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Abstract

In this article, we present some new existence and uniqueness results for nonlinear
fractional integro-differential equations with m-point multi-term fractional order
integral boundary conditions. Our results are based on the Banach contraction
principle and Krasnoselskii's fixed point theorem.
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1 Introduction
Differential equations of fractional order arise in several research areas of science and
engineering, such as physics, chemistry, aerodynamics, electro-dynamics of complex
medium, polymer rheology, electrical networks, control of dynamical systems, etc. Frac-
tional differential equations provide an excellent tool for description of memory and
hereditary properties of various materials and processes. Some recent contributions to
the theory of fractional differential equations and its applications can be seen in [1-5].

Recently, many researchers have given attention to the existence of solutions of the ini-
tial and boundary value problems for fractional differential equations. There are some
papers that have studied the existence of solutions to boundary value problems with two-
point, three-point, multi-point or integral boundary conditions. See for examples [6—30].
However, to the best of the authors’ knowledge, there are only a few papers that consider
nonlinear fractional differential equations with nonlocal fractional order integral bound-
ary conditions, see [31-33].

In this article, we study the existence and uniqueness of solutions for the following non-
linear fractional integro-differential equation with m-point multi-term fractional order

integral boundary condition:

DAx(e) = (1, x(8), (¥"%)(2)), t€[0,T],q€(1,2], (L.1)
m-1 n;

#0)=0,  (T)=) > au[Pua]ly (1.2)
i=1 j=1
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where D7 denotes the Caputo fractional derivative of order g, [11"/'vix]|gi1 = [Phix](&) -
[IPx](&;-1), 1P/ is the Riemann-Liouville fractional integral of order p;; >0, =1,2,...,n;,
meN={1,2,..}i=12,....m-1,0=§p<& << <&ua<&ua1=T,f:[0,T] x X x
X — X, for¢:[0,T] x [0, T] — [0, 00),

1 t
(l/f"x)(t) = [1”¢x](t) = — / (t—s)" Lot s)x(s)ds, v>0,
r'(v) Jo
Epj'i+l—§pj'i+1
and ;; € R is such that Zl"i;l Z]":Ll oz,;,»(ﬁ) # T.Let (X, | - ||) be a Banach space

and C = C([0, T, X) denote the Banach space of all continuous functions from [0, T] — X
endowed with a topology of uniform convergence with the norm denoted by || - ||¢.

We note that if m = 2, then condition (1.2) reduces to the two-point multi-term frac-
tional integral boundary condition

%(0)=0,  K(I)=) au[Px|(T), meN={12,.}.
j=1

Ifn;=1,i=1,2,...,m -1, then condition (1.2) reduces to the m-point fractional integral
boundary condition

m-1

x(0)=0,  «(T)= Zal'i[m,ix] '

&
. 1.3)
i=1

Moreover, if py; =1 and o1, = @; for i =1,2,...,m — 1, then condition (1.3) reduces to the
usual m-point integral boundary condition

& & T
x(0) =0, x(T) =0 / x(s)ds + ay / x(8)ds + -+ + a1 / x(s) ds.
0 & Em—

In this case, the boundary condition corresponds to 71 —1 intervals of area under the curve
of solution x(¢) from t=&; 1 tot=§;fori=1,2,...,m—1.

2 Preliminaries
Let us recall some basic definitions [2, 4].

Definition 2.1 For a continuous function f : [0,00) — R, the Caputo derivative of frac-
tional order g is defined as

‘DIf(t) = F(%—q) /:(t —s)”‘q‘lf(”)(s) ds, n-l<q<mn=[q]+1,

provided that f")(¢) exists, where [g] denotes the integer part of the real number 4.

Definition 2.2 The Riemann-Liouville fractional integral of order g for a continuous
function f(¢) is defined as

I (¢) = %q) ./o (t-s)1"f(s)ds, q>0,

provided that such integral exists.
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Definition 2.3 The Riemann-Liouville fractional derivative of order g for a continuous
function f(¢) is defined by

o1 a\" [’ n-g-1 _
qu‘f)—w<m) [a-oreir0ds n-ta e,

provided the right-hand side is pointwise defined on (0, c0).
Lemma 2.1 (see [2]) Let g > 0, the general solution of the fractional differential equation
‘Dix(t)=0
has the solution
x(t) = ko + kot + kot? + -+ - + Ky t" 7L,
wherek; € R, i=0,1,2,...,n-1(n=[q] +1).
In view of Lemma 2.1, it follows that
I9°D%(t) = x(8) + ko + kot + kot + - - - + k1t (2.1)
forsomek; €R,i=0,1,2,...,n-1(n=[q] +1).
We state a result due to Krasnoselskii [34] which is needed to prove the existence of at
least one solution of the problem (1.1)-(1.2).

