(Pg)
z(x) =0, w(x) =0 if |x| =ro,

z(x) — 0, w(x) — 0 if |x| — oo,

where Q = {x € RN : |x] > 1o}, 70 >0, 1 < p < N, Az = div(|Vz|P~2V2), k; € C([ro,00),
(0,00)),i=1,2and f,g € C(R,,R,) with R, = [0, 00).

In recent years, the existence of positive solutions for such systems has been widely
studied, for example, in [1] and [27] for second order ODE systems, in [3, 7, 9, 10, 13, 14,
16] and [8] for semilinear elliptic systems on a bounded domain and in [5, 15, 17] and [2]
for p-Laplacian systems on a bounded domain.

For a precise description, let us give the list of assumptions that we consider.

(k) k; e K4 NKp, where

Ka= {k € C(1m,00,(0,00): [ Ty <r1-N / ") dr) dr < oo},

Kpg = {k € C([ro,oo), (0, oo)) : /oorp_lk(r)dr< oo},

ro

(1) fo=limy_ o+ js% =0and gy = limy_, o+ f;—f)l =0,

1
(_fZ) hmsaooj%plpil) =0 for all p > 0,
(f3) f and g are nondecreasing.

Condition (f;) is sometimes called a combined sublinear effect at co and simple examples

satisfying (f1) - (f3) can be given as follows:

w, w<l, zV, z<l1,
fw) = g(2) = ,

wil, w>1, z°, z>1,
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where 7,y > p —1and g8 < (p — 1), and also

flz) = arctan(z’),
gw) =wi,

wherer,qg>p—1.

Among the reference works mentioned above, Hai and Shivaji [17] and Ali and Shivaji
[2] (with more general nonlinearities) considered problem (Pr) with case k; =1 and ©
bounded. For C' monotone functions f and g with limy_, ., f(s) = 0o = lim,_,» g(s) and
satisfying condition (f;), they proved that there exists A" > 0 such that the problem has at
least one positive solution for A > A"

We first transform (Pr) into one-dimensional p-Laplacian systems (P;) with change of
variables z(r) = z(|x|), w(r) = w(|x|), u(t) = z((%)%) and v(¢f) = w((%)%) where #; is
given by

-1 -p(N-1) =(p-1)
hi(t) = (5—) rt N ki(rot N7 ").

It is not hard to see that if k; in (Pg) satisfies (k), then 4; in (P;) satisfies i; € AN B, for
i =1,2. Mainly by making use of Theorem 1.1, we prove the following existence result for

problem (P;)

Theorem 1.2 Assume h; € AN B, i=1,2, (i), () and (f3). Then there exists . > 0 such
that (P, ) has no positive solution for ) < )", at least one positive solution at ). = A" and at

least two positive solutions for A > X,

As a corollary, we obtain our second main result as follows.
Corollary 1.3 Assume (k), (f.), (fo) and (fs). Then there exists A" > 0 such that (Pg) has no
positive radial solution for ) < A", at least one positive radial solution at ) = )" and at least

two positive radial solutions for ). > \.

We finally notice that the first eigenfunctions of

0, () + 1hi(O@p(u(t)) =0, te(0,1),
u(0) =0, u(1) =0, i=1,2

(E)

make an important role to construct upper solutions in the proofs of Theorem 1.2 and
Theorem 1.1. This is possible due to a recent work of Kajikiya, Lee, and Sim [19] which
exploits the existence of discrete eigenvalues and the properties of corresponding eigen-
functions for problem (E) with &; € AN B.

This paper is organized as follows. In Section 2, we state a C*-regularity result and a three
solutions theorem for singular p-Laplacian systems. In addition, we introduce definitions
of (strict) upper and lower solutions, a related theorem and a fixed point theorem for later

use. In Section 3, we prove Theorem 1.2.
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2 Three solutions theorem
In this section, we give definitions of upper and lower solutions and prove three solutions
theorem for the following singular system

o, () + E(t,v(t)) =0, te(0,1),
e, (V) + G(t,u(t)) =0, te(0,1), (P)
u(0) =0, v(0) =0, u(1) =0, v(1) =0,

where F,G:(0,1) x R — R are continuous.
We call (&,v) a solution of (P) if (,v) € (C[0,1] x C[0,1]) N (C'(0,1) x C%(0,1)),
(0p(t (1)), (V' (2))) € C*(0,1) x C*(0,1) and (u, v) satisfies (P).

