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Abstract

In this paper, we study a class of fractional g-difference equations with
nonhomogeneous boundary conditions. By applying the classical tools from
functional analysis, sufficient conditions for the existence of single and multiple
positive solutions to the boundary value problem are obtained in term of the explicit
intervals for the nonhomogeneous term. In addition, some examples to illustrate our
results are given.
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1 Introduction

Fractional differential equations have attracted considerable interest because of its demon-
strated applications in various fields of science and engineering including fluid flow, rhe-
ology, diffusive transport akin to diffusion, electrical networks, probability [1, 2]. Many
researchers have studied the existence of solutions (or positive solutions) to fractional
boundary value problems; for example, see [3—10] and the references therein.

The early work on g-difference calculus or quantum calculus dates back to Jackson’s
papers [11], basic definitions and properties of quantum calculus can be found in the book
[12]. For some recent existence results on g-difference equations, we refer to [13-15] and
the references therein.

The fractional g-difference calculus had its origin in the works by Al-Salam [16] and
Agarwal [17]. More recently, there seems to be new interest in the study of this subject and
many new developments were made in this theory of fractional g-difference calculus [18—
22]. Specifically, fractional g-difference equations have attracted the attentions of several
researchers. Some recent work on the existence theory of fractional g-difference equations
can be found in [20, 23-31]. However, the study of boundary value problems for nonlinear
fractional g-difference equations is still in the initial stage and many aspects of this topic
need to be explored.
© 2013 Zhao et al, licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
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By using a fixed-point theorem in a cone, M. El-Shahed and F. Al-Askar [25] were con-
cerned with the existence of positive solutions to nonlinear g-difference equation:

cDgu(t) + a(t)f (u(£)) =0, 0<t<l,2<a <3,
u(0) = D2u(0) =0, aDgu(1) + bD2u(1) = 0,

where a,b > 0 and ¢Dj is the fractional g-derivatives of the Caputo type.
In [27], Graef and Kong investigated the boundary value problem with fractional g-

derivatives

(Dgu)(t) +f(tu()=0, O<t<lLn-l<a<mnneN,
(Diu)(0)=0, i=0,...,n-2, bD,u(1) = 3", aDyulty) + 4,

where A > 0 is a parameter, and the uniqueness, existence and nonexistence of positive
solutions are considered in terms of different ranges of A.

By applying the Banach contraction principle, Krasnoselskii’s fixed-point theorem, and
the Leray-Schauder nonlinear alternative, Ahmad, Ntouyas and Purnaras [29] studied the
existence of solution for the following nonlinear fractional g-difference equation with non-
local boundary conditions:

(cDgu)(t) =f(t,u(?)), 0<t<ll<a<2,
a1u(0) — b1Dyu(0) = c1u(n1), axu(1) + byDgu(l) = cou(ns),

where ¢Dy is the fractional g-derivative of the Caputo type, and a;, b;,¢;, 1; € R.
Recently, in [32], the authors investigate the following singular semipositone integral
boundary value problem for fractional g-derivatives equation:

(Dgu)(t) +f(tu()=0, te(0,1),2<a <3,
u(0) = (D,u)(0) = 0, u(l) = /Lfol u(s) dys,

where 0 < u < [a]g, D is the g-derivative of Riemann-Liouville type of order o, f : [0,1] x
(0, +00) — (—00, +00) is continuous and semipositone, and may be singular at « = 0.

Since finding positive solutions of boundary value problems is interest in various fields
of sciences, fractional g-calculus equations has tremendous potential for applications. In
this paper, we will deal with the following nonhomogeneous boundary value problem with
fractional g-derivatives:

(Dgu)(e) +f(t,u(8)) =0, t€(0,1),

11
u(0) = (Du)(0)=0,  y(Dyu)(1) + B(DFu)(1) = 4, “
where g € (0,1), 2<a <3,y >0, >0, and A is a parameter, Dy is the g-derivative
of Riemann-Liouville type of order «, f : [0,1] x R — R is continuous. In the present
work, we gave the corresponding Green’s function of the boundary value problem (1.1)
and its properties. By using the generalized Banach contraction principle and Krasnosel-
skii’s fixed-point theorem, the uniqueness, existence, and multiplicity of positive solution
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to the BVP (1.1) are obtained in term of the explicit intervals for the nonhomogeneous
term. Our results are different from those of [25, 27].

