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Abstract

In this paper, we study the existence of infinitely many periodic solutions to planar
radially symmetric systems with certain strong repulsive singularities near the origin
and with some semilinear growth near infinity. The proof of the main result relies on
topological degree theory. Recent results in the literature are generalized and
complemented.
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1 Introduction
In this work, we are concerned with the existence of positive periodic solutions for the
following radically symmetric system:

E+f(t, |x|)|z—| -0, xeR2\{0}, (L.1)

where f : R x (0, +00) — R is T-periodic in the time variable ¢ for some T > 0 and satisfies
the L!-Carathéodory condition. Setting r(t) = |x(¢)|, f(¢,r) may be singular at r = 0, we
therefore look for non-collision solutions, i.e., solutions which never attain the singularity.

Roughly speaking, system (1.1) is singular at 0 means that f(¢,7) becomes unbounded
when r — 0*. We say that (1.1) is of repulsive type (attractive type) if f(¢t,r) — —oo (re-
spectively f(¢,r) = +o0) when r — 0*.

Such a type of singular systems appears in many problems of applications. Such as, if we
take f(t,7) = ¢/r* (c > 0), it is the famous Newtonian equation

cx

+——=0, xeR2\{0},
|3

P
which describes the motion of a particle subjected to the gravitational attraction of a sun
that lies at the origin. If we take (¢, 7) = ¢/r* (c < 0), (1.1) may be used to model Rutherford’s
scattering of « particles by heavy atomic nuclei.

The question about the existence of non-collision periodic orbits for scalar equa-
tions and dynamical systems with singularities has attracted much attention of many re-
searchers over many years [1-10]. There are two main lines of research in this area. The
first one is the variational approach [11-13]. Usually, the proof requires some strong force
condition, which was first introduced with this name by Gordon in [14], although the idea
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goes back at least to Poincaré [15]. Gordon’s result, later improved by Capozzi, Greco and
Salvatore [16], is stated as follows.

Theorem 1.1 Let x(¢) € R? and the following assumptions hold.

(A1) The function V is T-periodic in t, differentiable in x # 0 with continuous gradient, and
such that

lim V (¢, x) = —o0.
x—0

(Ag) There exist v € [0,2) and positive constants c1, ¢y such that
V(t,x) < cilx]” + ¢

for every t and x # 0.
(A3) There are a C'-function U : R*\{0} — R, a neighborhood N of 0 and a positive con-
stant c3 such that

lim U(x) =—00 and =V(t,x) = [VU|* = c3

Jor every x € N'\ {0}, then, for every integer k > 1, the system
X+ VV(tx)=0

has a periodic solution with a minimal period kT .

The strong force conditions (A;), (As) guarantee that the minimization procedure does
not lead to a collision orbit. This similar condition has been widely used for a voiding
collisions in the singularity case. For example, if we consider the system

R +/f(0),
the strong force condition corresponds to the case o > 2.

Besides the variational approach, topological methods have been widely applied, start-
ing with the pioneering paper of Lazer and Solimini [17]. In particular, some classical tools
have been used to study singular differential equations and dynamical systems in the liter-
ature, including the degree theory [18—23], the method of upper and lower solutions [24,
25], Schauder’s fixed point theorem [26—28], some fixed point theorems in cones for com-
pletely continuous operators [29-32] and a nonlinear Leray-Schauder alternative princi-
ple [33—-36]. Contrasting with the variational setting, the strong force condition plays here
a different role linked to repulsive singularities. A counterexample in the paper of Lazer
and Solimini [17] shows that a strong force assumption (unboundedness of the potential
near the singularity) is necessary in some sense for the existence of positive periodic so-
lutions in the scalar case.

However, compared with the case of strong singularities, the study of the existence of pe-
riodic solutions under the presence of weak singularities by topological methods is more
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recent and the number of references is much smaller. Several existence results can be
found in [7, 26, 28].

As mentioned above, this paper is mainly motivated by the recent papers [19, 20]. The
aim of this paper is to show that the topological degree theorem can be applied to the
periodic problem. We prove the existence of large-amplitude periodic solutions whose
minimal period is an integer multiple of T

The rest of this paper is organized as follows. In Section 2, some preliminary results will
be given. In Section 3, by the use of topological degree theory, we will state and prove the

main results.

