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methods from quaternion calculus, we investigate the H,-regular vector functions,
that is, the complex vector solutions W (t,z) = (://ggj))) of the equation DV =0, and
work out a systematic theory analogous to quaternionic regular functions. Differing
from that, the component functions of quaternionic regular functions are harmonic,
the component functions of H, -regular functions satisfy the modified Helmholtz
equation, that is (A2 - A)Y;=0,i=1,2. We give out a distribution solution of the
inhomogeneous equation Du = f and study some properties of the solution.
Moreover, we discuss some boundary value problems for Hy-regular functions and
solutions of equation Du =f.

MSC: 30G35;35J05

Keywords: quaternion calculus; Hy-regular vector function; modified Helmholtz
equation; Riemann-Hilbert type boundary value problem

It is well known that the theories of holomorphic functions of one complex variable and
regular functions of quaternion as well as Clifford calculus are closely connected with
the theory of harmonic functions, i.e., their component functions are all harmonic. But
side by side with the Laplace operator is the Helmholtz operator and modified Helmholtz

operator
A=A+ A, MeR)#0,

which play an important role and are often met in application. In recent years, it has been
considered that by replacing the harmonic function with the solutions of Helmholtz equa-
tion and modified Helmholtz equation, the theory of regular functions is naturally general-
ized in quaternion calculus and Clifford calculus. The theory has been well developed and
has been applied to the research of some partial differential equations such as Helmholtz
equation, Klein-Cordon equation, and Schroding equation. The corresponding results can
be found in [1-3, 5-11, 13-15].

Let H(R) and H(C) denote the real and complex quaternion space respectively. Their
basis elements 1, i, j, k satisfy the following relations: i = /> = k* = -1, ij = —ji = k, jk =
—kj = .
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In [2, 3], the authors introduced a differential operator of first order D; = A+ dixl +j % +

k%, where A is a positive real constant. It is easy to see that

—D_)LDA = )LZ + A,

where A2 + A is namely the 3-dimensional Helmholtz operator. A quaternion function
theory associated with the operator was established which involved the Pompeiu formula
corresponding to D;, the Cauchy integral formula for solutions of equation D, u = 0, the
Plemelj formula of Cauchy type integral and the theory of operator T;. By using these
results, the authors investigated the Dirichlet boundary problems for Helmholtz equation

()\2 + A)u =f.

Since the operator A2 — A can not be factorized into the product of two differential op-
erators of first order in H(R), the quaternion function theory about modified Helmholtz
equation was developed in complex quaternion space H(C), namely the operator A% + A,
A € C and some related equations were directly investigated by H(C). However, differ-
ent from H(R), H(C) is a Euclidean 8-space; and since there exists a set of zero divisors
in H(C), a non-zero complex quaternion is not necessarily invertible. There exist many
differences between the two theories.

In this article, we shall use the quasi-quaternion space introduced in [18, 19] and trans-
form the modified Helmholtz operator into matric form (A* — A)ey = DD'. By using the
quaternion technique, we obtain a systematic theory about the H, -regular vector func-
w‘(t'z)) of the equation DW = 0, anal-

Y2(t.2)
ogous to the quaternion regular function. Because the Hj-regular vector functions are

tions, that is, the complex vector solutions W(t,z) = (

two-dimensional complex vector functions, this is more similar to the case of H(R).

For applications of partial differential equations, the research of boundary value prob-
lems is very important. How should appropriate boundary data be chosen for the
Helmholtz equation or modified Helmholtz equation of first order? So far, there have
been very few research works on the aspect. In this article, we introduce and investigate
some Riemann-Hilbert type boundary value problems for H,-regular vector functions
and solutions of the equation Du = f, obtain general solutions and solvable conditions
respectively in different cases.

1 Some notations and definitions
Denote

10 1 0 0 1 0 i
ey = , e = , e = , e3 = .
°“\o 1 "“\o 41 >“\1 0 *T\=i o

It is easy to see that

2 2 2 .
€] =6, =€3 =€, ejey = —exe; = —les,

€p€e3 = —€3€y = —iel, ese) = —ejes3 = —i€2.