Theorem 2.2 Let M be a closed convex and nonempty subset of a Banach space X. Let A,
B be operators such that
(i) Ax + By € M whenever x,y € M,
(ii) A is compact and continuous,
(iii) B is a contraction mapping.
Then there exists z € M such that z = Az + Bz.

g+l ppiel
Lemma 2.3 Let ) ] Z 10 ;vl,(p—i]) #T,1<q<2. Then for h € C[0,T], the prob-
lem
‘Dix(t)=h(t), 0<t<T, (2.2)
m-1 n;
20)=0,  H(1)=D ay[Pix |§§ -, (2.3)
=1 j=1

has a unique solution

L [Ty
0= 7 /0 (t - 5)T1h(s) ds

t
B P/ﬁl p1L+1 / (T_S)q lh(s)ds

NS D B JLW)

Page3of 11
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3

-1 nj
t d Q)i

pj,i“ pj,ﬁl F([ﬂ )
£ — :
T(g)(T - Z Z %ITIEI)[ j=1 )i

§i s
_oWiil(¢ _ )41
X [‘/0 ./o (& = sy~ (s—r)T h(r)drds

&1 s
[ [ -t nrhe d’dS] (2.4)
0 0

+

1
—

Proof We may apply (2.1) to reduce (2.2) to an equivalent integral equation

x(t) = %q) /(; (t—5)T h(s)ds — co — crt, (2.5)

for some constants ¢y, c¢; € R.
From x(0) = 0, it follows that ¢y = 0. Taking the Riemann-Liouville fractional integral of

order p;; for (2.5), we get

[Il’i:ix](t) = F(;i) f (¢ —s)ypiit [%q) /Os(s -1 ) dr - cls] ds

P i+l

i1 1
F(p,l)r(q)/ /(t—s)” (s=r)T"h(r)drds - ClF(p,,+2)

On the other hand, for 0 < §&;_; <§&; < T, we obtain

[ex] = [,p,,ix] (&) - [7%](60)

&
F(p,, |:/ / & — s N s =) h(r) drds
§i1
- / / (&1 — )P~ (s — )T h(r) drr ds:|
0

pjitl bji+l
_ Cl(i).
I'(pji+2)

The second condition of (2.3) implies that

m-1 n;

L. & ps
r(q) 22 5 [/0 /o (&= 55 = ) h(r) dr ds
il

i=l j=1

_ / - / (s — 5P s — )T () drds]
m-1 n; p]l+l %_P/t"l
- Z ZOI/;< F(p + 2 )

i=1 j=1

I o
_Tq)/o (T -9)""his)ds— i T.
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Thus,
1 9 L
a= p“+1 p1,+1 (T h(S) dS
- e )
1 m-1 n; o
— p/,+1 17,; ZZF i
DT~ S5 S o)
§i s
X |:/ / (& — s)Pi (s — )17 (r) dr ds
o Jo
§i-1 s
- / / (&1 = )P (s = )T h(r) drds:|.
0 0
Substituting the values of ¢y and ¢; in (2.5), we obtain the solution (2.4). O

In the following, for the sake of convenience, set

m-1 n; %_P;ﬁl %_le*l
A=T- 0, 2.6
DTS e 26)
T4 Tq+1 T m-1 n; ItPji o qtPji
= + -—2: i——éi— 2.7)
I(g+1) |AT(g+1) Ahﬂjl "Tlq+pi+1)

We denote B(-, -) as the standard beta function such that

C(@'(b+1)

1
Bb+la)= | 1-s)"'ds=—"""""
b+1,a) /0( $)“ s’ ds Ta+b:])

3 Main results
Now we are in the position to establish the main result. Our first result is based on Banach’s
fixed point theorem.

Theorem 3.1 Assume thatf : [0, T] x X x X — X is jointly continuous and maps bounded
subsets of [0, T] x X x X in to relatively compact subsets of X, and ¢ : [0,T] x [0,T] —
[0, 00) is continuous with ¢y = max{p(¢,s) : (¢,s) € [0, T] x [0, T1}. In addition, suppose that
there exist positive constants Ly, Ly such that

(Hy) (& x(2), (b x)(2) = f (& y(8), D)@ < Lallx = yll + Loll(¥ %) = ("), for all ¢ €

[0,T], x,y € X,
(Hy) A =:(L+ Lﬁf"}‘ﬁ )2 < 1, where Q2 is defined by (2.7).

