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Abstract

Working in a weighted Sobolev space, a new result involving superlinear
nonlinearities for a quasilinear elliptic boundary value problem in a domain in R is
established. The proofs rely on the Galerkin method, Brouwer’s theorem and a new
weighted compact Sobolev-type embedding theorem due to V.L. Shapiro.
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1 Introduction

Consider the following quasilinear elliptic problem:

Mu=[hu+fxu)lp-G, x€9,

1
ue Hp,q,p(Q, ),

1.1)

where € is an open (possibly unbounded) set in RN (N > 1), A, is the first eigenvalue of £
((2.3) below), and M is a singular quasilinear elliptic operator defined by

-l

N I S
Mu == "Di[p} ®)p} ®)o; (u)o;* ()b;(x)Dju] + boooqu. (1.2)

ij=1

The nonlinear part f(x, #) in Eq. (1.1) satisfies certain superlinear conditions.

There have been many results for quasilinear elliptic equations under the conditions of
which the nonlinearities satisfy sublinear or linear growth in a weighted Sobolev space.
One can refer to [1-6].

However, there seem to be relatively few papers that consider the quasilinear elliptic
equations with superlinearity, because the compactly embedding theorem cannot be ob-
tained easily.

The aim of this paper is to obtain an existence result for problem (1.1). Our methods
combine the Galerkin-type techniques, Brouwer’s fixed-point theorem, and a new com-
pactly embedding theorem established by V.L. Shapiro in [7].

This paper is organized as follows. In Section 2, we introduce some necessary assump-
tions and main results. In Section 3, four fundamental lemmas are established. In Sec-
tion 4, the proofs of the main results are given.
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2 Assumptions and main results

In this section, we introduce some assumptions and give the main results in this paper.
Let ' C 992 be a fixed closed set (it may be the empty set) and p(x), p;(x), g(x) € C°(Q) be

weight functions. g(x) is nonnegative (maybe identically zero). Denote p(x) as the vector

function (p;(x), p2(%), ..., pn(X)).
Consider the following pre-Hilbert spaces

Q) = {u e c°(sz)‘ /Q u?p < oo}

with inner product (,v), = [ uvp, Vu,v € C)(R), and

u(x) =0,Vx e T}

Chpp (1) = {u eCoU(QNC*(Q)

N
/Q [Z \Diuu*pi + u*(q + p)} < oo}

i=1

with the inner product

N
(6, Vpgp = L(ZP:‘DMDL'V +(g+ p)uv) (2.1)

i=1

Vu,v e C,, ,(Q2) where Du = du j=1,..,N. Let L2(82) be the Hilbert space obtained

through the completion of Cg(Q) by using the method of Cauchy sequences with respect
1

(2,T) be the completion of the space C!_ (2,T)

_ 2 1
to the norm |lu|l, = (u,u);, arid H, o

P
with the norm [|u|,4,, = (1, u)54,p- Similarly, we may have > () (i = 1,...,N) and L().
Consequently, (2.1) may lead to
N
(U V)pgo = Y _(Dith; Div)p, + (1, V), + (1), (2.2)

i=1

Definition 2.1 For the quasilinear differential operator M, the two-form is

[T

Noyog 1
Mu,v) = /Q > pip} 07 ()0 (u)by(x)DuDyy + (boou ()i v),,

ij=1

Yu,ve H (Q,T).

P
For the linear differential operator,
N 11
Lu=- ZDi [pfpjz ai,-(x)Dju] + aogqu, (2.3)
ij=1
the two-form is

Ny
L(u,v) :/ Zpl?pjz a;(x)DjuDv + (aou,v)q, Yu,ve H;q,p(Q,F).
21

Page 2 of 10


http://www.boundaryvalueproblems.com/content/2012/1/90

Gao et al. Boundary Value Problems 2012, 2012:90 Page 3 of 10
http://www.boundaryvalueproblems.com/content/2012/1/90

Definition 2.2 (2,I") is a simple-V} region if the following conditions (V; —1)-(V, - 5)
hold:
(Vi — 1) There exists a complete orthonormal system {¢,}°; in Lf). Also, ¢, €