Definition 2.1 We say that («, &) is a lower solution of problem (P) if (&, @) € (C'(0,1) x
C'(0,1)) N (C[0,1] x C[0,1]), (¢p(e' (1)), p(@' (1)) € C'(0,1) x C(0,1) and

oo(@'@®) +F(t,a(t)) =0, te(0,1),
0, (@'(0) + G(t,a(t) =0, te(0,1),
@(0)<0, &) <o,
a(l) <0, a(l) <o0.

We also say that (8, 8) is an upper solution of problem (P) if (8, ) € (C*(0,1) x C*(0,1)) N
(C[0,1] x C[0,1]), (g,(B' (1)), (B’ (1)) € C1(0,1) x C*(0,1) and it satisfies the reverse of
the above inequalities. We say that (o, @) and (B, B) are strict lower solution and strict
upper solution of problem (P), respectively, if (o, @) and (8, B) are lower solution and upper
solution of problem (P), respectively and satisfying ¢, (o' (t))’ + F(¢,a(t)) > 0, (&' () +
G(t,a(t)) > 0, 9, (B'(£)) + F(t, B(1)) < 0, 9,(B'(1)) + G(£, B(£)) < O for £ € (0,1).

We note that the inequality on R? can be understood componentwise. Let Df =

{(t, u, )| (a(8), () < (u,v) < (B(t), B(¢)),t € (0,1)}. Then the fundamental theorem on
upper and lower solutions for problem (P) is given as follows. The proof can be done
by obvious combination from Lee [20], Lee and Lee [21] and Lii and O’Regan [22].

Theorem 2.2 Let («,&) and (B, B) be a lower solution and an upper solution of problem
(P) respectively such that

(@) (a(t),a(t)) < (B(), B(t)), for all t € [0,1].
Assume (Fy). Also assume that there exist hp,hg € AN B such that
(az) |F(t,v)| < he(t), |G(t,u)| < hg(t), for all (t,u,v) € DE.

Then problem (P) has at least one solution (u,v) such that

(a(®),@(®) < (u@®), (1)) < (B(), B®)), forallte[0,1].

Remark 2.3 It is not hard to see that condition (H) implies the following condition;
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For each M > 0, there exists Cy; > 0 such that
|F(t, M)| < Cuh(D)gy(|ul), |G(t, M)| < Cuha(D)gy(lul),
for t € (0,1) and |u| < M.

Lemma 2.4 Assume (H)and (F,). Let (u,v) be a nontrivial solution of (P). Then there exists
a > 0 such that both u and v have no interior zeros in (0,a] U [1 - a,1).

Proof Let (u,v) be a nontrivial solution of (P). Suppose, on the contrary, that there exist
sequences (t,), (s,) of interior zeros of u and v respectively with ¢,,s, — 0. We note that
both sequences should exist simultaneously. Indeed, if one of the sequences say, (£,), does
not exist, then assuming without loss of generality, # > 0 on (0, 4] for some a > 0, we get
@p(V'(s)) = G(t, u(t)) > 0 for t € (0,a] by (F,). From the monotonicity of ¢,, we know that v
is concave on the interval. Thus v should have at most one interior zero in (0, ], a contra-
diction. With this concave-convex argument, we know that (¢, ,-1) N (s, Sy-1) # %, uv >0
on (¢, tu-1) N (S, sn-1) and if £, and s,, are local extremal points of # and v on (£, £,-1) and
(sn>Sn-1) respectively, thus both ¢, and s, are in (£,,2,-1) N (S, $,-1). We consider the case
that ¢, <s,, t:, < sn and u,v > 0 in (¢, £-1) N (Sy, Su-1). All other cases can be explained by

the same argument. If M = max{||#||o, [|V|loc}, then by using Remark 2.3, we have

u(£) - / o7 < | " ) dr) ds
Lo el
<Cu /t:; (pI;1 (/;:Iq h (r)v(ryp dr) ds
ol ([ rne) e

and similarly,

i) =cul [M o) ([ ) s uts). 02)

Therefore, it follows from plugging (2.2) into (2.1) that

u(t,) < (Cm)? ( / ’ ;! < / ¥ I (r) dr) ds) < / " ¢, < / ’ hy(r) dr) ds>u(t;). (2.3)

Since h; € A, for sufficiently large n, we obtain

®

(CM)2</:; gz)[;l (f:z hl(r)dr) ds) (/Stn (/)1;1 </SSZ hy(r) dr) ds) <1/2.