Henceforth we shall abbreviate e to 1.
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Introduce the three-dimensional modified Helmholtz operator D = A + V of first order,

where V = Le; + Le, + Leg, A is a positive real constant. Define D' = A — V, then DD’ =
at o 3y p

D'D = (A2 — A)ey, where A is the three-dimensional Laplace operator. The matrix forms
of D, D' are

ad d ) d
D=<)\.+§ 2&3) D’:(A_? —2:3)
3 I d o |’

2& )\,—& —2& )\'+&

where

and then

DD =D'D = A 0
- “\ o A2-A)

Let 2 be aregion in R x C which identifies with R, W (¢, z) = ( ]‘////2182) is a complex vector

function defined in Q. If ¥(t,z) € C}(R2) and satisfies the equation
DV =0, (1)
then W(t,z) will be called H, -regular vector function in .

2 Pompeiu formula and Cauchy integral formula of H, -regular vector function
Let ©2 be a bounded domain in R x C with piecewise smooth boundary S. U(¢,z), V (¢, z)
are two-dimensional complex vector functions defined in Q and U(t,z), V(t,z) € CH(Q) N
C(R). By the divergence theorem

d d 0
/Q[(LIV)V+LI(VV)]dG :/[a—xl(UelV)+a—xz(LIez\/)+@(UeBV)} do

Q

= / UV dS, (2)
S

where I = e cosag + e; cosay + e3 cos oz, (Cosay, cos ag, cosaz) denotes the unit outward
normal to the surface S. From the equality (2), we have

/ [U(DV) - (UD)V]do = f Uuvds. (3)
Q N

Itis easy to show that 7--e™", r = (£ +4% + y%)2, is a fundamental solution of the modified
Helmholtz operator A% — A. When r #0, (A* — A)(z-¢™") = 0. We write

1,0\ 1[x (r 1 .
E(t,z) :D<Ee ’) = E[? - (r_z + r—3>(tel + xey +yeg)]e ’
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Suppose u(t, z) is a complex vector function defined in © and u(t,z) € C'(2) N C(Q). Let
Po = (to,z0) be a fixed point in 2 and B, (po) = {|p — po| < €} be an open ball whose center is
po, and the radius ¢ is so small that B (py) C Q2. Write Q2. = Q2 \ B, (po). Using the formula
(3) in Q, and replacing U, V by E(p — po), u(p) respectively, we have

/ Elp— po)Dudo - / E(p - po)Sulp) dS — / E(p - po)Su(p) dS. @)
Qe S ki)

B (PO)

Where

f E(p—po)?su(p)d5=11+12 +13,
9B¢(po)

ree
L= 5 / [(t - to)er + (x — x0)ez + (¥ — yo)es |u(p) dS,
47e? Jap, (po)
A —\e
h=-= / u(p)ds,
dme Jos, (po)
e—ks
L=~ / u(p)ds.
476> J35, (o)

It is easy to show that

lim 11 = O, lim ]2 = 0, 111’1’(1)]3 = —I/l(p()).
£—>

e—0 =0

Then letting ¢ tend to zero in (4), we obtain the following Pompeiu formula corresponding
to the operator D.

Theorem 1 Let 2 be a bounded domain in R x C with piecewise smooth boundary S. If
u(t,z) = u(p) is a complex vector function defined in Q and u(t,z) € C1(Q) N C(Q), then

u(t,z) = —/SE(p’ —p)%u(p’) dSy + /QE(p’ -p)Dyudoy, (t,z)€ Q. (5)

By applying Theorem 1, we can deduce the following Cauchy integral formula of the
H, -regular vector function.

Theorem 2 Ifa complex vector function ¥(t,z) € C1(2) N C(Q) and satisfies the equation
DV =0 in Q, then

V(t,z) = —/E(p/ -p)Su(p)dSy, (tz)eQ, (6)
s
and if (t,z) € Q, then
/S E( - p)3u(p) dS, = 0. (7)

Proof The formula (6) follows directly from the Pompeiu formula (5) and the equality (7)
can easily be derived from (3). O
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3 Cauchy type integral and Plemelj formula
Let ¢(¢,z) be a complex vector function defined on a closed smooth surface S in R x C,
o(t,z) € Cy(S), 0 < < 1. Denote

W(t,2) - - fs E(y - p)3o(p) dSy, ®)

and call ®(¢,z) the Cauchy type integral with respect to the operator D. In the following,
we shall simply call it the Cauchy type integral. In addition, ¢(¢,z) is called the density
function of W(¢, z).