1 2 .
H}, ,(Q.T) N CXQ), Vn;

(Vi —2) There exists a sequence of eigenvalues {1,}52;, corresponding to the orthonor-

mal sequence {¢,}:°;, and satisfying 0 < A; <Ay < A3 <--- <A, — 00 as n — 00, such

that L(@, V) = kn(@n, V), Vv € Hy (2, T);

(VL -3) Q2= x -+ x Qy, where Q; CRisanopensetfori=1,...,N;
(VL — 4) For each p;(x) and p(x) in (V; — 1)-(V — 2), associated with each ; there
are positive functions pj(s), p;(s) € C°(;) satisfying [, [p}(s) + p}(s)]ds < o0, and p(x) =

pi(x1) - - P (), pix) = i (x1) - - - iy (xic)pF () pfy (ii1) - - - P (), for i =1,...,N;
(Vi -5) For each ©;, p?, pf (i =1,...,N), there exists h; € C°(Q;) OLZ%(Q,-) for2 <0 <oo
with the property

|(0)] < (@I Plpzpr, YO € CHQ),VEE R,
where [ @[, . = [, [P} ()| G2 1” + p; (@ (D)] d.
There are many examples to illustrate the Simple-V} region. One can refer to [7] and [8].

Remark 2.1 From (V} —3) and (V; —4), it is easy to see that p(x), p;(x) are positive and

/,o(x)dx<oo, /pi(x)dx<oo, i=1,...,N. (2.4)
Q Q

Definition 2.3 M is near-related to L if the following condition holds:

M(u,v) = L(u,v) _

i 0, uniformly for ||V, <1.
lzel . g,0 00 1l p.q,p e

We make the following assumptions concerning the operators M and L: a;(x) (i,j =
1,...,N) and ay () satisfy (so do b;;(x) and by (x)):

1) ao(x), ay(x) € COUQNL®(Q),i,j=1,...,N;
(2) a;j(x) = aj(x), YxeQ,ij=1,...,N;
(3) ap(x) = Bop >0 (bo(x) = 1 >0), Vxe (2.5)
@Y N ai@Es = cols? (0 biwEE = alg?),
Vx € Q,& € RN where ¢y > 0 (¢; > 0), [£[> = YN, 2.

It is assumed throughout the paper that o;(x) (i = 0,1,...,N) meets:

(o -1) 0;(u) :H;] o ,(§2,I") = R is weakly sequentially continuous;

(0 =2) 3no,m >0,s.t.no < 0i(u) <m,VueH,, (T).

f(x,s) meets the following conditions:

(f —1) f(x,s) satisfies the Caratheodory conditions;

(f — 2) (superlinear growth condition) There exists 8 with 2 < 6 < %, such that
[f(x,s)| <ho(x) +K]s|’, VseR, ae xeg,

where /1y (x) € LZ*(Q). K is a nonnegative constant and 6* = ;.
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(f — 3) There exists a nonnegative function ZO (x) € L?O*(Q) and a constant 8* > 0, such
that

sf(x,s) < —p*s|? +Z0(x)|s|, VseR, a.e.x € Q.

Remark 2.2 Observing that for N = 2, f(x,s) = —g(x)s|s|§ — B*s, where g(x) € C°(Q) N
L*°(Q) is a positive function, and meets both (f — 2) and (f - 3).

Now we state our main results in this paper.

Theorem 2.1 Assume that (2,T") is a simple-V| region, the operator M satisfies (o —1)-
(0 —2), and is near-related to the operator L, (2.5) holds for both M and L, f meets (f —1)-
(f-3),and G e [H,, (1)) (the dual of H, , (Q,T)). Then the problem (1.1) has at least

one nontrivial weak solution, that is, there exists a u* € H;,q, p(Q, ') such that

M(u*,v) = kl(u*, V)p + /S;f(x, u*)vp -G) VYveH! ().

2004

To derive out Theorem 2.1, we first discuss the problem in S,, which is the subspace of
H;, . p(SZ, I') spanned by ¢, ..., ¢,. Then by virtue of the Galerkin method, the results will
be extended to H, , ,(2,T).