This contradicts (2.3) and the proof is done. d
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Theorem 2.5 Assume (H) and (F,). If (u,v) is a solution of (P), then (u,v) € C3[0,1] x
Ci[0,1].

Proof Let (u,v) be a nontrivial solution of (P). Then u,v € Cy[0,1] N C*(0,1) so that it is
enough to show

|/ (0%) | < 00, |/ (17) | < 00, |V (0%)| < o0, [V (17)] < o0.

We will show |#/(0%)| < co. Other facts can be proved by the same manner. Suppose
|2/(0%)] = 0o. By Lemma 2.4 and the concave-convex argument, we may assume without
loss of generality that there exists a € (0,1) such that u,v,u’,v' > 0 on (0, a]. Then for given
& >0, by the fact &; € B, i = 1,2, there exists § € (0,a) such that

8
/ P dt<s, i=1,2.

0

Let M = max{||#|«, [|V|loo}- Then integrating (P) over (s,£) C (0,8) and using Remark 2.3,

we have

t —1
WP < (P + Cog [ hﬁr)(@)y Py

s

-1t
<@+ CM<@)17 / ()P de (2.4)

-1
<y +cMe(@)p ,

where we use the fact that (@)"‘1 is decreasing since v is concave. From #'(0*) = co and

(2.4), we know lim;_, o+ (@)I"1 = 00. This implies that conditions #'(0*) = co and v'(0*) =

oo are equivalent. From (2.4), we have

’ p-1 p-1
(S:(S)> < (ﬁ) U (8P + Cye.

Thus we have

’ p-1
lim sup(su (S)) < Cpe.

s—0+ v(s)

Since ¢ is arbitrary, we have

) -1
lim sup(su (S))p =0. (2.5)

s—0* V(S)

Using the fact v/(0*) = oo, with same argument, we have

/ —1
lim sup(sv (S)>p - 0. (2.6)

s—>0* M(S)

Page 7 of 20
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On the other hand, we observe the inequality

1 1

(o + ,B)!% < Cy(arT +BrT), fora,f>0,
where

1 ifp>2,
Co=1 2

27T ifl<p<2.

Since h; € A, we may choose b € (0, min{a, %}) such that

1

1 beora 71 1
(Cy)rt Cp/ (/ hi(t)dr> ds < 5
0 s

Integrating (P) over (s,t) with 0 < s < t < b and using Remark 2.3, we get

W (P < (€ + Cyv(e)P™ / t hi(t)dr,

here we use the fact that v(¢) is increasing in (0, b). Using (2.7), we have

1 1

W (s) < Cotd (£) + (Car) P Cyrl(0) < f " (o) dr) ﬁ.

Integrating (2.9) over (0, ¢) with respect to s and using (2.8), we have

t
() < Cotad (8) + (Cop) 71 Cyu() / ( f
0 s
, 1
< Cptu/(t) + Ev(t),
Similarly, we have
, 1
v(t) < Cutv'(t) + Eu(t).

Adding (2.10) and (2.11), we have

oL L wOv _we v
S2C, S U rve) v u)

Page 8 of 20

(2.7)

(2.8)

(2.10)

(2.11)

(2.12)

on (0,b). From (2.5) and (2.6), we see that the right-hand side of (2.12) goes to zero as

t — 0. This is a contradiction and the proof is complete.

O

Now, we consider the three solutions theorem for singular p-Laplacian system (P). For

v eLY0,1), if

1 s
§(x):/o w;l(x—/(; v(t)dr)ds,
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then the zero of ¢ (x), denoted by £(v) is uniquely determined by v. Define A4 : L1(0,1) —
Ci[0,1] by taking

A(u)(t):/O (pp1<§(v)—/() v(t)dr) ds.

It is known that A is completely continuous [24]. Define X = Ca[0,1] x C3[0,1] with norm

llGet, V)lIx = 14 loo + [IV'llco- We note that
lu(t)| <2e(L-1)|o||,, forallue Cylo,1]. (2.13)

If F and G satisfy condition (H), then for (4, v) € X, from Remark 2.3 and (2.13), we get