For arbitrary p = (£,2) €S, there exists a neighborhood B, (p) of p which does not inter-
sect with S. In B, (p),

DU (t,2) = (A + V) / (A + v,,)( e_)”p/_p>3‘(p(p/) ds,
S

4w |p' - p|

1 ,
=—(A+V)/()\—V)(—ewp)g¢ "\ dS.,
st P \amip - pl )45,

- /5 (32-1,) (;e"“’,"”)ﬁw(p’) ds, - 0.

dr|p’ - pl

Consequently, W(¢,z) is Hy-regular in the exterior of S. In addition, it is easy to see that
W (t,z) converges to 0 as (¢,z) — 00.

When (¢,z) € S, we provide that the integral on the right-hand side of (8) represents
Cauchy’s principal value.

Lemma 1 Let Q be a bounded domain in R x C with smooth boundary S. If p € S, in the
sense of Cauchy’s principal value, then

1
fE(p/ -p)IdS, = —5e0+ x/ E(p' - p)doy. )
S Q

Proof Let B.(p) be an open ball with the radius ¢ and the center p, write the component
of 9B, (p) lying in the exterior of €2 as I". Then « is an interior point of the region inclosed
by the closed surface &' = (S \ (SN B.(p))) UT. By the Pompeiu formula (5), we have

e():—(/ +/>E(p/—p)3d5p/+)\/ E(p' - p)doy. (10)
S\(SNBe(p)) T QUB¢ (p)

Similarly to the proof of Theorem 1, we can derive

lim/E(p/—p)%dSp/ = —leo.
- 2

e—>0
Letting ¢ — 0 in (10), it follows that (9) holds. O

By using Lemma 1, we can obtain the following Plemelj formula of the Cauchy type
integral (8).

Theorem 3 Write the domain Q as Q* and the complementary domain of 2 as Q. When
p tends to po(€ S) from Q* and Q~ respectively, the limits of the Cauchy type integral (8)
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exist, which will be written as V*(po) and W~ (py) respectively, and

W (py) = - /S E(p—po)30(p)dS, + So(po)

X an
W (o) = [ E-po)30(p)dS, - 50
s
The above formula can be rewritten as
Y (po) = ¥~ (po) = ¢(po)s
(12)

W (po) + U (po) = -2 /S Ep - po)30(p) dS,.

Proof Since ¢(p) € Cy(S), 0 < & < 1, therefore the improper integral [ E(p — po)3(¢(p) —
¢(po)) dS, is convergent. By Lemma 1, we have

fs Elp - po)Se(p) dS, = /S Ep - po)3(9(p) - 9(p0)) dS,
- %(p(po) + )\/QE(p —po)doy - p(xo).

The Cauchy type integral (8) can be written in the following form:

- [0 -0)30) s, == [ E('-p)3(0p) - eton) S,

- /E(p’ - p)IdSy - (po). (13)

N

By the Pompeiu formula, we obtain

—ep +A/ E(p -p)doy, peQf,
Q

A/E(p/—p)dop/, peEQ.
Q

/E(p/ -p)dSy =
S

When p(€S) — po(€ S), using the method similar to one complex variable [12, 13], we can
show that

lim [ E(p'-p)3(e(p) - ¢po)) dSy = fsE(ﬁ - p0)3(e(p) - o(po)) dSy.

p=pro Jg

Moreover, by using the Holder inequality, it is easy to show that

lim | E(p' -p)doy = / E(p' - po)doy.

pP—=pP0 Jo Q

Thus letting p tend to po(€ S) from Q* and Q™ respectively in (13), we get
W (po) = —/SE(p’ ~p0)3(¢(P) — (o)) dSy + ¢(po) - X/QE(p’ ~po) doy - ¢(po)

1
= —/SE(P/ —po)3p(p) dSy + §<ﬂ(lﬂo),
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¥~ (po) = —/E(P/ -p0)3(e(p) — o)) dSy — A/ E(p' - po) doy - ¢(po)
s Q
1
= —/SE(p’ ~p0)3¢(p') dSy =S¢ (po).
This is (11), and (12) is easily deduced from (11). O

The following result follows directly from Theorem 3.

