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Abstract
We study the spectrum on the imaginary axis of the underlying operator which
corresponds to the M/G/1 queueing model with exceptional service time for the first
customer in each busy period that was described by infinitely many partial differential
equations with integral boundary conditions and obtain that all points on the
imaginary axis except 0 belong to the resolvent set of the operator and 0 is an
eigenvalue of the operator and its adjoint operator. Thus, by combining these results
with our previous results, we deduce that the time-dependent solution of the model
converges strongly to its steady-state solution. Moreover, we show that our result on
convergence is optimal.
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1 Introduction
According to Takagi [], the M/G/ queueing system with exceptional service time for the
first customer in each busy period can be described by the following partial differential
equations with integral boundary conditions:

dp(t)
dt

= –λp(t) +
∫ ∞


Q(x, t)b(x) dx +

∫ ∞


p(x, t)b(x) dx, (.)

∂p(x, t)
∂t

+
∂p(x, t)

∂x
= –

(
λ + b(x)

)
p(x, t), (.)

∂pk(x, t)
∂t

+
∂pk(x, t)

∂x
= –

(
λ + b(x)

)
pk(x, t) + λpk–(x, t), k ≥ , (.)

∂Q(x, t)
∂t

+
∂Q(x, t)

∂x
= –

(
λ + b(x)

)
Q(x, t), (.)

∂Qk(x, t)
∂t

+
∂Qk(x, t)

∂x
= –

(
λ + b(x)

)
Qk(x, t) + λQk–(x, t), k ≥ , (.)

pk(, t) =
∫ ∞


Qk+(x, t)b(x) dx +

∫ ∞


pk+(x, t)b(x) dx, k ≥ , (.)

Q(, t) = λp(t), Qk(, t) = , k ≥ , (.)

p() = , pk(x, ) = , Qk(x, ) = , k ≥ , (.)
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where (x, t) ∈ [,∞)× [,∞); p(t) represents the probability that there is no customer in
the system and the server is idle at time t; pn(x, t) dx (n≥ ) represents the probability that
at time t there are n customers in the system and the server is busy with remaining service
time lying between in [x,x + dx); Qn(x, t) dx (n≥ ) represents the probability that at time
t there are n customers in the system and the server is busy with the elapsed service time
of the first service lying between x and x + dx; λ represents the arrival rate of customers;
b(x) is the service rate at x; b(x) is the exceptional service rate at x.
Many papers have been published about queueing systems with server vacations. But

most works on vacation models have been limited to the analysis of steady-states. There
are few treatments of transient behavior, see Welch [], Minh [], Takagi [], Gupur [,
] for instance. In , Takagi [] first established the mathematical model of the M/G/
queueing systemwith exceptional service time for the first customer in each busy period by
using the supplementary variable technique, then studied the time-dependent solution of
the model by using probability generating functions and got the Laplace transform of the
probability generating function. Roughly speaking, he obtained the existence of a time-
dependent solution of the model. In , by using C-semigroup theory in functional
analysis, Gupur [] proved that the model has a unique positive time-dependent solution
which satisfies the probability condition. In , Gupur [] considered the asymptotic
behavior of the time-dependent solution of the model when b(x) and b(x) are constants.
Firstly, he determined the resolvent set of the adjoint operator of the operator correspond-
ing to themodel; next he proved that  is an eigenvalue of the operator and its adjoint oper-
ator with geometric multiplicity one. Thus, by using Theorem  in Gupur, Li and Zhu []
obtained that the time-dependent solution of the model converges strongly to its steady-
state solution. In , Zhang and Gupur [] found that the operator has one eigenvalue
on the left complex half-plane. In , Lin and Gupur [] proved that the operator has
infinitely many eigenvalues on the left complex half-plane which converges to zero and
therefore showed that the convergence of the time-dependent solution of the model ob-
tained in Gupur [] is the best result on the convergence, that is to say, it is impossible that
the time-dependent solution exponentially (uniformly) converges to its steady-state solu-
tion. In the case that b(x) and b(x) are functions, any literature about asymptotic behavior
of the above model has not been found. This paper is an effort on this subject.
According to Theorem  in Gupur, Li and Zhu [], to obtain the asymptotic behavior