1 1
/ |F(t,v(t))| dt < / m@)f (vt)) dt
0 0
1
m@t)C 71y
S/O 1) Colv(®)|" dt

1
<ol || / #1(1 = 0P (1) d.
0

This implies F(-, v(-)) € L}(0,1) and by similar computation, we also get G(-, u(-)) € L}(0,1).
This fact enables us to define the integral operator for problem (P) and the regularity of

solutions (Theorem 2.5) is crucial in this argument. Now, define an operator 7 by
() = (A(E(t,v(0))), A(G (6, u(®)))),
then we see that 7': X — X and completely continuous.
Lemma 2.6 Assume (H), (F1) and (F,). Let («, &) and (B, B) be a strict lower solution and a

strict upper solution of problem (P) respectively such that (a, &) € X, (B, B) € X and (o, @) <
(B, B). Then problem (P) has at least one solution (u,v) € X such that

(o, @) < (u,v) < (B, B).
Moreover, for R > 0 large enough,
deg(I - T,9,0) =1,
where Q = {(u,v) € X|(a, &) < (,v) < (B, B), | (w, V)|l x < R}.

Proof Define y : [0,1] x R — R given by

B@) ifu>p(r),
y&u)=qu ifa(t) <u < B(),
alt) ifu<alt),


http://www.boundaryvalueproblems.com/content/2012/1/63

Lee and Lee Boundary Value Problems 2012, 2012:63 Page 10 of 20
http://www.boundaryvalueproblems.com/content/2012/1/63

Bo) ifv> B(2),
y&v)={v ifa(t) <v<§B(),
a(t) ifv<alt),

and also define

F(tv@®)=F(ty(v®)), G (Lu®)=G(ty(tud)).

Let us consider the following modified problem

0, (@) +F (t,v(®) =0, te(0,1),
@p (V’(t))/ +G (tu®) =0, te€(0,1), (P)
u#(0) =0, v(0) = 0, u(1) =0, v(1) = 0.

v) is a solution of (P), then

We first show that there exists a constant R > 0 such that if (i,
(u,v) < (B, B) on [0,1]. From

(u,v) € Q. In fact, every solution («, v) of (P) satisfies (a, &) <
(H), (F;) and the fact that (o, &) € X, (8, B) € X, we get

0o (' (8))] =

, F(t,E(r))Hdt

< /tmax{ |F(z,a(z))

Lo

‘/tF*(‘L',V(‘L')) dr

Lo

< [ 1) max fa00) £ (500)

te(0,1]

1
5/0 Clh1(t)tren[g,)1(]{|o_t(t)fp’l’ ﬁ(t)|”’1}dt

< -ty max ||,

FIC [ a0 a
0 1 < OQ.
0

Similarly, we see that ||V'||» is bounded. Therefore, ||(u,v)||x < R, for some R > 0. Thus it
is enough to show that

(@, @) < (u,v) < (B, B).
Assume, on the contrary, that there exists ¢y € (0,1) such that
min(u() — a(t)) = ulto) — a(fo) = 0.
Then choosing ¢ € (tp,1) with (1 — ) (t1) > 0, we get the following contradiction:

0< [‘/’p(u/(tl)) - ‘pp(a/(tl))] - [fpp(u/(fo)) - </’p(05/(to))]
51 . , , 5] _ , ,
= / —F (t,v(t)) — gy (' (1)) dt < / —F(t,a(t)) — (' (2)) dt < 0.
to to
Now, assume #'(0) = a’(0). Since u(t) > a(¢t) on t € (0,1) and u(0) = «(0) = 0, there exists
£y € (0,1) such that u'(t,) > o/(t,) and we get the same contradiction from the above cal-
culation by using 0 instead of ¢. For #'(1) = /(1) case, we also get the same contradiction.
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Consequently, we get & < u. The other cases can be proved by the same manner. Taking
Q = {(u,v) € X|(a,&) < (,v) < (B, B), |(u,v)|lx < R}, we see that every solution of (P) is
contained in Q. We now compute deg( — T, £2,0). For this purpose, let us consider the
operator T : X — X defined by

T(u,)(0) = (A(E (6, v(0)), A(G (6, u(0)))).

Then it is obvious that T is completely continuous. We show that there exists R > 0 such
that R > R and T'(X) C B(0,R). Indeed, since A(E"(0,v(0))) = 0 = A(F"(1,v(1))), there is f €
(0,1) such that %A(F*(t, v(t)))|;-; = 0. By integrating

d 7)
7 <EA(F (t v(t)))) =F (t,v(2))
from £ to ¢, we have

[tF*(r, v(t))dt

d .
oo 54 @) -
1 1
< [ mer(reua)de = [ mecilz o) d
0 0

&) dt

1 = 1
< / ()G max{| )],
0

< Cymax{ |2

&7 /0 I 0
Similarly, we see that %A(G*(t, u(t))) is bounded. Therefore, we get
deg(I - T,B(0,R),0) =1.
Since every solution of (P) is contained in 2, the excision property implies that
deg(l - T,9,0) =deg(I - T,B(0,R),0) =1.
Since T = T on 2, we finally get
deg(I - T,Q,0) =deg(I - T,2,0) = 1.
This completes the proof. O
We now prove three solutions theorem for (P).