Corollary 1 Let Q2 be a bounded domain in R x C whose boundary is a closed smooth
surface S. ¢(t,z) is a complex vector function defined on the surface S, and ¢(t,z) € C,(S),
0 <« < 1. Then the Cauchy type integral (8) whose density function is ¢(t,z) is a Cauchy
integral if and only if (ty,z0) € S,

\I’_(t(), Z()) =0.

4 Operator Tof
Let f(t, z) be a complex vector function defined in a bounded domain 2 of R x C. Denote

Tof = /;ZE(p/ —p)f(p') doy, (14)

where

E(p -p) = —| -
PP = a4n [y - pl

(ot s (= (= s)ea (7 =) [0 7

+
P -pl*> |p-pPB

In this section, we shall get that if f(¢,z) € L,(R), then Tqf is a distribution solution of
the inhomogeneous equation

Du =f, (15)

and shall discuss some properties of the operator Tqf.
Similarly to the quaternion calculus [3, 17], we can obtain the following results.

Theorem 4 Iff(t,z) € L1(Q), then Tof exists for all (t,z) in the exterior of Q2. Beside Tof
is H, -regular in the exterior of Q and

Tof =0, (t,z)— oo.

Theorem 5 Let f(t,2) € L,(), then Tqf exists almost everywhere on R x C and belongs
to Lp(ﬁ*), 1<p< %, where Q- denotes any bounded domain in R x C.

p1(t,2)

wz(tz)) given on €, define

For complex vector functions f(t,z) = (ggz ), o(x) = (

(f’(p) = /;2(71(01 +172§02)d0’.
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When f(t,z) € Li(Q), ¢(t,2) € C°(RQ), it is easy to show that f(¢) = (f,¢) is a distribution
on C3°(€2).

Theorem 6 Let f(t,z) € Li(R). Then for any ¢(t,2) = ( #7)) € CF(),
(Tof ,D'e) = (f,9)
holds.

Proof From the equality (2), we get
/[U(D/V) - (UD)V]do = —/usws.
Q s

In the above equality replacing U, V by E'(p' — p) = D’(me‘wl‘”‘), u(p) respectively,

by using the method analogous to the proof of Pompeiu formula (5), we can derive the
Pompeiu formula corresponding to the operator D/, i.e., if u(t,z) € C(Q) N C(R), then

u(t,z) = /E’(p’ —p)i‘su(p/) dsy + / E'(p/ —p)D;/u doy, (t,z) € Q. (16)
s Q

Thus for any ¢(¢,z) € C5°(S),

@(t,2)=ToD'g = / E'(p'-p)D,¢do,
Q

holds.
In accordance with Theorem 5, Tof € L;(S2). Thereby by the Fubini theorem,

(Tof,D'¢) = (f, Ta(D'p)) = (f, ),
the desired result follows. O

Let complex vector functions f,g € L1(S2). If for any ¢(t,z) € C5°(2),

(@D'o) =)

then f is called a generalized derivative corresponding to the operator D of g. The deriva-
tive is denoted by f = (g)p. From Theorem 6 and the definition, (Tof)p =f.

Theorem 7 If a complex vector function g € C(2) and satisfies the equation Dg = f, then

@p=f.

This shows that if the complex vector function g is a classical solution of the equation (15),
then it is also a distributional solution of the equation.

Proof It follows by the definition and the divergence theorem. O
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Let a = (a1, a;) be a complex vector. The model of a is defined

MI'—‘

jal = (I + |aa]?) .

It is easy to show that

’a(tel + xey +_)163)| =

(a1,a,) (f ‘ )‘ = [(art + asz, a1z - art)|
z -

1
= [(lar]? + la2?) (£ + 121*)]? = lal|tey + xes + yes].

By using similar methods to those used when proving the Holder continuous of the
operator T in quaternion calculus [16, 17], we can prove the following theorem.