of the time-dependent solution of the above model, we need to know the spectrum of the
underlying operator on the imaginary axis. By investigating the above model and compar-
ing with Gupur [], one may find that the main difficult points of the above equations
(.)-(.) are that there are infinitely many equations and boundary conditions. When
studying the population equation, Greiner [] put forward an idea to perturb the bound-
ary condition which states ‘one can introduce themaximal operator without the boundary
condition and define a boundary operator, and by studying the spectrum of the boundary
operator and the maximal operator can discuss the spectrum of the underlying operator
which corresponds to the population equation.’ In , Haji and Radl [] successfully
applied Greiner’s idea to theM/MB/ queueing model, in which both the service rate and
arrival rate are constants, and studied the asymptotic behavior of its time-dependent so-
lution. Gupur [, ] obtained the asymptotic behavior of the time-dependent solutions
of two queueing models by using Greiner’s idea. In this paper, firstly, by using probability
generating functions, we prove that  is an eigenvalue of the underlying operator; next,

http://www.boundaryvalueproblems.com/content/2013/1/17


Gupur and Ehmet Boundary Value Problems 2013, 2013:17 Page 3 of 21
http://www.boundaryvalueproblems.com/content/2013/1/17

by using the idea in Gupur [, ], the result in Haji and Radl [] and Corollary . in
Nagel [], we deduce the resolvent set of the underlying operator; thirdly, we show that 
is an eigenvalue of the adjoint operator of the underlying operator, and therefore, by using
Theorem  in Gupur, Li and Zhu [], we obtain that the time-dependent solution of the
above model converges strongly to its steady-state solution. Finally, by Lin and Gupur []
we show that our result on convergence is optimal, that is to say, it is impossible that the
time-dependent solution of themodel converges exponentially to its steady-state solution.
Although the idea andmethod in Gupur [] are quite different, the main result is a special
case of our result.
In this paper, we use the notations in Gupur [, , ]. Take the state space as follows:

X =

⎧⎪⎪⎨
⎪⎪⎩(p,Q)

∣∣∣∣∣∣∣∣
p ∈R× L[,∞)× L[,∞)× L[,∞)× · · · ,
Q ∈ L[,∞)× L[,∞)× L[,∞)× · · · ,
‖(p,Q)‖ = |p| +∑∞

n= ‖pn‖L[,∞) +
∑∞

n= ‖Qn‖L[,∞) <∞

⎫⎪⎪⎬
⎪⎪⎭ .

It is obvious that X is a Banach space. In addition, X is also a Banach lattice under the
following order relation:

(p,Q) ≤ (y, z) ⇐⇒ p ≤ y, pn(x)≤ yn(x), Qn(x)≤ zn(x), n≥ .

For convenience, we introduce

Bg(x) = –
dg(x)
dx

–
(
λ + b(x)

)
g(x), g ∈W ,[,∞),

Bg(x) = –
dg(x)
dx

–
(
λ + b(x)

)
g(x), g ∈W ,[,∞),

φf (x) =
∫ ∞


b(x)f (x) dx, f ∈ L[,∞),

ψ f (x) =
∫ ∞


b(x)f (x) dx, f ∈ L[,∞).

We define

Am(p,Q) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

–λ ψ   · · ·
 B   · · ·
 λ B  · · ·
  λ B · · ·
...

...
...

...
. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

p
p(x)
p(x)
p(x)
...

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

+

⎛
⎜⎜⎜⎜⎝

φ  · · ·
  · · ·
  · · ·
...

...
. . .

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
Q(x)
Q(x)
Q(x)

...

⎞
⎟⎟⎟⎟⎠ ,

http://www.boundaryvalueproblems.com/content/2013/1/17


Gupur and Ehmet Boundary Value Problems 2013, 2013:17 Page 4 of 21
http://www.boundaryvalueproblems.com/content/2013/1/17

⎛
⎜⎜⎜⎜⎝
B   · · ·
λ B  · · ·
 λ B · · ·
...

...
...

. . .

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
Q(x)
Q(x)
Q(x)

...