2 Preliminaries
In this section, we present some results which will be applied in Section 3. We may write

the solutions of (1.1) in polar coordinates as follows:

x(t) = r(t) (cos o(t), sin (p(t)). (2.1)

Eq. (1.1) is then equivalent to the system

. 2
I"+f(t,]”)—lr—3:O, (22)
V2¢=M,

where  is the (scalar) angular momentum of x(¢). Recall that u is constant in time along
any solution. In the following, when considering a solution of (2.2), we will always implic-
itly assume that 4 > 0 and r > 0.

If x is a T-radially periodic, then r must be T-periodic. We will prove the existence of a
T -periodic solution r of the first equation in (2.2). We thus consider the boundary value
problem

. 2
7"+f(t,7")= %x

(2.3)
r(0) = r(T), 7(0) = 7(T).
Let i = 0, (2.3) can be written as the T-periodic problem
7+ f(tr)=0. (2.4)

Let X be a Banach space of functions such that C'([0, T]) € X < C([0, T]) with continuous
immersions, and set X, = {r € X : minr > 0}.
Define the following two operators:

D(L) = {re W*X0,T): r(0) = r(T),#(0) = #(T)},

L:D(L) Cc X — LY(0,T), Lr=¥
and

N:X,.— LY0,T), (NT)(t) = ~f (£ 7(2)).
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Taking o € R not belonging to the spectrum of L, (2.4) can be translated to the fixed

problem
r=(L-cl)\(N -0oDr.

We will say that a set 2 C X is uniformly positively bounded below if there is a constant
8 > 0 such that minr > § for every r € Q. In order to prove the main result of this paper,
we need the following theorem, which has been proved in [18].

Theorem 2.1 Let Q2 be an open bounded subset of X, uniformly positively bounded below.
Assume that there is no solution of (2.4) on the boundary 92, and that

deg(I - (L-ol)'(N -01),9,0) #0.

Then, there exists a ki > 1 such that, for every integer k > ki, system (1.1) has a periodic
solution xy(t) with a minimal period kT, which makes exactly one revolution around the
origin in the period time kT . The function |xi(t)| is T-periodic and, when restricted to [0, T,
it belongs to Q2. Moreover, if |ii denotes the angular momentum associated to xx(t), then

lim wpr =0.
k— o0

3 Main results
First we introduce some known results on eigenvalues. Let ¢(£) be a T-periodic potential
such that g € L}(R). Consider the eigenvalue problems of

&+ (h+q)x=0 (3.1)

with the periodic boundary condition (PC): x(0) = x(T), '(0) = x'(T), or with the antiperi-
odic boundary condition (APC): x(0) = —x(T), x'(0) = —x'(T). We use AP(¢q) < AD(q) < --- <
1D(g) < -+ to denote all the eigenvalues of (3.1) with the Dirichlet boundary condition
(DC): x(0) =x(T) = 0.

The following are the standard results for eigenvalues. See, e.g., reference [37].

(E1) With respect to the periodic and anti-periodic eigenvalues, there exist sequences

—00 < Ao(q) < Ay(q) < 2(q) < Ay(q) S ha(g) <+ <A, (@) Shul@) <+,
where A,(q), A4(q) — +00 (as n — +00), such that A is an eigenvalue of (3.1)-(PC) if
and only if A = A,,(g) or A,(g) with n is even; and A is an eigenvalue of (3.1)-(APC) if

and only if A = A,,(q) or A,(g) with 7 is odd.

(Ez) The comparison results hold for all of these eigenvalues. If ¢; < g, then

A (q1) = 4, (q2), Tn(qr) = 2u(g2), A2(q1) > 22(g2)

forany n > 1.
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(E3) The eigenvalues A,(q) and A,(g) can be recovered from the Dirichlet eigenvalues in
the following way. For any n > 1,

Lo(q) =min{AD(q,) 1 to € R}, Xu(q) =max{r](qs) : to € R},

where g,,(t) denotes the translation of g(¢): g, (£) = gq(t + to).

Now we present our main result.

Theorem 3.1 Let the following assumptions hold.