Theorem 8 Let Q be a bounded domain in R x C, the complex vector function f(t,z) €
Lp(ﬁ), p>3
(a) Forany ¢ e R x C,

|Taf €)| < Mp, Q)If Iz, 17)

where M(p, ) is a positive real constant depending only on p, Q.
(b) g(¢) = Tof (¢) satisfies

-3
8@) -g&)| <M OIfll, 10 -l a= ”7,41,;2 eRxC, (18)

where M(p) is a positive real constant depending only on p.
The inequalities (17) and (18) imply that Tqf is a compact mapping from L,(Q), p > 3
into Cp(Q), o = ’%3, and

p-3

1Tof lc,@ =<Mflle,, p>30a= e (19)

Proof (a) From the definition (14) of Tqf,

e M=t A 1 e M=t
—271. |§/_§-|V(§)| O-C/ |C/ C|2

| Qf' é‘/)|d0'{/ 211 +12.

Since

e M-l < 1

A =¢l

we have by Holder’s inequality

1

1 1 q
L < — doy ,
=2 (/Q K ‘”) Vi,

where }17 + % = 1. By hypothesis p > 3, we have g < % Letd =sup, g1t —¢'|,di = dist(z, Q),
namely d, d; denote the diameter of a bounded domain €2 and the distance between ¢ and
Q respectively.
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Ifreq,

1 . 1 i (And>\7
(Lemme) = ([ ememeer) = (55 )"
[¢' = ¢ 1c/-ci<d 18" = 1% 3-2¢q

IfzEQ,
1
q

1
1 1
T
di=lg'~g|=di+d 18" = 1%
4 d3-24 % d; 3-2¢q d, 3-2¢q ‘1—7
= =— 1+ = Y
G 103) () ]
And2a\
< .
a ( 3-2q )
The last inequality is immediate from

dl 3—2q dl 3—2q
0<<1+—> —(—) <1
d d

In fact, from 0 < B = 3 —2g <1, it is easy to see that the real function p(x) = (1 + x)? —xf is

1
(/ e da‘/)

a monotone decreasing function in [0, +00) and ©(0) = 0, so that 0 < pu(x) <1.

Let
1 (4md
Mi(p,Q2) = .
3-2q
Hence we obtain
L < Mi(p, )If Nz, - (20)
Noting
e M=t <,
thus
1 e~M'=¢l Lf( /)|d
]2 _— { Oy
Qle —¢P? ¢

1 1

1 1 7 1 [4nd?21\1
do, < —| — ,
(fsz 1g'—¢|™ UZ) Vs, = 4,,( 3-2q ) ey

< SME DI, (21)

The inequality (17) follows immediately from (20) and (21).
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(b) Without loss of generality, we may take |{; — ¢3| < 1. We write

A e Me'=¢l A (¢ = ¢)e M=l
=— | —f(doy - — | =—2"—F(c\dop

L[ @ =getl
iy w-p )

=a1(2) - &) - g(2),
where
¢ == (¢ = er+ (¥ ~x)er + (= )es

It is easy to see that (¢’ —¢)? = ¢/ - ¢ |
We have

|g1(§1)—g1(§2)|

L I B R e 51 et 3 R A DY

= — d /
4 /g = alle - ol f(57)do
A [&1 = &l@ + Al = &il) ,

<« = doyr.

—4an AR AR

Here we use the estimates
e Me-al <
and
el Rl <A |¢ - & - ¢ - | < Mo - gl

We get by Holder’s inequality

1

1 1 a
e M) oy = ([ ) ,
foie=ste=at©ase = ([ gr=gam doc) v

and

1

1 1 q
S MNdo, < /741 ) .
/Q|§'—§2|lf(§)| % <Q|c'—¢z|q oc | Wik,

Using the inequality
1 alag -6 P, 0<a,B<3,a+p>3,
/ﬁdﬁc/f
Q|§ _§1| |§_§2| Cy, Ofa,,B<3yOl+,3<3,

where ¢, ¢; are positive real constants, and noting g < %, we then obtain

€1(61) - @1(&2)| = M) I, |61 = 2ol (22)
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By simple computation we have