3 Fundamental lemmas
In this section, we introduce and establish four fundamental lemmas. Lemmas 3.1 and 3.2
give two useful embedding theorems. Lemma 3.3 constructs some approximation solu-

tions in S,,. Lemma 3.4 studies the properties of the approximation solutions.

Lemma 3.1 ([7]) Assume that L is given by (2.3) and (,T") is a simple-V}, region. For
N > 2, then H} , (Q,T) is compactly imbedded in L}(Q) for V6 (2 < 6 < 2%); for N =1,

1 . . . 9
then Hp,q,p(Q, ") is compactly imbedded in Lp(Q)for VO (2 <6 <o0).

Lemma 3.2 ([7]) Assume that L is given by (2.3) and (Q,T") is a simple-Vy region. Then
H, . (Q,T) is compactly imbedded in L’ ().

Lemma 3.3 Let all the assumptions in Theorem 2.1 hold. Then for n > 2, there exists a
u, €S, such that

M(u,,v) = (kl — %)(un,v)p + /f(x, u,)vpo —Gv), VYvesS,. (3.1)
Q

Proof For fixed n (n > 2) and Vo = (ov,..., ) € R”, set u = Y ;_; ax@i. From simple-V;,

conditions, we obtain

n n
Lu)=Y ap,  lul2=Y af=lal, (3.2)
k=1

k=1

Ly 1) + [[ul|? < (o + D)l|ue] 2. (3.3)
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From (3) and (4) of (2.5), we have

N
L u) + [[u]): = co /Q > " pilDiul® + Bollull? + llull? = Uul?, (3.4)
i=1

where [ = min{co, By,1} > 0. Combining (3.3) with (3.4), we get

Ay +1
2 2 n
lally < Nl < =

2
lleell’;. (3.5)
For m > 2, a positive integer, we put

f(xy Wl), m=s;
Jn(%,8) = 1 f(x,5), -m<s<m; (3.6)

flx,-m), s<-m.

Note from (f —2) that |f,,(x,s)| < ho(x) + K|m|°~! for Vs € R, a.e. x € Q. Also, from kg (x) €
Lf)*, the Holder inequality, Minkowski inequality, and (2.4), for Vv € S,,, we get

[ utwsawol < Pl iy < Tl (37)
Q
where T, is a positive constant depending on .

The remaining proof is separated into two parts. The first part is to prove the claim (3.8)

for f,,(x,s). The second part is to get the conclusion by leaving m — oo based on (3.8).
Part 1. Fix m (m > 2). To show there exists u}, ,, such that

M(u,,,v) = (Al - %)(uf,m, v)p + /fm (%1}, )vo —G(), WveES, (3.8)
Q

we set

1
Fr(ar) = M(u, i) - (M - ;) (4, ox)p — /Qfm(x, werp + Gler), k=1,...,n

It is clear that ) ;_; Fi(c)ax = I(a) + II(c), where

(o) = M(u,u) — L(u, u) - /fm(x, u)up + G(u), (3.9)
Q
1
() = L(u,u) - <A1 - —)(u,u)p. (3.10)
n
For (3.9), observing the fact that the operator M is near-related to £, G € [H;, o L2, )],
(3.2), (3.5), (3.7), and Lemma 3.1, we conclude that
M) = L) _ L ol wupl Gl
|a|— 00 |Oé|2 o] —>00 |Qf|2 | =00 |Ol|2
and
()
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For (3.10), by (3.2), we obtain

n

1 1
I(a) = Z(xk — A+ ;>ag > ;|a|2. (3.11)

k=1

2
Consequently, > ;_; Fi(ot)ax > % where || > 5o (here sp is a large enough constant).

By virtue of the generalized Brouwer’s theorem [9], there exists y,,,, = (7/,1(,1,31, e y,f,",z,), such
that Fie(yym) =0,k =1,...,n Taking u}; = Y i y,E{(,Z,(pk, then (3.8) holds.
Part 2. We claim that {||«};, ,|l,}5;-o (7 fixed) is uniformly bounded according to .
Arguing by contradiction, without loss of generality, suppose that

wnl, =

lim 7 0. (3.12)