(Hi1) There exist a constant Ry > 0 and a function fy € C((0,00),R) such that

S(&1) = ~fo(r)

forall t and all 0 <r < Ry, where f; satisfies
lim fo(r) = +o0
r—0%
and
lim / fo(r)dr = —o0.
r—>0% J;

(Hy) There exist positive T-periodic continuous functions ¢, O such that

t . L
o(t) < liminf'M <lim supM < ®(t) (3.2)
r=>+00 r r—+00 r
uniformly in t. Moreover,
A (D) >0. (3.3)

Then Eq. (2.4) has a T-periodic solution, and there exists a k; > 1 such that, for every integer
k > ki, Eq. (1.1) has a periodic solution with a minimal period kT, which makes exactly one
revolution around the origin in the period time kT . Moreover, there exists a constant C > 0
(independent of u and k) such that

1
e < |xk(t)| <C foreveryteRandevery k >k,
and if uy denotes the angular momentum associated to xi(t), then
li =0.
Jim,
In order to apply Theorem 2.1, we consider the T-periodic problem (2.4).

Lemma 3.2 Suppose that f(t,r) satisfies (Hy) and ¢, ® satisfy (Hy). Then Eq. (2.4) has at
least one positive T-periodic solution.
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Now we begin by showing that Lemma 3.2 holds, and use topological degree theory. To
this end, we deform (2.4) to a simpler singular autonomous equation

1
' +ar=-,
r

where a for some positive constant satisfies 0 < a < (7r/T)? for all z. Consider the following

homotopy equation:
" +f(t,r;T)=0, 1€l0,1], (3.4)

where f(¢,7;7) = tf (£, r)+ (1 —1)(ar- %). We need to find a priori estimates for the possible
positive T-periodic solutions of (3.4).

Note that f(t,r; t) satisfies the conditions (H;) uniformly with respect to t € [0,1].
Moreover, for each 7 € [0,1], (¢, r; 7) satisfies (3.2) with ¢ = ¢, = t¢p(¢) + (1 — T)a and
D =D, =tP(¢) + (1 — t)a. We will prove that ®, satisfy (3.3) uniformly in t € [0,1]. The
usual I”-norm is denoted by || - ||,, and the supremum norm of C[0, T] is denoted by

Il Mloo-

This follows from the convexity of the first eigenvalues with respect to potentials.

Lemma 3.3 Given qo,q1 € L}(0, T). Then, for all t € [0,1],

A (tqr+ (1 —-1)q0) = Thy(q) + A - 7)A,(q0). (3.5)
Proof Put g, =tq1 + (1 - 7)q0, T € [0,1]. Then

2P(q0)

T
- inf / (020 - . (00> (0)) dt
)Jo

peH) (0T
llpll2=1

T T
= inf <r /0 (¢”(0) - q1(®)@* (1)) dt + (1 - 7) /0 (¢”(0) - 90 (P> (1)) dt)

@eH}(0,T)
llollz=1

T
o it [P0 - a0 0) d

@eH(0,T)
llllz=1

T
+1-7) inf / ((0) g0 ()0 (0)) dt
)Jo

@eH}(0,T,
lella=1

=20 (q1) + 1 = 7)A7(qo).

For (3.5), applying AP(g.) > tAP(q1) + (1 - 1)AP(q0) to q; = giz,, where £y € [0,T], we
have

A (re) = TAD () + 1= T)A (o)
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for all £y. Thus
ky(ge) = min () = min(227(q140) + (1 = 037 (Gos))
= minTA7 (g1 + (1= 7) min A7 (qos,)
=Th(q1) + (1 - 7)A(q0)-
Hence (3.5) holds. g
Applying Lemma 3.3 to ¢; = ® and g = a, we have
A(Pr) = TA(®) + (1 - 1), (@) = min(2, (D), 1,(a)) > 0.

Thus @, defined above satisfy (3.3) uniformly in 7 € [0,1].

In the obtention of a priori estimates for all possible positive solutions to (3.4)-(PC), we
simply prove this for all possible positive solutions to (2.4)-(PC), because ¢, P, satisfy
(3.3) and also (3.2) uniformly in 7 € [0,1].

Lemma 3.4 Assume that L,(®) > 0 of the equation y” + (A + ®(t))y = 0, then

T T
ly]s = / Dt + to)y*(t) dt + Mf(cpto)/ Y2 (b dt.
0 0
Proof By the results for eigenvalues in (E3), we have
A (@) = 14(@) >0

for all tH € R.