L)e M =al 4 (¢ — ) (e e -4l — gt =22y
(' =) =)

A _
@) - &2(5)] = E'/Q & £(¢) doy|,

and

g5(1) - &3(22)| = L‘/ { (1~ £al(61 = £2) + (&' = 8)(18" = &ol = &' = Ga) e
4m |Jo 18" = &llg" = 016" = )" = &)

(¢ = &) (e =01l — g=Hle'=tal) )
/ ] / ’ f(g ) dO’g-/ ‘
18" = 51(6" = 6)(&" = £2)
By using a similar method, we can obtain
©2(21) - ©2(82)| < MyD)IIf Il 11 — &2 (23)
and
lg3(21) - g3(0)| < MyIf Nz, 161 - &aI*. (24)
The required estimate then follows by combining the resulting inequalities. O

5 Some boundary value problems for H, -regular functions

It is well known that the Dirichlet problem for analytic functions w(z) in a bounded do-
main of the complex plane, boundary value of which is a given complex value function,
is overdetermined, thereby being unsolvable in general. In the theory of boundary value
problems for analytic functions, the boundary condition is replaced by Rew = r(¢), and a
more general problem is the so-called Riemann-Hilbert problem with boundary condi-
tion Re A(£)w = r(£). Analogously to this, the Dirichlet problem for H, -regular functions,
boundary value of which is a given complex value vector function, is also overdetermined,
and we have therefore to consider new boundary conditions. In this section, we introduce
and discuss some Riemann-Hilbert type boundary value problems for H, -regular vector
functions.

Let © be a bounded domain with smooth boundary S in R x C, 0 € Q. S satisfies the
exterior sphere condition, that is, for every point ¢ € S, there exists a ball B satisfying
BNQ = ¢. Qp denotes the transversal domain of  on the plane ¢ = 0, its boundary L = 92
is a closed smooth curve and the projection of every point of €2 on the plane ¢ = 0 is in 2.

We consider the following boundary value problems:
u1(¢,2)

Find a continuous solution u(¢,z) = (u2 (t2)

) of the equation
Du=f (25)

in Q, satisfying the boundary conditions

uls =@, (26)

ReA(D)u2(0,7)=r(z), T€L, (27)
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where ¢ is a given complex value function on S, ¢ € C(S), A(7) is a given complex value
function on L, A(t) # 0, T € L. r(t) is a given real value function on L, A(t), r(t) € C,,
0 < o < 1. This problem is called problem H of the equation (25), and « = %AL arg A(t) is
called index of the problem H.

When « = 0, if u satisfies the condition

Imu,(0,0) = a (28)

besides the above boundary conditions, where 4 is a real constant, then the problem is
called problem D.

In particular, when f = 0 in the equation (25), the above problems are namely the prob-
lem H and problem D for the H; -regular vector functions.

Lemma 2 Suppose complex value functions gi(t,z), g(t,z) € C(Q) N CHR). If gi(t,2),
8(t, z) satisfy compatible condition

0 0
A—— g1 = =&, (29)
ot 0z

then the following overdetermined system with respect to u(t, z)

d
Pk =g(t,2),

3 (30)
(A - 5>u =g(t,2)

has the general solution
u(t,z) = To,@ + ®(2)e" — F(t,2)e™, (31)

here ®(z) is any analytic function in Q,

1 t,
Tnoglz—;/Q al é“)dab
0

-z

! - 1 gZ(ErC)
_ 73
F(t’Z)_/O ¢ <2:li/l—‘ g_z dé‘) ds'

Proof Noting the compatible condition and that F(t, z) is an analytic function with respect

to z, using the Pompeiu formula [12], it is not difficult to verify by direct calculation that
u(t,z) expressed by (31) is the general solution of the system (30). a

As a special case of Theorem 6.13 in [4], we can derive the following result.
Lemma 3 If ¢ is continuous on S, then the Dirichlet problem with the boundary condition
wls=¢

for the equation (\*> — A)w = 0 in Q has a unique solution w(t,z) € C(Q2) N C:(Q).
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Similarly to harmonic function, we have the following result.