Proof of Theorem 1.1
Define

Ba(t) ifu> Ba(2),
nt,u)=3u if o1 (2) < u < Ba(2),
ai(t)  ifu<a(t),
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Ba(t) ifv> Ba(t),
ntv)=v ifai(t) <v < Balt),
a(t) ifv<a(p),

and let us consider

o, (' ®) +E(t, 7 (t,v(t)) =0, te(0,1),
2 (V() + Gt n(t,u()) =0, te(0,1), (P)
u(0) =0, v(0) =0, u(1) =0, v(1) = 0.

Then noting that every solution (x,v) of (P) satisfies (a1,@1) < (i, v) < (B2, Ba), we may
choose K, K; > 0, by (H) such that

[f )| < Kigy(Ivl) forall |v| < max{B:, e},

g@)| < Koy (Jul)  for all |u| < max{||Ba, lleull}.

Let A1 and 4 be the first eigenvalues of

0o (' (1)) + uhi(Og,(u(®)) =0, te(0,1),
w0)=0,  u(l)=0,

(E)

for i = 1,2 respectively and let e; and e, be corresponding eigenfunctions with |le; |« =
lle2lloo = 1. Since ey, 5 € C3[0,1] are positive and concave [19], we may choose Mj, M, > 0
such that (Mie1, Maes) > (B2, B), (~Mie1,—Msez) < (1, @) and for ¢ € (0,1),

), ep(|a1(®)])} < tigy(Mier(2)),

), @5 (|B2(0)])} < 19y (Maer(2)).

Ky max{g,(|B2(8)

K, max{gop(}al(t)

We show that (Mje;, Mye;) and (—Miey, —Moey) are a strict upper solution and a strict

lower solution of (P) respectively. Indeed,

0, (M€ () + F(t, 71 (t, Maes (D)) = 0 (M€} (1)) + E(t, Ba(2))
< =M (e, (Mrer (1)) + m(0)f (B2(2))

< —Mh(8)g, (Miei (1)) + m(O)Kip,(|B2(1)]) < 0.
Similarly, we get
0o (Mae5(8)) + G(t, 11 (¢, Miei (D)) < 0.
Moreover,

0p(~Mae5 (1)) + G(t, 11 (t, ~Miei()))

=—g, (Mge’z(t))/ +G(t,0n(2))
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> 1hy () gy (Maes(t)) — ha(t)g(ea(t))

> hs (8, (Maes (D)) — ha(DKagp (| (£)]) > 0.
Similarly, we also get
0p(-Mae, (D) + E(t, 71 (t, ~Maes(D))) > 0.
For R > 0, large enough, define

Q1 = {(u,v) € X|(-Myer, —Maer) < (u,v) < (B1, Bu),

(wv)] <R},
vy <R},

Q3 = {(u, v) € X|(=Miey, —Maey) < (u,v) < (Myey, Mey), H(u, V) ”x < R}.

Q = {(u,v) € X|(2,@2) < (1,v) < (Mye1, Maer),

Then by Theorem 2.2, there exist two solutions (u1,v1) and (ug,va) of (P) satisfying
(a1, @1) < (u1,v1) < (B1, 1) and (@, &) < (42, v2) < (B2, Ba). Therefore, by Lemma 2.6, we
get

deg(I - T,,0) = deg(I - T,2,,0) = deg(l - T,23,0) =1,
and by the excision property, we have

deg(I- T, \ (21 U,),0) = -1
This completes the proof.
3 Application
In this section, we prove the existence, nonexistence, and multiplicity of positive solutions
for (P;) by using three solutions theorem in Section 2. Let us define a cone

K= {u € C[0,1]|u are concave and u(0) =0 = u(l)},

and define A;, B, : K — C[0,1] by taking

/0 0! ( / (@) (v(D)) dr) ds,
A,(W)(@) = 1 "

/t gz); (/G Ahl(r)j’(v(r)) d‘t) ds,

/ ga;l (/Uu My (7)g (u(7)) dr) ds,
By (w)(t)=14"% S

/t <p;1 (/H )\hz(r)g(u(t)) d‘() ds,

where o, and o, are unique zeros of

t t 1 s
xV(t):./o wljl(/s Ahﬂt)f(v(r))dt) ds—/t ¢1;1</t )»hﬂt)f(v(t))dt) ds,
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t t 1 s
yult) = /0 ¢p1< / ,\hz(f)g(u(r))dr>ds_ ft %1( /t Ahz(r)g(u(t))dr>ds,

respectively. And define T; : K x K — C[0,1] x C[0,1] by
T3 (u,v) = (A (v), B, (w)).