⎞
⎟⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎠ ,

D(Am) =

⎧⎪⎪⎨
⎪⎪⎩(p,Q) ∈ X

∣∣∣∣∣∣∣∣
dpn(x)
dx ∈ L[,∞), dQn(x)

dx ∈ L[,∞),n≥ ,

pn(x) and Qn(x) are absolutely continuous functions

and
∑∞

n= ‖ dpn
dx ‖L[,∞) < ∞,

∑∞
n= ‖ dQn

dx ‖L[,∞) < ∞

⎫⎪⎪⎬
⎪⎪⎭ .

We choose a boundary space as

∂X = l × l

and define the boundary operators

L :D(Am) → ∂X, � :D(Am) → ∂X,

L(p,Q) = L

⎛
⎜⎜⎜⎜⎝

⎛
⎜⎜⎜⎜⎝

p
p(x)
p(x)
...

⎞
⎟⎟⎟⎟⎠ ,

⎛
⎜⎜⎜⎜⎝
Q(x)
Q(x)
Q(x)

...

⎞
⎟⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝

⎛
⎜⎜⎜⎜⎝
p()
p()
p()
...

⎞
⎟⎟⎟⎟⎠ ,

⎛
⎜⎜⎜⎜⎝
Q()
Q()
Q()

...

⎞
⎟⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎠ ,

�(p,Q) =

⎛
⎜⎜⎜⎜⎝

⎛
⎜⎜⎜⎜⎝
  ψ   · · ·
   ψ  · · ·
    ψ · · ·
...

...
...

...
...

. . .

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝

p
p(x)
p(x)
...

⎞
⎟⎟⎟⎟⎠ +

⎛
⎜⎜⎜⎜⎝
 φ   · · ·
  φ  · · ·
   φ · · ·
...

...
...

...
. . .

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
Q(x)
Q(x)
Q(x)

...

⎞
⎟⎟⎟⎟⎠ ,

⎛
⎜⎜⎜⎜⎝

λ   · · ·
   · · ·
   · · ·
...

...
...

...

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝

p
p(x)
p(x)
...

⎞
⎟⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎠ .

Now we introduce the underlying operator (A,D(A)) by

Ap = Amp, D(A) =
{
p ∈D(Am) | Lp = �p

}
.

Then the system of the above equations (.)-(.) can be written as an abstract Cauchy
problem in the Banach space X, which is just the form given in Gupur []

⎧⎪⎪⎨
⎪⎪⎩

d(p,Q)(t)
dt = A(p,Q)(t), t ∈ (,∞),

(p,Q)() =

(( 

...

)
,

( 

...

))
.

(.)

Gupur [] has proved the following result for the system (.).

Theorem . The operator (A,D(A)) generates a positive contraction C-semigroup
T(t) and the system (.) has a unique positive time-dependent solution (p,Q)(x, t) =

http://www.boundaryvalueproblems.com/content/2013/1/17
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T(t)(p,Q)() which satisfies

∥∥(p,Q)(·, t)∥∥ = p(t) +
∞∑
n=

∫ ∞


pn(x, t) dx

+
∞∑
n=

∫ ∞


Qn(x, t) dx = , ∀t ∈ [,∞).

2 Main results
Lemma . If

∫∞
 λxb(x)e–

∫ x
 b(ξ )dξ dx < , then  is an eigenvalue of A with geometric mul-

tiplicity one.

Proof We consider the equation A(p,Q) = , i.e.,

λp =
∫ ∞


Q(x)b(x) dx +

∫ ∞


p(x)b(x) dx, (.)

dp(x)
dx

= –
(
λ + b(x)

)
p(x), (.)

dpn(x)
dx

= –
(
λ + b(x)

)
pn(x) + λpn–(x), ∀n≥ , (.)

dQ(x)
dx

= –
(
λ + b(x)

)
Q(x), (.)

dQn(x)
dx

= –
(
λ + b(x)

)
Qn(x) + λQn–(x), ∀n≥ , (.)

pn() =
∫ ∞


Qn+(x)b(x) dx +

∫ ∞


pn+(x)b(x) dx, n≥ , (.)

Q() = λp, Qk() = , k ≥ . (.)