Taking v = uj, , in (3.8),

1
E(H;m, M:,m) - )‘l(ujt,m’ uz,m>p * ;(”;,m» u:,m),;

= /Qfm (x, uf,,m)u;m,o - G(”Z,m) + E(u’:,,m, uftm) -M (u’;m, u:‘,m) (3.13)

holds, that is,

n

—~ L.
;()‘k - Al)‘”n,m(k)}z + ; Hun,m Hf}

[ 10 = G+ £ ) = M), 1)

where 2, (k) = (o, 15 ,.) -
On the other hand, using (f — 3), for s > m, we have

Sfu(x,8) = % -mf (x, m) < Zo(x)|s|, ae xcQ. (3.15)

Similarly, we can also obtain the same conclusion where —m <s <m or s < -m. As a

result,

sfn(x,8) < ho(x)|s|, VseR, ae xeQ. (3.16)

(3.14) and (3.16) imply that

1 ~
. e, . ||i < ||h0||L%* Uy, ”Li’, + |Gy ,0) | + L( 18y ) — M (18] 00 18 ,)- (3.17)

Dividing both sides of (3.17) by ||ufl'm||fj and leaving m — 00, we obtain from the fact

that M is near-related to £,G € [H;,,q,p(Q, ny, Zo(x) € LZ*(Q), and (3.5) together with

Lemma 3.1 that % < 0. However, # is a positive integer. So, we have arrived at a contradic-
tion. (3.12) does not hold. Then

3K; > 0, | <K, Vm>2. (3.18)

-
nm |l p

Page 6 of 10
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(3.5) and (3.18) imply that there is a subsequence of {u}, , }77_, (for ease of notation take
the full sequence) and a u,, € S,, [10] such that

lim,,— 0o ||u:‘l,m —nllpgp = 0;
lim, 00 1, ,, (%) = uy(x), ae.x € (3.19)

limy,,_, oo Djut}; , (%) = Diuy(x), ae.x€Q,i=1,...,N.
Therefore, from (3.19), we obtain

lim M (uzm, v) = M(u,,v), VYves,. (3.20)

m— 00

And recall Lemma 3.1 that

lim / |, — un|9,o =0. (3.21)
Q

m—> 00

Moreover, there exists a W(x) € Lg and a subsequence {u*

n,m; ;’>=01
|M;k1,mj(x)| < W(x),a.e.x € Q forVj.

C {u}; )= such that

Since by virtue of the Holder inequality, (f — 1), (f — 2) and the Lebesgue dominated
convergence theorem, we get

lim/‘fmj(x,u;mj)vp=/f(x,un)v,o, YvesS,.
Q Q

Jj—00

Now replacing m by m; in (3.8) and taking the limit as j — oo on both sides of the equa-
tion, we consequently obtain that (3.1) holds and Lemma 3.3 is completed. 0

Lemma 3.4 Let all the assumptions in Theorem 2.1 hold. Then the sequence {u,} obtained

in Lemma 3.3 is uniformly bounded in H; (,T).

oy

Proof For {u,};°, CS, in Lemma 3.3, set u,, = Y ;_; Un(k)gx where %, (k) = (¢x, 1) .-
We suppose that Lemma 3.4 is false. Without loss of generality, suppose that

nll)rgo ltnllp,q,p = 0O (3.22)
To lead to a contradiction, taking v = u, in (3.1), then

Mt t6,) = (xl - %) (bt} + /Q e tn)itnpp — Glut). (3.23)

And we can get
1
1% = [ Fm0p + G|+ L)~ Mt (3.24)
Q

In view of G € [H!}

oD, (f = 3), and (3.24),

1 ~
<; + ﬂ*> luall?, < 1701l o= Nletnll g, + |G )| + Lt ) = My, ). (3.25)
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Dividing both sides of (3.25) by || u||§yq’ , and leaving n — 0o, from the fact that M is near-

related to ,C,Zo (x) € Lf)* and Lemma 3.1, we get

lim —elle (3.26)
n—>00 ”un”p,q,p
Apply (3) and (4) of (2.5) in conjunction with (¢ — 2) to show
N

Mty = cuno [ 5D+ ol (3:27)