2 Preliminaries on g-calculus and lemmas
For the convenience of the reader, below we cite some definitions and fundamental results
on g-calculus as well as the fractional g-calculus. The presentation here can be found in,
for example, [12, 18, 20, 22].

Let g € (0,1) and define

The g-analogue of the power function (a — b)” with n € Ng :={0,1,2,...} is
n-1
(a-b)0 =1, (a-b)" l_[a bq neN,a,beR.
k=0
More generally, if « € R, then

0 k
(@-b) =aT] azba o, @.1)

_ a+k
o @ bq
Clearly, if b = 0, then a® = a*. The g-gamma function is defined by

=g FERUOL-2.)

and satisfies I'y(x + 1) = [x],T4(x).
The g-derivative of a function f is defined by

_flgx) —f (%)

(Dyf) () @ —Dx

L DO = (D)),
and g-derivatives of higher order by

(DY) ) =f(x),  (Dif)®) =Dy(Dy7f)(x), neN.
The g-integral of a function f defined in the interval [0, b] is given by
X o0
(Lf) (%) = / f®)dgs=x(1-q) ) f(xq")q", x€[0,b].
0 k=0
If a € [0,b] and f is defined in the interval [0, 5], then its integral from a to b is defined by

fﬂ bf (s)dys = /0 bf (s)dgs — /0 “(s) dys.

Similar to that for derivatives, an operator Ij] is given by

BN ®) =f@),  (2f)®) =L (II7f)@), neN.

Page 3 of 16
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The fundamental theorem of calculus applies to these operators I, and D, i.e.,

(Dglyf)(x) = f (%),

and if f is continuous at x = 0, then
(UgDgf )(x) = f (x) = £ (0). (2.2)

The following formulas will be used later, namely, the integration by parts formula:

fof(S)(Dqg)(S)qu=[f $)g()]. /(qu g(gs) dys,

and
[a(t - 9] = a%(t- )@, (2.3)
Dyt =)@ = [a] (£ —5)*7Y, (2.4)
Dyt —5)@ = ~[a] (£ - gs)@ 7, (2.5)
(xDq / f(x,s) dqs) (%) = / «D,f (x,5) dgs + f(qx, %), (2.6)
0 0

where ;D, denotes the derivative with respect to the variable .

Definition 2.1 Let « > 0 and f be a function defined on [0, 1]. The fractional g-integral
of Riemann-Liouville type is (Igf )(x) =f(x) and

/x(x - qs)(""l)f(s) dgs, o>0,x€(0,1].

o B 1
(qu)(x) - Fq(a) o

Definition 2.2 The fractional g-derivative of the Riemann-Liouville type of order & > 0
is defined by (D)f)(x) = f(x) and

(Def)(x) = (DI F) (%), a >0,
where [«] is the smallest integer greater than or equal to «.
Lemma 2.3 ([20]) Assume that o« > 0 and a <b < t, then (t —a)® > (t - b)@

Lemma2.4 Leta,B > 0 andf be a function defined on [0,1]. Then the following formulas
hold:

(1) UF1A)) = U f)(w),

2) (DAIF)() = £ ().

Lemma 2.5 ([20]) Let o > 0 and n be a positive integer. Then the following equality holds:

n-1 a-n+k

(D) @) = (DU ) ) = 3

= Fgla+k-n+1)

(D4 ).
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Lemma 2.6 ([22]) Let o € RY, A € (-1, +00), the following is valid:

r,(A+1)
L(t-a%)= ————(@t-a)*?, 0 t<b.
q(( %) ) Fq(oz+)\+1)( @) <asts

Particularly, for A = 0, a = 0, using g-integration by parts, we have

. . Dy (¢~ 9))
D )/ a9y = q(a)/ o,

1 @ 1l
B Fq(a+1)f Dy ((t =) )d”s_rq(an)t '