By solving (.)-(.), we have

p(x) = ae–λx–
∫ x
 b(ξ ) dξ , (.)

pn(x) = ane–λx–
∫ x
 b(ξ ) dξ

+ λe–λx–
∫ x
 b(ξ ) dξ

∫ x


pn–(s)eλs+

∫ s
 b(ξ ) dξds, n≥ , (.)

Q(x) = be–λx–
∫ x
 b(ξ ) dξ , (.)

Qn(x) = bne–λx–
∫ x
 b(ξ ) dξ

+ λe–λx–
∫ x
 b(ξ ) dξ

∫ x


Qn–(s)eλs+

∫ s
 b(ξ ) dξ ds, n≥ . (.)

Through using (.)-(.) repeatedly, we deduce

pn(x) = e–λx–
∫ x
 b(ξ ) dξ

n∑
k=

(λx)k–

(k – )!
an+–k , n≥ , (.)

Qn(x) = e–λx–
∫ x
 b(ξ ) dξ

n∑
k=

(λx)k–

(k – )!
bn+–k , n≥ . (.)
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By combining (.) and (.) with (.) and using (.), we deduce

Qn(x) = λp
(λx)n–

(n – )!
e–λx–

∫ x
 b(ξ )dξ , n≥  (.)

=⇒
∞∑
n=

‖Qn‖L[,∞) =
∞∑
n=

∫ ∞



∣∣∣∣λp (λx)n–(n – )!

∣∣∣∣e–λx–
∫ x
 b(ξ )dξ dx

= λ|p|
∫ ∞



∞∑
n=

(λx)n–

(n – )!
e–λx–

∫ x
 b(ξ )dξ dx

= λ|p|
∫ ∞


eλxe–λx–

∫ x
 b(ξ )dξ dx

= λ|p|
∫ ∞


e–
∫ x
 b(ξ )dξ dξ < ∞. (.)

It is difficult to determine directly all ak and to verify
∑∞

k= ‖pk‖L[,∞) <∞. In the follow-
ing, we use another method. We introduce the probability generating function P(x, z) =∑∞

n= pn(x)zn for all complex variables |z| < . Theorem . ensures that P(x, z) is well de-
fined. (.) and (.) give

∂
∑∞

n= pn(x)zn

∂x
= –

∞∑
n=

(
λ + b(x)

)
pn(x)zn + λ

∞∑
n=

pn–(x)zn,

∂P(x, z)
∂x

= –
(
λ + b(x)

) ∞∑
n=

pn(x)zn + λz
∞∑
n=

pn(x)zn,

∂P(x, z)
∂x

= –
(
λ + b(x)

)
P(x, z) + λzP(x, z) =

[
λ(z – ) – b(x)

]
P(x, z)

=⇒
P(x, z) = P(, z)eλx(z–)–

∫ x
 b(ξ ) dξ . (.)

By applying (.), (.), (.), (.),
∫∞
 b(x)e–

∫ x
 b(ξ )dξ dx = ,

∫∞
 b(x)e–

∫ x
 b(ξ )dξ dx = 

and the L’Hospital rule it follows that

P(, z) =
∞∑
n=

pn()zn =
∞∑
n=

(∫ ∞


Qn+(x)b(x) dx +

∫ ∞


pn+(x)b(x) dx

)
zn

=
∫ ∞


b(x)

∞∑
n=

Qn+(x)zn dx +
∫ ∞


b(x)

∞∑
n=

pn+(x)zn dx

=
∫ ∞


b(x)

∞∑
n=

λp
(λx)n

n!
zne–λx–

∫ x
 b(ξ )dξ dx

+
∫ ∞


b(x)


z

∞∑
n=

pn+(x)zn+ dx

= λp
∫ ∞


b(x)eλxze–λx–

∫ x
 b(ξ )dξ dx

http://www.boundaryvalueproblems.com/content/2013/1/17
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+
∫ ∞


b(x)


z

{ ∞∑
n=

pn(x)zn – p(x)z

}
dx

= λp
∫ ∞


b(x)eλx(z–)–

∫ x
 b(ξ )dξ dx

+

z

∫ ∞


b(x)

∞∑
n=

pn(x)zn dz –
∫ ∞


b(x)p(x)dx

= λp
∫ ∞


b(x)eλx(z–)–

∫ x
 b(ξ )dξdx

+

z

∫ ∞


b(x)