S|
also, (1) and (2) of (2.5) to show

N

Clti) = Ko [ 3 pdDas, 4 Kalln 1 (3:28)
i=1

where K, and K3 are positive constants. Setting ¢, = min{c; 79, f110} and ¢z = max{K;, K3},
it is obvious ¢;,¢3 > 0. By (3.27) and (3.28), we conclude that

E—Zﬁ(umun) < M(up, uy). (3.29)
3

Using (3.29) and (f — 3), from (3.25), we obtain

Co ~
C_E(unrun) + B Nunll < Ml + 170l o= lletull g + |G(un)|. (3.30)
3
From (3.4), we get L(uy, ) + |l > Uluyll}, - Set ca = min{Z, B*}. It is easy to obtain
calllunll’,, < Malluall’ + A0l o= Nletnll g + |G(u4)|. (3.31)

Dividing both sides of (3.31) by ||u||12,yqyp and leaving n — oo, by (3.26), we get

el <0. (3.32)
So, we have arrived at a contradiction. Thus, there holds

lenllpgp < Ks, Vn>2andsomeK,>0. (3.33)
Lemma 3.4 is completed. d

4 Proof of Theorem 2.1

Proof Since H;, 4082, T) is a separable Hilbert space, from Lemma 3.1 and Lemma 3.2, we
conclude that there exist a subsequence of {1}, (which for ease of notation we take the

full sequence) and a function u* € Héyq_ ,(€2,T) with the following properties [10]:

lim |:||un—u*||p+/|un—u*|9,oi|:0; (1)
Q

n—00
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W' (x) € Lﬁ(Q) N L(;(Q), s.t. |un(x)| <W'(x), ae.xeQn>2; (4.2)
lim u,(x) = u"(x), aexe; (4.3)
n— 00

. * 2 .
nILTo(Diun, V)p; = <Diu ’V)p,-’ Yvel,,i=1...,N; (4.4)
Tim (14, v)q = (", v)q, Vvell (4.5)
lim G(u,) = G(u*). (4.6)

Let v; € S; where J > 2 is a fixed but arbitrary positive integer. In fact, for n > J, we have

N 11 1 1
M, vy) = M(u*,vy) = /Q > {p2p} o (un)o? (un)by(@)D;(un — u*) Div;

ij=1
11 1 1 1 1
+pi2pj2 [ajz (un)crj2 (un) - 052 (u*)a]z (u*)]b,j(x)Dju*Div]}
+ <b0 [oo(un)u,, - 09 (u*)u*], v;)q. (4.7)

Observing (1) of (2.5), (6 —1)-(o —2), (4.3)-(4.5) and D;v; € Lf,i, we have
lim M(u,,vy) = ./\/l(u*,v/). (4.8)

n—00

On the other hand, applying (f — 1), (f — 2), (4.2), (4.3), the Holder inequality, and the
Lebesgue dominated convergence theorem, we obtain that

lim | f(xu)vip = ff(x, u*)vp, ae xeQ. (4.9)
Q Q

n—00

Also, by (3.1), we have

M(uy,,vy) = (Al - %) (U V) p + /;zf(x, u)vip — G(vy). (4.10)

For (4.10), leaving n — o0, from (4.1), (4.8), and (4.9), we have

M(u*,vy) = Al(u*,vj)p + ff(x, u*)vip — G(v)). (4.11)
Q
Next, given v € H, . (2,T), we define a projection P;: H, . (R2,T) —> S, that s,
J
Py=> kg €S, (4.12)
k=1

where V(k) = (¢i,v),. It is easy to get limj_, « [|Pjv — V||,q,, = 0. As a result, there hold

limy_, oo M(u*, Pyv) = M(u*,v),
limy_, oo (u*, Pyv) , = (u*, ),

limy_, o [ f (% u®)Ppvp = [ f (x, u*)vp,
limy_, oo G(Pyv) = G(v).

(4.13)
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Replacing v; by P;v in (4.11), passing to the limit as / — oo on both sides, and using
(4.13), we can obtain

pq,p

M(u, v) = Al(u*, v)p + /Qf(x, u)vp-Gv), Vve H ().

Hence, the proof of Theorem 2.1 is complete. d
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