Obviously, we have fot (t—gs)“Vdys= @t(“), and

t t D, ((1- (@)
f (1 _qs)(a—l) qu — f q(( S) )qu
0 0

_[a]q

1 NN g (1@
[a]q/OSDq((l $)) dys [a]q[l 1-0].

In order to define the solution for the problem (1.1), we need the following lemmas.
Lemma 2.7 For given y € C[0,1], the unique solution of the boundary value problem
(D‘;u)(t) +9()=0, te(0,1),2<a <3, (2.7)

subject to the boundary conditions

u(0) = (D,4u)(0) = 0, y(Du)(1) + ﬁ(Dju)(l) =A, (2.8)
is given by
! Agel
u(t) :/ G(t,gs)y(s)dys + , (2.9)
0 P e — 2Pl — 1],
where
y 11 (1-5) @D 4 [0-2] 4 121 (1-5) @) (p_g)l@-1)
- 0<s<t<l1
_ (y+la=2]g8)T4(e) Ty(a) =2 =t=5
Gt:8) = ) 1))y gy, 1 (1g)e) ‘ (2.10)
(

y+la=2]gB)y(e) ’

Proof Since 2 < a < 3, we put n = 3. In view of Definition 2.1 and Lemma 2.4, we see that
(Diu)(t)=—y(1) & (LD u)(0) = —(I2y) ().
Then it follows from Lemma 2.5 that the solution u(¢) of (2.7) and (2.8) is given by

t t— a-1
u(t) = Clta—l n C2ta—2 +C3ta_3 _/0 %y(s) dqs, (2.11)
q

for some constants ¢, ¢y, c3 € R. From ©(0) = 0, we have ¢3 = 0.
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Differentiating both sides of (2.11) and with the help of (2.4) and (2.6), we obtain,

" a - _gs)@2)
(un)(t) = [Ol - l]qclta_z + [a _ Z]qcztoz—B _/ [O[ l]q(t qs)

0 Fgle) y6) s,

and

(D2u)(8) = [ = 1]yl = 204127 + [o = 2] e = 3] gept* ™

o —1glor = 2]4(2 — gs)@ )
Fq(a)

y(s)dgs.

Then by the boundary condition (D,#)(0) = 0, we get ¢, = 0. Using the boundary condition
v (Dgu)(1) + B(DZu)(1) = 1, we get

1
Y +[a-2],8

1- qs)"‘ -2) o —2],(1 - gs)@® A )
( / )dgs + ,3/0 I y(s)dys + =1, .

Hence, we have

=

~ ta—l 1 (1 _ qS)(oz—Z)
= a8 <y ), Ty 9%
2],(1 - gs)@? (t- qS) o-1)
+,B/ I y(s)dys + B l]q) / y(s)dys
At

= ) d ‘
/0 G(¢,gs)y(s) dgs + (v +la=2];8)[x-1],

This completes the proof of the lemma. O

Lemma 2.8 The function G(t,s) defined by (2.10) satisfies the following conditions:
(i) G(t,gs)=0,and G(t,gs) < GQ,qs) forall0 <t,s<1.
(i) G(t,qs) > t*1G(,gs) forall 0 <t,s <1.

Proof We start by defining the following two functions:

yte (1 - 5) @ 4 [ - 2], Bt (1~ 5)@ D

&)= (o + [« -2, @ r Ost=ssh
_ ¢)(a-1)
gz(t,s)=g1(t,s)—%, 0<s<t<l.

Obviously, g1(¢,¢qs) > 0. Now £,(0,¢s) = 0, and for ¢ # 0

Yt (1 - gs)@? + [a — 2], pt771(1 — gs)@ ¥ _ (t —gs)@ ™V
(V + [o - Z]qﬁ)rq(a) Fq(a)
Uy (- g9) @2 + [ - 2],80 - g9)* ) = (v + [ - 2],8)1 - ¢5)@D)
(y + o —2],8)T ()

gz(t’ qs)

Page 6 of 16
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_ T 1-g9 P 4 [0 - 204B(L— g9V — (v + [ = 2]4B)(1 - 49"
- (v +[a=2];B)l¢()
£y (- g9“ ™ — A - g5)™) + [a - 2],8((A - g5)“> — (1 - g5)“ )
(v + [ = 21B)T (@)

>0.

Therefore, G(t, gs) > 0.
Moreover, for s € (0,1], it follows from (2.4) and Lemma 2.3 that
[a—1],
(v + [a =2]4B) (@)
— (v + [ =2],B)(t - g9)?)
- [a - l]qt,‘o"2
Ty + o =2]gB) ()
— (v +le=2],8)1-g9"“?)
_ [a —1]4[a - 2],1,315"“2
(V + [ - 2]qﬁ)rq(a)

Dyga(t, qs) = (vt (1 - q9) ™ + [ - 2], Bt 21 - gs)*™®

(y1-g9)*? +[a-2],801 - gs)*?