Then, by the theory of linear second-order differential operators [38], the eigenvalues
of ¥ + ( + ®(¢t + £o))y = 0 with Dirichlet boundary conditions form a sequence AP(®,,) <
)»’23 (®4,) < - -~ which tends to +00, and the corresponding eigenfunctions v, 5, ... are an
orthonormal base of L2(0, T). Hence, given ¢; € R and y € H(0, T), we can write

70 =Y cil),

i>1

and

T T
/o ((/(0)" - (e + to)y? ) dt = Y 2 /0 (Wi(®)" - @t + L)y (0) dt

i>1

-yt [ vioa
|2’ 0 0 14

i>1

T
> A7 (@) / yH()dt.
0

This completes the proof. O
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Lemma 3.5 Under the assumptions as in Theorem 3.1, there exist Cy > Cy > 0 such that
any positive T-periodic solution r(t) of (2.4)-(PC) satisfies

C1 < I”(lf()) < C2 (36)
forsome ty € [0, T].

Proof Let r(t) be a positive T-periodic solution of (2.4)-(PC). By (H;), there is C; > 0 such
that

f(t,s)<0 forall0<s<C;.

Integrating (2.4) from 0 to T, we get

T T
/ v (¢) dt + / f(tr@)de=0.
0 0

Thus fOTf(t, r(t)) dt = 0, there exist t* € [0, T] such that r(¢*) > C;.
Take some constant &g € (0, min{¢, »,(®)}), where ¢ = % fOT ¢(t) dt is the average of ¢ (£).
From (H;) there is C, (> C;) large enough such that

f(&s)

d(t) —go <—— = D(t) + &9 (3.7)
s
for all t and s > C,. We assert that r(¢,) < C, for some ¢,. Otherwise, assume that r(¢) > C,
for all z.
Let
(t,r(2)
p0)=LE"D ¢ (50) o, 0(0) + &),

r(t)

Moreover, write r as r = 7 + 1, then 7 satisfies the following differential equation:
7+ p@)F + p(t)F = 0. (3.8)

Integrating (3.8) from 0 to T', we have
T T
| perrae=— [ poyae (39)
0 0
Multiplying (3.8) by 7 and integrating, we get
9 T T
171, :/ p(t)?z(t)dt+17/ p(b)F(t) dt
0 0
T T
- [ oroa-70 [ pwar
0 0
T
< [ s, (310)
0

where the fact % fOTp(t) dt > ¢ — gy >0 is used.


http://www.boundaryvalueproblems.com/content/2013/1/110

Li et al. Boundary Value Problems 2013, 2013:110 Page9of 13
http://www.boundaryvalueproblems.com/content/2013/1/110

Note that 7(£y) = 0 for some to, 7(to + T) = 0, so 7(¢) € Hy (o, to + T). We assert that 7 = 0.
On the contrary, assume that 7 = 0. Now, by (3.10), the first Dirichlet eigenvalue

T
() \ - [0 (@™(8) - p)p*(e) dt o
[to,t0+T1) = m =
PR et ) ST g2(e) dt
970

So,
% (p) = min{27(p)} <0.
On the other hand, p(t) < ®(¢) + &9,
() = 14(®P + &0) = 41(P) — &9 > 0.
This is a contradiction.
Now it follows from (3.9) that 7 = 0 and r = 0, a contradiction to the positiveness of

r(£). We have proved that r(t*) > C; for some t* € [0, T] and r(t,) < C, for some ¢, € [0, T'.
Thus the intermediate value theorem implies that (3.6) holds. O

Lemma 3.6 There exist C3 > Cy > 0, Cy > 0 such that any positive T-periodic solution r(t)
of (2.4)-(PC) satisfies

7l < Cs, ||V/HOO<C4»
Proof From (H;) and (3.7), we know that there is /1y > 0 such that
f(t,s) < (Cb(t) + eo)s + ho

forall t and s > 0.
Multiplying (2.4) by r and then integrating over [0, T'], we get

9 T
I = /0 F(6r(®)r(0) dt
T
< / ((®(0) + £0)r(t) + ho)r(2) dt
0
T
:/ O()r*(t) dt + eollrl|5 + hollr|ls. (3.11)
0

Note from Lemma 3.5 that there exists £, satisfying C; < r(¢y) < C,. Let u(t) = r(¢ + £o) —
r(to), then u € H}(0, T). Thus

T T
/ O r*(t) dt = / D(t + to)r2 (¢t + to) dt
0 0
T
= / Dt + to) (r*(to) + 2r(to)ult) + u?(¢)) dt
0

T
< C§||¢||1+2C2||d>||2||u||2+/ D(t + to)u’(¢) dt.
0
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The other terms in (3.11) by the Ho6lder inequality can be estimated as follows:

2 2 1 2
eollrll3 < eo(TC3 +2C, T2 ||ully + |lul3),

1
hollrlly < ho(TCy + T2 |ull,).