Then it is known that 7; : K x K — K x K is completely continuous [25] and (u,v) =
T, (u,v) in K x K is equivalent to the fact that (u, v) is a positive solution of (P; ). We know
from Theorem 2.5 that under assumptions /#; € AN B, i = 1,2 and (f;), any solution (, v)
of problem (P;) is in C§[0,1] x C}[0,1].

Remark 3.1 If (4,v) is a solution of (P, ), then u = A; (B; (1)) and v = By (A, (v)).

For later use, we introduce the following well-known result. See [12] for proof and de-
tails.

Proposition 3.2 Let X be a Banach space, K an order cone in X. Assume that Q and 2,
are bounded open subsets in X with 0 € Q) and Q; C Q. Let A: KN (Q\ 1) = K bea
completely continuous operator such that either

@) Aull < llull, u € KNS, and |Aull = llul, u € KN O
or

(i) I|Aul > lul, w € KNy, and ||Aull < |lul, u € K N .
Then A has a fixed point in IC N (2 \ Q).

Lemma 3.3 Assume h; € ANB, i=1,2, () and (fs). Let R be a compact subset of (0, 00).
Then there exists a constant br > 0 such that for all . € ‘R and all possible positive solutions
(&, v) of (Py), one has ||(u, V)|l 0o < br.

Proof If it is not true, then there exist {%,,} C R and solutions {(u,, v,)} of (P;,) such that
|22, Vir) |l oo — 00. We note that

ltnlloe = A, )| o, < AQie," (F (IValloo))s

Walloo = | B, () | o, < AQa9," ((lltulloc))s

whereA:max{MﬁMeR} and
b L
Qi=/ ‘/’1;1</ hi(f)df)d5+/l w;l(ﬁ hi(f)df)ds: i=12.
0 s 1 1

2 2

This implies both [|u, ||« — 00 and ||v,|lcc — 00. Moreover, by the above estimation,

l#alloo < AQue," (F (AQag;," (g (Il )
Thus we get

1 _f(AQg ellll))
(pp(AQl) - (pp(”un”oo)
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as |lu,]lco — 00 and this contradiction completes the proof. a

Lemma 3.4 Assume h; € ANB, i=1,2, () and (f3). If (P,) has a lower solution («, &) €
C[0,1] x C3[0,1] for some A > 0, then (P;) has a solution (u,v) such that (a, @) < (u,v).

Proof Tt suffices to show the existence of an upper solution (8, 8) of (P,) satisfying (at, @) <
(B, B). Let ¢; and i = 1,2 be positive solutions of

0, (/) + Ahi(t) =0, £€(0,1),
u(0) =0, u(1)=0.

(Case I) Both f and g are bounded.
Since ¢; (i = 1,2) are positive concave functions and (o, &) € C}[0,1] x C3[0,1], we may

1 B
choose M > 0 such that M > max{|[f||%", lgll%" } and (M1, Mep,) > (o, @). We now show
that (8, B) = (M1, M¢p,) is an upper solution of (P,). In fact,

0, (B'0)) + A (Of (B(E)) = MP7 0, (1(8)) + Aha (6)f (Mo (2))
= M ()[f (Mea(t)) - MV
< Mn(@O[IIf oo —MP'] 0.

Similarly,
0,(B'®) + Aa(t)g(B(2)) < Aa(®)]ligllos — MP] < 0.

(Case II) g(u) — oo as u — oo.
1
Using (f3), choose M > 0 such that (g(M||¢1]l00))? L2 > &, My > o and

Sl o@Mlipilloc)?T) _ 1
(M| 1l o0)P ! T st

Let (8, ) = (M, (g(M[|b1]10)) 7T ¢2). Then

1

0, (B'0) + A (Of (B(t)) = M0, (¢1(0)) + A (O ((g(Mllgrll0)) T h2(8))
= O (g(Mlln 1)) 7 a(0)) — MP1]
< 2O (162 lloe (e(Mllr 1)) 7T) - M7 <.
And
0, (B'(0) + 2 (t)g(B() = g(Mllilloo) 0 (#5(0)) + Ao ()g(Mepi (0))

= My (t)[g (M1 () — g(M ¢ llc) |
< M (8)[g(Mllg1llo) — g (Ml lloc) ] = 0.