(1-g5)“ - (1-gs)*?) >0,

which implies that g, (¢, gs) is an increasing function with respect to ¢. It is clear that g1 (¢, gs)
is increasing in t. Therefore, G(¢, gs) is an increasing function of ¢ for all s € (0,1], and so
G(t,gs) < G(1,gs).

When 0 <t <gs <1, then

_ vt (1-g9) P + [0 - 2], Bt (1 - gs)

G(t, gs) (y + [ —2],8)Ty(a)

< G(gs,gs) < G(1,gs).

Finally, we prove part (ii). When 0 < gs <t <1, we have

G(t,gs)
G(1,gs)
_ vt (1-g9)" P + o - 2]y Bt (1 - g5) P — (y + [~ 2]4B)(t — g5) Y
v g9)@ D+ [a - 2]B(1 - g5) D) = (y + [a - 2],8)(1 - gs)©@ D
_ (=g + o= 2], BN (1 - )Y — (v + [0 - 2]y B)e (1 - gs) Y
y(1—-gs) @ + [a - 2], (1 - gs5) ) — (y + [« - 2],8)(1 - gs)@

_ ta—l

If 0 <t < gs <1, then we have

Glt.qs) _ vt (11— gs) > + [ - 2], A2} (1 - gs)*
GLgs) y(1-gs)@? +[o—2],80-gs)®3) —(y + o —2],8)(1 — gs)*D
L (- g9 4 [0 - 20,801 g9 — ( + [ - 2], )1 - g5) )]

y(L=q9)@ + [o = 2] B(1 - g5) = — (y + [o = 2]4B)(1 ~ gs)*~V
— ta—l

’

which implies that part (ii) holds. This completes the proof of the lemma. d
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Remark 2.9 If welet 0 <7 <1, then

m1n G(t,gs) > t*7'G(l,gs), forse[0,1].

telr,1]

According to [20], we may take T = 4", n € N.

3 The main results
Let X = C([0,1]) be a Banach space endowed with the norm ||u| x = maxo<;<1 |#(t)|. Define
theconePC XbyP={ueX:u(t)>0,0<t<1}.

Define the operator T : P — X as follows:

Aot

1
(Tu)(¢t) = /0 G(t, gs)f (s, u(s)) dys + TR (3.1)

Theorem 3.1 Assume that f : [0,1] x [0, +00) — [0, +00) is continuous and there exists a
nonnegative function h € C[0,1] such that

[f(t, u)—f(t, v)| <h(t)lu-v|, te€l0,1],u,vel0,+00). (3.2)

Then the BVP (1.1) has a unique positive solution for any A € (0, +00), provided

(v + [a = 2]4B)lg(e)
5 .

1
/ Sy (-9 + [ = 2080 - g5) V) ls) dys < (3:3)
0

If, in addition, f(¢,0) % 0 on [0,1], then the conclusion is true for A = 0.

Proof We will show that under the assumptions (3.2) and (3.3), T™ is a contraction oper-
ator for m sufficiently large.
By the definition of G(t, gs), for u, v € P, we have

|(Tu)(2) - (TV)(®)]

1
< /O G(t, qs)[f(s,u(s)) —f(S, V(S)) | dgs

- /1 My (1-g9)™ + [ = 2],8(1 - g9)“ ™)
~Jo (v +[a =2]4B) ()
ey
C(y + [ = 2],B)Ty(a
) Ayre!

(v +[a-2]B)Ty (@)

h(s)dgs - lu—vllx

1
) /0 (1= g9 + [~ 2,B(1 - g9 ) (s) dys

llue = vlix,

where A = fol(y(l —qs) @ 4 [a - 21,81 - qs) @~ h(s) dygs.
Consequently,
1
|(T2u)(t) - (T2v)(t)| < /0 G(t, qs)[f(s, (Tu)(s)) —f(s,(TV)(s))|dqs

Aqllu—viix
(v +le-2],8)T

a -1
@ / (t,g5)s* " h(s) dys
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At Hlu - viix

1
o—1 1-— (@=2)
§<V+[a—21qﬂ>2[rq<a>]2/os (v -as

+ [ = 21,81 — g5)“ ") h(s) ds

- ArAat” = v
T (y +[a - 21,82, @) X’

where Ay = [ 5% (y (1 - g5)@ 2 + [a — 2],B(1 - g5) ) h(s) dys.
By introduction, we get

m m AIAgnilta_l
() O = (") = (o
From the condition (3.3), we have
ALY A [ A, r
(v + [ =2],B)"[Ty@)]” — Ay | (v + o = 2]48)Ty(e)

IA

A1V
~ ()
1
E’

for m sufficiently large. So, we get

I(T"u) (@) - (T™) @) ], < % llu—vllx.