Lemma 4 For the Dirichlet problem of the equation (M2 — A)w = 0 in Q, Green functions
G(p,p') exist such that the solutions of the problem can be represented by G(p,p’), namely
we have

wip) = - /S wlp) 22 s, (32)

v

These Green functions G(p,p') are unique.

Proof Suppose functions w,v € C'(Q2) N C%(R). By Green’s second identity

d a
/(WAV— vAw)do = /(w—v - V—W> ds,
Q S av av

fQ{v[(x2 - A)w-w(3* - A)v]}do = /S(w5 - v5> ds. (33)

Let p be a fixed point in Q and B, (p) = {|p' — p| < ¢} be an open ball whose radius ¢ is so
small that B, (p) C Q. Write Q. = Q \ B,(p). Replacing v by ;- e];l:fl )

(33) in 2, and letting ¢ tend to zero, similarly to the proof of Theorem 1, we can derive

1 9 [eMP-pl =Mp'-plN g 1 -1 ~p|
W(p):—— |:W—(e/ )_<e/ )—W]d5+— 6/ ()\,2—A)Wd0.
4 Js| ov \ |p’ —pl P’ =pl) v 4r Jo Ip' - pl

using the formula

Thus when w € C1(Q2) N C%(R) and satisfies the equation (A2 — A)w = 0,

1 9 (e *P-rl —Ap'-plN §
Ww(p) = —— [W—(e : ) - (e : )—W} ds. (34)
4m Js ov \ |p' - pl lp'—pl) v

For a given p in ©, find g(p/, p) which satisfies the equation (A> — A)g = 0 in Q and the
1 eMpo'-pl
an " lp-pl

boundary condition g(p’,p) = on S. By virtue of Lemma 3, this g(¢',p) is ex-

. . . . ~31p/ -l
istential and unique. Write G(p,p’) = ﬁ elp‘iplp

(A2 = A)w =0 in €, from (33) we derive

—g(',p). When w satisfies the equation

Subtracting this from (34), we get

G
w(p) = —/Sw(p/)a ds,y .

A simple approximation argument shows that this formula continues to hold for w €
C(Q) N C3(R). O

With the aid of the methods of conformal mapping and standardizing boundary condi-
tion from complex analysis (see [12, 13]), we can map conformally €2 into the unit disk
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on the plane ¢ = 0, and transform A(7) in the condition (33) into 7¥. Hence without loss of
generality, we shall directly suppose that 2 is the unit disk B;(0) on the plane ¢ = 0 and
replace (27) by the following condition

ReT“uy(0,7) =r(t), 7t €L =0B1(0). (35)

Using these results, we can discuss the solvability of the problem H and the problem D

for the H, -regular vector functions and the equation Du =f.

Theorem 9
(1) If the index k > 0, the problem H for the H,-regular vector functions in S is solvable.
The problem has the general solutions V(t,z) = ( m(t’z)), with

Yo (t2)
A 0G
Y(t,2) = - / ¢(p) 5 dSy, (36)
S v
Va(t,2) = Ty 081 + P(2)e" - F(t,z)e", (37)
where
1 A 0 "
= - + — ’
&1 ) VAL
(tD=-22y
g2 ) = 82 1
1 2K+1T K d 2k
CI>(z)=——/ Lwda{+ ad ,fr(r)f+z—f+ ",
T o) 1-¢z 2wi Jp t-zt1 =

here ¢,,, m=0,...,k are arbitrary complex constants, satisfying

Co-m + T = 0.

(2) If the index k < 0, the problem H for the H,-regular vector functions in Q is solv-
able if and only if the function r(t) in the boundary conditions (27) satisfies the following

conditions
1 r(t) 1 e
R Py —d - « O, d :O,
e[Zm']L O n/El(O)C £(0,¢) ‘7:]
1 V(‘L') 1 —k—m—1 ——K+m-1—F——
= dr - — @0, 0,¢0)]do, =0,
Ti L-L—m+1 T ﬂ/;[g gl( §)+§ gl( C)] O¢ (38)
m=1,...,—k —1.

When the conditions (38) hold, the solution then has the same expression as (1), except that

—2k-1—F—~
¢(z>=—l/ a0, 1 )
T B1(0) 1

drt.