Then the problem (1.1)-(1.2) has a unique solution.

Proof We transform the BVP (1.1)-(1.2) into a fixed point problem. In view of Lemma 2.3
and (2.6), we consider the operator F : C — C defined by

E0 = / (= )7 (5,%(5), (%) 5)) s

t o )
_F@)/o (T = $)7Yf (s, x(s), (¥"x)(s)) ds

Page5o0of 11
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1

m-1
t a;;
" Al(q) Xl: = T(p)
& s
x [/o /0 (& = sy s = )T (r, x(r), (¥ ") (r)) dr ds

§ii1 s
- /0 /0 (i1 = i (s = )T (r,x(r), (W) (r)) dr ds],

for t € [0, T]. By setting sup,(o 77 lf (£,0,0) | = M, and choosing

MQ

"= (3.1)

we will show that FB, C B,, where B, = {x € C : ||x|| < r}. Then, for x € B,, we have

L ‘ _g)1! v
|Ex) @) | < F(q)/o(t $)T7H|f (s,(5), (v"x) () | s

T

" ()

T
fo (T = 5 f (s (5), (v°%) () | s

m-1 n;

T Qi
" 2 ;)

i=1 j=1

& s
X |;/ / (& = sy s =) |[f (rx(r), (¥ %) (7)) | dr ds
o Jo

§io1 s
- / / (i = 8 s = )T (rx(r), (v x) () | drds]
o Jo

IA

L ' _q)a-1 v _
) /O(t DT ([ (s, %(5), (¥'%)(5)) —f(5,0,0)| + [ £(5,0,0)|) ds

T T
- _o)a-1 v _
* |)‘|F(('I)/o (T = )7 (|[f (s,(5), (¥ %)(5)) = f(5,0,0)]| + |/ (s,0,0)]) s

m-1 n;

T a/,i Si s o j'i_l B B}

x (|[f (r (), (¥"x) () = £(5,0,0)|| + |f(s5,0,0)]||) drds

&1 S
- / / (&1 — s)Pi~Y (s — )17
0 0
x (If (rx(), (¥"%) (1) = £(5,0,0) | + | (5,0,0)]) drds}
< 1 Ly T t o
- F(q)[(L1+ r(v+1)>”+M]/O (t—s)T"ds
r L2¢0TU T .
" I)»II‘(LI)[(LIJr I‘(v+1)>r+M}/(; (T -s)7tds
T L2¢0TV
’ AT (q) [(Ll " v+ 1))r+M:|

m-1 n;

x> D r?;;,» [[f /Os(& — 5P s =)t drds

=1 j=1
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§i1 s
- / / (i — sl s —r) T dr ds]
0 0
Ly T" T1 T+
=((se r(v+1>)”M>[r(q+1> MRIXCESY
m-1 n;

i ‘1"‘17/1 q+pj,i B
|A|F(q+1)zzr(p,l Blg+1.pio) =6y B(q“’p"‘))}
i Lo T" T Tan
< ((w r(v+1>>”M>[r(q+1> MRCESY
A 39 e B [P P
Al <= S 1F(q+p},+1) T+ =

In the following, from (H;) for x,y € C and for each ¢ € [0, T], we have

|(Ex)(8) - Ey)(@) ||

L ! _ q-1 v _ v
“T@ /0“ Tf (s,%(6), (%) () — £ (5.9(6), (¥*9)(9)) | s

T r i ) v
+W / (T = 1 (s(5), (7)) — £ (55(6), (¥"9)(5)) | s

m-1 n;

Qi

mr ZZF@N)
& s

x [ [ [ =975 1200, (04) ) £ (2900, (079)0) | s
El

- / (61— 9P s = L [F (), (7)) — £ (r),(glx”y)(r))”drds}

Ly
<F@<h+ e D)W N?/“_WI”

LygoT” B
I?»IF(q) (Ll "To +1)>”x‘y”6/0 (T -s)*"ds

( 2¢’° )n —9
I)»IF Y

i i & s
" 12:1: 1 ((x;}li) |:/<; /o & — sy s~ )T drds

§io1 s
_ L _oWiil(¢ _ )41
[ [ G-spris=n drds]

LypoT"
<|(L Qllx — =Alx - .
_< 1+F(v+1)) Iyl = Alle=lc

By (Ha), A <1, therefore, F is a contraction. Hence, by the Banach fixed point theorem,
we get that F has a fixed point which is a unique solution of the problem (1.1)-(1.2). O

Our second result is based on Krasnoselskii’s fixed point theorem.