Hence, it follows from the generalized Banach contraction principle that the BVP (1.1)
has a unique positive solution for any A € (0, +00). If A = 0, then the condition f(t,0)
0 on [0,1] and Lemma 2.8 imply that u(¢) > 0 in (0,1]. This completes the proof of the

theorem.

Remark 3.2 When /(t) = hj is a constant, the condition (3.2) reduces to a Lipschitz con-

dition.

Our next existence results is based on Krasnoselskii’s fixed-point theorem [33].

Lemma 3.3 (Krasnoselskii’s) Let E be a Banach space, and let P C E be a cone. Assume 24,
Q2 are open subsets of E with 0 € €24, Q1 C Qandlet T:PN(\Q) - Pbea completely

continuous operator such that, either
@) 1 Tull = ull, v € PN 02 and || Tu|| < ||ull, u € PNy, or
(2) N Tu| < |lull, u € PNy and ||Tu|| > ||ull, v € PN IQ,.
Then T has at least one fixed point in PN (2:\21).
Define a cone K C X by

K={ueX:u(t)>0,ult)>t"ul,t€[0,1]}.

Obviously, K is a cone of nonnegative functions in X.

Page9of 16


http://www.boundaryvalueproblems.com/content/2013/1/103

Zhao et al. Boundary Value Problems 2013, 2013:103 Page 10 of 16
http://www.boundaryvalueproblems.com/content/2013/1/103

Lemma 3.4 The operator T : K — K is completely continuous.

Proof Firstly, we prove that T(K) C K. By (2.9) and Lemma 2.8, we have

1 )\ta_l
| Tue|| = 52?31{/0 G(t, qs)f(s,u(s)) dgs + O rla=2,Pe -1, }

A
(v +lo=2]B)e -1,

1
E/ G(L gs)f (s, u(s)) dys +
0

On the other hand,

A
y+la _2]qﬂ)[0‘ _l]q

1
(Tu)(t) > 27! </ G(l,qs)f(s, u(s)) dgs + ( ) > (%7 Tul.
0
Hence, we have T'(K) C K.
Next, we show that 7 is uniformly bounded. For fixed r > 0, consider a bounded subset
K, of K defined by K, = {u € K : ||u|| <r,r>0},and let M = maxo<,<, |f (¢, u)| + 1. Then for
u € K,, we get

[(Tu)(8)| < /IG(t,qs)[f(s, u(s))| dys + Aee
“Jo Ty + e -21B) e -1,
! A
< M/O G(1,gs)dgs + O T =21, < +00,

which implies that T'(K;) is bounded.
Finally, we show that T is equicontinuous. For all ¢ > 0, setting

5 - mi g 1/¢ =
-3 (o)

where

_ My + o = 20g) + ATy )
0+ o~ 20 AT @l 1],

For any u € K, we can prove that if £;,£, € [0,1] and 0 < £, — £; < §, then
[(Tu)(t2) - (Tw)(t)| < &.
In fact, we have

|(Tu)(t2) - (Tu)(t1)|
A -6

(y +[a-2],8)a -1,
A - 57)

(y + [ =218 -1,

1
5/ |G(t2,95) — G(t1,g5) |f (5, u(s)) dgs +
0

1
<M [ [6(t2,05) - Glt,9| s +
0

f 2
< M(/ |G(t2, qs) — G(t, qs)| dys + / |G(t2,qs) - G(t, qs)| dys
0 3
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At -7t
(V +[a - z]qﬂ)[a - l]q
M (/“ y(1—g9)@? + [ —2],8(1 - gs) @
0

1
+/ |G(t2,qs) - G(tl,qs)|dqs> +
2

ta—l _ tot—l d
= Y +[a-2],8 [y(a) (& 1) dgs
ty 1— (-2) -2 1-— (a-3)
.\ / y(L—gs)* " + [ — 2]B(1 — gs) (-~ ) d s
t Fq(a)

1 1— (@=2) ) 1— (@-3)
+ [2 )/( qS) +1[:);(a) ]q,B( qS) (tg,l _t(llil) dqs)
. A -5
(v + [a -2];8)[a -1],
M- ! (@-2) (@-3)
R /0 (y(1-gs) + o —2],B(1 - g5)* V) dys
. 2]
(y + [a -2];B)[a -1],
_ M(V + [a _Z]qﬂ) + erq(a)
(¥ + [a = 2]4B)Ty(@)[e — 1],

=o(™ -67).