Thus (3.11) reads as
9 T
[ < Ao + Bollulla + eollull + / (¢ + t0)i(0) d, (3.12)
0

where Ag = £9TC2 + hyTCy + C2||®lly, By = 260Cy T2 + hy T2 +2C, |||, are positive con-
stants.
On the other hand, using Lemma 3.4,

T
R (@) 1ul2 < 22(@,)lull2 < fo (W2(0) — D (¢ + 1) (1)) dt
we get from (3.12) that
(60 1 (P(0)) 1112 + Bolulls + Ao = 0.

Consequently, ||u||, < A; for some A; > 0. By (3.12), one has ||7'||; = ||#/||2 < A, for some

A, > 0. From these, for any ¢ € [ty, £ + T,

/t[ r'(t) dt‘

<G,

r()| < |r(to)| +

<Cy+T2Ay:=Cs.

Thus ||7]|e < C3 is obtained.
As fOTf(t, r(¢))dt = 0, thus ||f(¢,r(£))|l1 = 2|f* (¢, r(¢))|l1. Since r(0) = r(T), there exists
t; € [0, T] such that #/(#;) = 0. Therefore

t
/ r(s)ds
T\ )y

[l = max |r'@)] = max

< /OT[f(s, r(s))|ds:2/0T[f+(s, r(s))| ds

T
< 2/ ’(df'(s) + eo)r(s) + ho’ds
0

A

2((”@* ||1 + TSO)CS + hoT) = Cy,
where ®*(t) = max{®(t), 0}, f* (¢, r(t)) = max{f(t, r(t)),0}. -

Next, the positive lower estimates for m = min;c[o, 7] 7(t) are obtained from the condition
(Hy).

Page 10 0of 13
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Lemma 3.7 There exists a constant Cs € (0, Cy) such that any positive solution r(t) of (2.4)-
(PC) satisfies

r(t) > Cs forallt.

Proof From (H;), we fix some B; € (0, C;) such that
f(t,s)<-Cy

for all £ and all 0 < s < B;. Assume now that

m = min r(t) = r(ty) < B;.
te[0,T]

By Lemma 3.5, max, 7(¢) > C;. Let £3 > t; be the first time instant such that r(¢) = B;. Then,
for any ¢ € [£,, t3], we have r(£) < B;. Hence, for t € [£,, £3],

r'(t) = —f(t, r(t)) > C4 > 0.

As 7' (t;) =0, ¥'(¢t) > 0 for t € (£, t3]. Therefore, the function r: [, 3] — R has an inverse
denoted by &.
Now multiplying (2.4) by () and integrating over [t,, 3], we get

B t3
/ ~f(&(r),r)dr = / —f(t,r(@®))r (t) dt

m t

3 1 2
= / r'()r (t) dt = E(r,(tS)) <B,

for some B, > 0, where the results from Lemma 3.6 are used. By (H;),

By By
/ —f(&(r),r)dr = / Jo(r)dr — +o0 (3.13)
if m — 0%. Thus we know from (3.13) that # > C5 for some constant Cs > 0. O

Now we give the proof of Lemma 3.2. Consider the homotopy equation (3.4), we can get
a priori estimates as in Lemmas 3.5, 3.6, 3.7. That is, any positive T-periodic solution of
(3.4) satisfies
C.<r(t)<C;, 7] <Ci

for some positive constants C;, Cj;, C,. Define C = max{1/C;, C;, C,} and let the open
bounded in X be

1
Q= {reX:E <r(t)<Cand|r/(t)| <Cforallte [O,T]}.

By the homotopy invariance of degree and the result of Capietto, Mawhin and Zanolin
(39],

deg(I - (L-oI)'(N - 01),9,0) = deg(ar —1/r,NR,0) = 1.
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Thus (3.4), with T = 1, has at least one solution in €2, which is a positive T -periodic solution
of (2.4). By Theorem 2.1, the proof of Theorem 3.1 is thus completed.
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