Page 7 of 11
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Theorem 3.2 Assume that (Hy) and (H,) hold with

If (&%), (v %) @) || < n(), (3.2)

Sorall (t,x,(¥"x)) € [0, T] x X x X, where n € L([0, T], R*).
Then the BVP (1.1)-(1.2) has at least one solution on [0, T].

Proof First, we choose
r= |l €2,

where 2 is defined by (2.7), and consider B, = {x € C : ||x|| < r}. On B, we define the oper-
ators S and U as follows:

(Sx)(¢) = %q) /0 = S)q_lf(s,x(s), (¥"x)(s)) ds

nj

_ t - aj,i
WO = 71 2 2

1
i=1 j=1

& s
L QWiiL(e _ )41 N
X |:/0 /0 (& = s s = )T (r,x(r), (V%) (r)) drds

§i-1 s
- / / (& — syt (s — r)q_lf(r,x(r), (¥'x)(r)) dr ds]
0 0

__t /T(T—s)q_lf(s x(s) (I/f”x)(s)) ds
AT(q) Jo o '

Now we shall show that S + U has a fixed point in B,. For x,y € B,, we have

1 t . T g 1
Sx+ Uyl < P t—s)"ds+ / Tosds
155+ U1 < il ( s [ =t ds o s [

m-1 n;

T aj,i
MFYN ) ZIZ )

Jj=1

& ps
L QWii~L(¢ _ )41
X |: /0 /0 & =W~ (s—r)T"drds
§ic1 s
_ o WiiL(¢ _ )41
/(; /0 (&is1—9) (s=7) drds:|)

< lulp<r.

Therefore, Sx + Uy € B,.
From assumptions (H;) and (H;) for x,y € C and for each t € [0, T'], we get that

| () (@) - (W)@ < Allx=yllc-

Hence, U is a contraction mapping.
Next, we show that S is compact and continuous.
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The continuity of f implies that the operator S is continuous. By using condition (3.2),
we have that S is uniformly bounded on B, as

llllp T4
[1Sx]| <~
(g +1)

Furthermore, in view of (H1), we define sup(, , (yv.))c(0,77x5, x5, IIf (&% (¥ %)) || = f,and con-
sequently we get

|(Sx)(22) - (Sx) (1)

_L " _ a1 v
w690, ()0

L i _ q—l_ _ q_1 v
T / (&2 =) = (1 = 9)T7) [ (5,2(5), (¥ ") (9)) || ds

o [ a0 (975 |

i

ﬁp(@ —-t)+t5 -],

which is independent of x. As ¢, — #, the right-hand side of the above inequality tends
to zero. So, S is relatively compact on B,. Hence, by Arzeld-Ascoli theorem, S is compact
on B,. Thus, all the assumptions of Theorem 2.2 are satisfied. As a consequence of Theo-
rem 2.2, we have that the boundary value problem (1.1)-(1.2) has at least one solution on
[0, T']. This completes the proof. O

4 An example
Example 4.1 Consider the following four-point multi-term fractional integral boundary
value problem:

x| (t—s’% e
(L‘+92 |x|+1 81

3 7)
‘D2x(t) = x(s)ds, te]0,3], (4.1)

x(0) =
7 (4.2)

S (3]} - s[rza][; + 2[12x] 3 - 3[124]

2

3
g[“x“(l)*

Setq=3/2,m=4,5=0,6=1,6=2,6&=T=3,m=2,p11=1/2,pr1 =3/2, 01, = 3/8,
a1 =—-2/5,n =1, p12=5/2, 012 =7/2,n3 =3, p13=1/2, pa3 = 3/2, p33 =5/2, a13 = =5,
Qs =2, 33 = =3, v = 1/2, ¢(t,5) = e /8L, f(t,x) = (L/(£ + 9)2)(xl/(1x] + 1)) + (¥ Zx)(E).
Since [f (£, (¥ 22)) ~£(t,5, (W 29)|| < (U8 [lx—yl| + | (¥ 2x) = (¥ 39)]|, then (H,) and (Hz)
are satisfied with

%)= - 1]} -

m-1 n; Ep/,ﬂ gp”+1

—ZZ o +i) ~11.80716 # 0,

i=1 j=1

Page9of 11
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o, e lmzl 3 aj i ~1.85722
Plg+D)  D@+D 4545 "Ta+pa+d

L1 =1/81,Ly =1, ¢g = €%/81, T" = /3, ['(v + 1) = /7 /2. We can show that

LygoT"
A=|L+ —|R~0.92300 < 1.
I'v+1)

Hence, by Theorem 3.1, the boundary value problem (4.1)-(4.2) has a unique solution on
[0,3].
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