(8-

(57 -6

If§ < <ty <1, then

(Tu)(62) - (Tu)(®)] < (857~ 7)) < e = Dtz ~ 1) < (e~ 1)5 <.
If0 <t <6, ty <26, then

|(Tu)(t) — (Tw)(8)| < (887 = £27Y) < 027! < 0(28)* ! <6

By means of Arzela-Ascoli theorem, T': K — K is completely continuous.
For the sake of convenience, we introduce the following weight functions:

¢(r) = max{f (¢, u(t)) : (t,u) € [0,1] x [0, 7]},

o(r) = min{f (£, u(t)) : (t,u) € [t,1] x [t 'r, 7]},

and set

1 a 1 a
lz(/(; G(l,qs)dqs> , Lz(r"“1/r G(l,qs)dqs) . N

Theorem 3.5 Suppose that there exists two positive numbers & < &, such that one of the

following conditions is satisfied

(H) ¢(&) > &1L, ¢(&) < L&
(Hz) ¢(&1) < L&, 9(&) = &L

Then the BVP (1.1) has at least one positive solution u* € K, such that & < ||u*| < &, for
A€ (0, %&]. If, in addition, f(t,0) % 0 on [0,1], then the conclusion is true for
A =0.


http://www.boundaryvalueproblems.com/content/2013/1/103

Zhao et al. Boundary Value Problems 2013, 2013:103 Page 12 of 16
http://www.boundaryvalueproblems.com/content/2013/1/103

Proof Because the proofs are similar, we prove only the case (H;). Denote Qg = {u € X :
lull < &}. Then forany u € K N9k, , we get ||ul = &,0 <u(t) <&,0 <t <1l,and t% & <
min, <;<; % u| < u(t) < ||lul| = &, T <t <1. By assumption (H;), we have

ftu)=p&E)=&5L, T<t<l

In view of (2.9) and Lemma 2.8, we have

) 1 )\t(x—l
17t > i [ 600 o) o |

1
> Tl’;lti;ll /o G(t, qs)f(s,u(s)) dgs
1
> r“’lf G(1, qs)f(s, u(s)) dgs
1
> go-t / Gl g8)dys - &1L = & = lull.

On the other hand, define Q¢, = {u € X : ||u|| < &}. Forany ¢ € [0,1] and u € K N 0%2,,
we have ||u]| =& and 0 < u(t) <&, 0 <t <1. Thus,

fltu) <¢&) < éfzf for0<t<1,0<u<é.

It follows

1 )»ta_l
= ?aﬁ{/o G AW o) des 6 o =2 a1, }

A
(v + o =2]B)a - 1],

1
l
< / G(l,gs)dys - =& +
0 2

[, & & &
<['.Z < Z 4+ Z = ul.
< 2§2+2<2+2 llll
By Lemma 3.3, the operator T has at least one fixed point u* € K N (R, \ Q¢ ), and & <
llu*|| < &. Since u*(t) > t*7Y||u*|| > £t*1 > 0,0 < £ < 1, then, the solution u* is positive for
A > 0. As in the proof of Theorem 3.1, u*(t) is a positive solution for A = 0. This completes
the proof of the theorem. d

Theorem 3.6 Suppose that there exists three positive numbers & < &, < s such that one of
the following conditions is satisfied

(H3) ¢(&) > &1L, (&) < 162, 9(&3) > &1L;
(Ha) ¢(&1) < L&, 9(&2) > 6L, ¢(&3) < L&

Then the BVP (1.1) has at least two positive solutions uj,u; € K such that & < ||uf|l <
& < llusll < & for & € (0, L2 g1 17 iy addition, f(£,0) # 0 on [0,1], then the
conclusion is true for A = 0.