_é‘z ¢ ; Lm
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Proof IfV(t,z) = ( g;gj; ) is a H, -regular vector function, then W(¢, z) satisfies the equation

DV =0 which is equivalent to

%'#2 = _% <)" + %)wl :gl(trz):
P 3 (39)
(A - 5)% = —Za—z% =gt 2).

From Lemma 4, the function (¢, z) expressed in (36) is the unique solution of the
Dirichlet problem with the boundary condition (26) for the equation (A2 — A)w = 0 in
2, so that g1(¢,2), £&(t, z) satisfy the compatible condition of Lemma 2

ad 0
A—— &= =2 (40)
ot 0z

Consequently, ¥, (¢, z) can be given by the formula (37). Furthermore, ¥»(¢, z) expressed in
(37) satisfies the boundary condition (35) if and only if the analytic function ®(z) satisfies
the following boundary condition

Re7*®(7) =r(r) —ReT“ Tp (0@ (0,7), 7 €L (41)

By means of the results about the Riemann-Hilbert boundary value problem for analytic
function in the unit disk [13], we can derive the solvable conditions and the expression of
solutions. O

Corollary 2 The problem D for the H; -regular vector functions in Q2 has a unique solution,
and the solution is V(t,z) = (://gxz;) which (¢, z) is given by (36) and v, (t, z) expressed as
(37) where

1/ zg1(0,¢) 1 ( T+zdt
r
Bi(

D(z)=—— —d — — +i(a-ImT, 0,2)).
(2) oo 1-72 o+ 5 ' O+ i(a —1Im T, (0)g1(0,2))
Proof The result follows immediately from Theorem 9 and the results of the Dirichlet
boundary value problem for analytic function in the unit disk. O

Since the solution « of the equation Du = f can be expressed as u = ¥ + Tqf, where ¥
is any H, -regular vector functions in 2, if f € Lp(ﬁ), p >3, then Tof € C,(RQ), therefore

the problem H of the equation Du = f in 2 can be transformed into the problem H of the

Y1(6:2)

v t,z)) in © with the following boundary conditions

H, -regular vector function W(¢,z) = (

WI(t: Z) = (pl(tr Z) = go(t,z) - Tglzf) (t¢ Z) € S;
ReT“¢»(0,7) =ri(t) =r(r) —ReT" Téf, tel,

where
1 re~He'=¢l
Tof = —/{7
of ar Jo |§’—§|f1

A 1 '
_ <|;' b M,_“B)e—m I = i+ (2 —2) 2]}010{,,
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1 re He'=¢l
T = _/{7
of 4 Jo |C/—C|f2

) (Iz’ . : )e‘*”""[(? ~2)fi - (¢ ~1) 2]} doy,

—2 T o—¢P

1
namely Tof = ( ;2;) Using Theorem 10, we obtain the following result about the problem
H for the equation Du = f in Q.

Theorem 10 Letf € Lp(ﬁ), p>3.

(a) Ifthe index k > 0, the problem H for the equation Du = f in Q has the solution u(t,z) =
(¢, z) + Tqf, where the H, -regular vector function V(¢,z) is expressed as (a) of Theorem 9
with ¢1(t, z), n(t) replacing ¢(t, z), r(t) respectively.

(b) If the index k < O, replacing ¢(t,z) by ¢1(t,z), the problem H for the equation Du =

f in Q is solvable if and only if the function ri(t) satisfies the conditions (38). When the
conditions (38) hold, the problem then has the solution u(t,z) = V(t,z) + Tqf, where the H; -
regular vector function V(t,z) is expressed as (b) of Theorem 9 with ¢(t,z), r1(t) replacing
¢(t,z), r(t) respectively.

In the same way, we can obtain the result about the problem D for the equation Du = f
in Q.

Corollary 3 Suppose that f € L,(2),p > 3. The problem D for the equation Du = f in Q
has a unique solution u(t,z) = V(¢,z) + Tqf, where the H, -regular vector function V(t, z) is
expressed as Corollary 2 with ¢\(t,z), r1(t) and a; = a — Im Taf replacing ¢(t,z), r(t) and
a respectively.
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