Thus (B, B) is an upper solution of (P;).
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(Case III) g is bounded and f(x) — oo as u — oo.

1
Choose M > 0 such that (f(M||¢2||oo))1%¢1 >a, M> ||g|%" and M¢, > @ and let

1

(B, B) = ((f (Ml p2ll0)) 7 1, Meb2).

Then

0, (B'®) + M Of (BO) = f(Mld2lloc)9p(¢1(8)) + A ()f (Mo (2))
= M O[f (M) - f (Mllallc) ]
< M@ (Mld2llo) —f (Mlgall)] = O.

And

0, (B'(®)) + Ao (£)g(B(8)) = MP7 0, (#5(8)) + Ao (B)g ((F (Ml ||oo))ﬁ A0))

1

= M) [g((F(Mllp2ll0)) 7T 1 (2)) — MP]
< O)[lgle - M) <0.

Consequently, by Theorem 2.2, (P,) has a solution satisfying

(o, @) < (u,v) < (B, B). 0

Lemma 3.5 Assume h; € ANB, i=1,2, (f.), (b) and (fs). Then there exists ) > 0 such that
if (P;) has a positive solution (u,v), then A > A.

Proof Let (u,v) be a positive solution of (P;). Without loss of generality, we may assume
A < 1. From (f;), we know that

-1
lim JM =0, forallp>O0. (3.1)
x—0% (pp(u)

From (3.1) and (f;), we can choose M; > 0 such that
f(Qg(pI;I (g(u))) < Myg,(u), forallu>0, (3.2)

1
where Q; = [ gz)[;l(fs% hi(t)dt)ds + f%l <p1;1(f§ hi(t)dt)ds, i =1,2. Using (3.2) and (f), we
have

lulloo < Qe (M (|B2w)] ) < Qe (A (Qae, (Ag(Illl))))

< Q' (W (Qe, (g (Illl)))) < Qe (Mg (Il o))
< Qug," (AMy) (1] oo

Thus we have

e -
‘pp(Ql)Mf
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Lemma 3.6 Assume h; € ANB,i=1,2, (fi) (f2) and (fs). Then for each R > O, there exists
AR > 0 such that for A > Ay, (P;) has a positive solution (u,v) with ||u|ls > R and ||v]|c > R.

Proof We know that if (i, v) satisfies u = A, (B, (#)) and v = B, (1), then (1, v) is a solution of
(Py). Since A;, B, : K — K are completely continuous, A, o B; : K — K is also completely

continuous. Given R > 0, choose

N 2R 1 2R 1
o max{‘”"( )g() <F>JT§)}

where T'; = = min, 1 3 {fl ¢, f hi(t)dt)ds + ft ft hi(t)dr)ds). Let Qi = {u €
C[0,1]||#]l o < R}. Ifu € 88'21 N K, then for ¢t € [4, 4] u( ) > 4||M||oo > 1R From the def-
inition of B, (1), we know that B, (u)(0,) is the maximum value of B;,(x) on [0,1]. If

o, € [4, 31, then from the choice of Az, we have

B2
3

%[/l u 9, (/S “ Arha(1)g(u(T)) dr) ds + /0: o (/Gu Arhy(T)g(u(t)) dr) ds]
%[/; u (pI;l (/s “ Aha(‘L’)g<§) d‘L’) ds + /(: gp};l (/(,M Aha(T)g(g) dt> d3:|

4

>1F il ) R >R
_22(pp Rg4 —

Ifo, > %, then we have

3 3
i 1 R 1 B R
||BAR(M) ||OO > A (ppl(/s ARhg(r)g(Z> dr) ds > §F2¢p1(7\1€g<1>> >R.

Ifo, < i, then

3

”BxR(u) ”oo > /j (/31;1 (/}L thz(r)g<§) dr) ds > %pr;l (kRg(i—e)) >R.