Proof We prove only the case (Hy). Since ¢ : [0, +00) — [0, +00) is continuous and ¢(&;) >
& L, there exist two positive numbers 1y, 17, such that & < m <& <y <& and (1) > mL,
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@(n2) = L. Thus, it follows from the assumption (Hy) that

l l
o) < Eslr e(m)=mL, and @(n2) =L, o(&) < 5§3~

From Theorem 3.5, the operator T has two fixed point u} € K N (R, \ Q), u5 € KN
(R, \ y,) with & < [|luf|| < & < ||u5]| < &. Therefore, the BVP (1.1) has at least two posi-
tive solutions for A € (0, w&]. As in the proof of Theorem 3.1, u], u} are two

positive solutions for A = 0. This completes the proof of the theorem. O
Denote the integer part of m by [m]. Generally, we have the following theorem.

Theorem 3.7 Suppose that there exists m + 1 positive numbers & < & < -+ < &1 such
that one of the following conditions is satisfied:

(Hs) @(Eg1) > EyjaiL, ¢(Ey) < 265, j = 1,2,..., [22];

(He) ¢(Exj1) < L6351, 0(E2) > ExjL, j = 1,2,..., [ 2]

Then the BVP (1.1) has at least m positive solutions u; € K, i = 1,2,...,m, such that
& < lufll < & for A € (0, w&]. If, in addition, f(t,0) % 0 on [0,1], then the
conclusion is true for A = 0.

4 Examples
Example 4.1 The fractional g-difference boundary value problem

DZ3ul(t) + 5(f—it)(tan‘l u+2+tsint+1)=0, O<t<l, 1)
1(0) = (Dosu)(0) =0, 0.25(Dosu)(1) + 0.75(D2 u)(1) = A

has a unique positive solution for any X € (0, +00).

Proof In this case, « =2.5,4=0.5, y =0.25, § =0.75, 1 > 0. Let

2¢!
5(1 +ef)

(tan’1 u+t>+tsin’t+ 1), (t,u) € [0,1] x (0, +00),

f(t) M) =

and h(t) = 5(2_62 It is easy to prove that

1+ef)*
[f(t, u)—f(t, v)| < h(t) |tan‘1 u —tan! v|
< h(®)|lu-v|, for(tu),(tv)el0,1] x [0,+00).
A simple computation showed

(v + [ = 2]4B) (@) = (0.25 + [0.5]5 x 0.75)["95(2.5) ~ 0.9168,

and

1 26

A= [ #0090 - 20,80-09) - s

S~

=

1
/ Sy =g + [ = 20,1 - q9)“ ) dys
0

[S20 1 ]
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2 1
<z fo (Y@ -g9)®? + [a - 21,81 - q5)* ) dys

~ 0.3774,

which implies that

1 ( _
e o o Y + o =2]48)4(a)
/ s 1(y(1—qs)( D4 [ —2]q/3(1—qs)( 3))h(s)dqs< 2q CAtay
0
Obviously, for any m > 2, we have

A A __ 03774
(¥ + o = 2], B)" [T 4()]™ ~ 0.9168 x 21

1
<0.2058 < —.
4

Thus, Theorem 3.1 implies that the boundary value problem (4.1) has a unique positive

solution for any A € (0, +00). O

Example 4.2 Consider the following fractional boundary value problem:

D(z):gu(t)+u2(%cos(n-t_%)+i):(), O0<t<l,

u(0) = (Dosu)(0) =0, 2(Dosu)(1) +7(D su)(1) = A,

where a« =2.5,4=0.5,y =2, 8 =7. Choosing n =1, then 7 = g" = 0.5.
By calculation, we get (y + [o —2],8)"; (o) = 8.1132. By Lemma 2.6, Lemma 2.8 and with
the aid of a computer, we obtain that

1 -1
l= ( f G(1,0.5s) do‘5s> ~1.6756,
0

and

1 -1
L= ((0.5)"‘1 / G(1,0.5s) d0.55> ~ 0.0657.
0

.5

Letf(t,u) = uz(% cos(mt— %)+ i). Take & = %, & =3, then %gl ~ 2.9578, and
f(t, u) satisfies
(i) ¢(3)=max{u*(}cos(mt—%)+1):(t,u) €[0,1] x [0,3]} = 22 < L& ~ 0.6283;
(i) ¢(3) = min{u*(} cos(me—Z) +1):(t,u) € [0.5,1] x [1.0608,3]} ~ 0.2652 > L&, ~
0.1971.
So, by Theorem 3.5, the problem (4.2) has one positive solution #* such that1 < [[u*| x <
3 for A € (0,2.9578].
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