4

By the concavity of B; (1), we get for t € [i %]
1 1
By () = 7 |Bir ()] = s (3.3)

By similar argument as the above, with (3.3), we may show that

|45 (Bre @) | o, = ;Fw (w(g)) > R =t oo

Let Q; = fo l(fzh(t Ydt) ds+f1<pp1(f1h(t)dr)ds,l—l2 FO[’8<¢(Q , from (fy),
we may choose R > 0 such that R > R and

£(Qu,' 0y (g(R)) < £y (R).
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Let Q, = {u € C[0,1]|]|#||c < R}, then ©; C €2 and for u € 992, N K,

A1 (Bi ()| < Que," (Arf (Qae, ' (M), (8(R))))

< Q9" (tre@p(R)) < Qug," (Are)R < R = |ut]| oo

By Proposition 3.2, (Py,) has a positive solution (ug, V) such that ||ugllcc > R and [|[vg|le >
R. We know that (ug, vz) is a lower solution of (P, ) for A > Az and by Lemma 3.4, the proof
is complete. O

We now prove one of the main results for this paper.

Proof of Theorem 1.2

From Lemma 3.6 and Lemma 3.5, we know that the set S = {A > 0|(P;) has a positive
solution} is not empty and A" = infS > 0. By Lemma 3.3 and complete continuity of T,
there exist sequences {A,,} and {(u,,v,)} such that A, — A" and (&,,v,) — (&’,v") in K x K
with («",v") a solution of (P,-). We claim that (", V") is a nontrivial solution of (P,-). Sup-
pose that it is not true, then there exists a sequence of solutions (u,, v,) for (P;,) such that
(4, v,) = (0,0) and A, — A". As in the proof of Lemma 3.3, we get

1 S8 Qg, @)
(pp(AQl) o (pp(”un”oo)

But from (f;), we have a contradiction to the fact that the right side of the above inequality
converges to zero as ||lu,| — 0. Thus (x',v") is a nontrivial solution of (P,+). According
to Lemma 3.4 and the definition of A", we know that (P;) has at least one positive solu-
tion at A > A" and no positive solution for A < A". To prove the existence of the second
positive solution of (P;) for A > A", we will use Theorem 1.1. Let A > A". Then we have
(01, @1) = (0,0) a lower solution of (P;) and («s, &) = (', v") a strict lower solution of (P;)
in C3[0,1] x C3[0,1] satisfying (a2, @) > (01, @1). For upper solutions, let A; and 1 be the
first eigenvalues of

0 (@) + phi(O)g,(u(t)) =0, te(0,1),
u(0) =0, u(1)=0,

(E)

for i = 1,2 respectively and let e; and e, be corresponding eigenfunctions with |le; || =
le2]loo = 1. Since e; and e, are in C§[0,1] and positive [19], we may choose ¢; > 0 and ¢, > 0
such that

Acleg_l < klef_l and Acze‘f_l < ule’;_l.
Also by the fact fy = go = 0, there exists a > 0 such that

fw) <aw™,  gu) <cu’™,

for all |u#| < a and

aey(t) < ay(t), aes(t) < ay(t).
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Let (81, B1) = (aey, aey). Then (81, B1) # (a2, @) and it is a strict upper solution of (P;) in
C3[0,1] x C3[0,1]. Indeed,

0, (B1(®) + Am@)f (B1(2)) = ", (e}(8)) + M ()f (aes(2))
M ()" gy (e1(2)) + M (E)cra” " g, (ex(t))

a7 () [ Mergp (€2 () — Mgy (en(8)] < 0

IA

and

0 (B() + M (g (Bi(8)) = a0y (e)(8)) + Aa(t)g(aer(d))
—1ha (D)a’ " gy (e2(t)) + Mo (t)cra” " gy (e1(2))

= apflhz(t)[)‘CZ‘Pp(el(t)) - Ml(pp(ez(t))] <0.

IA

Finally, from Lemma 3.6, there exists A > A such that (P;) has a positive solution (i, ¥) €
C310,1] x C§[0,1] satisfying ||it]| oo > max{]|ethllsc, [| B lloo} and [|V]loc > max{}|&}loc, Il B llso}-
By using the concavity of solutions, it is easily verified that

(/31: Bl) = (12: 1_/) and (QZ:&Z) = (121 1_/)

Therefore, (B2, B2) = (i1, ¥) is an upper solution of (P;) in C3[0,1] x C}[0,1]. Now by The-
orem 1.1, (P,) has at least two positive solutions (i3, v1) and (i3, v2) such that (o, @) <
(u,v1) < (,32,52) and (o, @) < (42, v2) < (,32,52) and (u,v) f (,31,51), (42, v2) z (0, 012).
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