∞∑
n=

pn(x)zn dz –
[
λp –

∫ ∞


λpb(x)e–λx–

∫ x
 b(ξ )dξ dx

]

= λp
∫ ∞


b(x)eλx(z–)–

∫ x
 b(ξ )dξ dx – λp

+ λp
∫ ∞


b(x)e–λx–

∫ x
 b(ξ )dξ dx +


z

∫ ∞


b(x)P(, z)eλx(z–)–

∫ x
 b(ξ )dξ dx

=⇒

P(, z) =
∫∞
 b(x)eλx(z–)–

∫ x
 b(ξ )dξ dx –  +

∫∞
 b(x)e–λx–

∫ x
 b(ξ )dξ dx

z –
∫∞
 b(x)eλx(z–)–

∫ x
 b(ξ ) dξ dx

λpz

=⇒

lim
z→

P(, z) =
∫∞
 λxb(x)e–

∫ x
 b(ξ )dξ dx +

∫∞
 b(x)e–λx–

∫ x
 b(ξ )dξ dx

 –
∫∞
 λxb(x)e–

∫ x
 b(ξ )dξ dx

λp. (.)

(.) and (.) give

∞∑
n=

pn(x) = lim
z→

P(x, z)

=
∫∞
 λxb(x)e–

∫ x
 b(ξ )dξ dx +

∫∞
 b(x)e–λx–

∫ x
 b(ξ )dξ dx

 –
∫∞
 λxb(x)e–

∫ x
 b(ξ )dξ dx

λ|p|

×
∫ ∞


e–
∫ x
 b(ξ )dξ dx

< ∞. (.)

(.) and (.) show that  is an eigenvalue of A. Moreover, from (.), (.), (.) and
(.), it is easy to see that the eigenvectors corresponding to zero span one dimensional
linear space, that is, the geometric multiplicity of  is one. �

According to Theorem  in Gupur, Li and Zhu [], we know that in order to obtain the
asymptotic behavior of the time-dependent solution of the system (.), we need the spec-
trum of A on the imaginary axis. Through investigating the system (.), we find that the
infinite number of equations and the boundary conditions are the difficult points. Greiner
[] put forward an idea to study the spectrum of A by perturbing boundary conditions.
And by using the Greiner idea, Haji and Radl [] gave a result which was described by the
Dirichlet operator. In the following, by applying the result, we deduce the resolvent set of

http://www.boundaryvalueproblems.com/content/2013/1/17
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A on the imaginary axis. To do this, define (A,D(A)) as

Ap = Amp, D(A) =
{
p ∈D(Am) | Lp = 

}

and discuss the inverse of A. For any given (y, z) ∈ X, consider the equation (γ I –
A)(p,Q) = (y, z), that is,

(γ + λ)p = y +
∫ ∞


Q(x)b(x) dx +

∫ ∞


p(x)b(x) dx, (.)

dp(x)
dx

= –
(
γ + λ + b(x)

)
p(x) + y(x), (.)

dpn(x)
dx

= –
(
γ + λ + b(x)

)
pn(x) + λpn–(x) + yn(x), ∀n≥ , (.)

dQ(x)
dx

= –
(
γ + λ + b(x)

)
Q(x) + z(x), (.)

dQn(x)
dx

= –
(
γ + λ + b(x)

)
Qn(x) + λQn–(x) + zn(x), ∀n≥ , (.)

pn() = , Qn() = , n≥ . (.)

By (.)-(.) it is easy to calculate

p =
y

γ + λ
+


γ + λ

∫ ∞


b(x)e–(γ+λ)x–

∫ x
 b(ξ ) dξ

∫ x


y(s)e(γ+λ)s+

∫ s
 b(ξ ) dξ dsdx

+


γ + λ

∫ ∞


b(x)e–(γ+λ)x–

∫ x
 b(ξ ) dξ

∫ x


z(s)e(γ+λ)s+

∫ s
 b(ξ ) dξ dsdx, (.)

p(x) = e–(γ+λ)x–
∫ x
 b(ξ ) dξ

∫ x


y(s)e(γ+λ)s+

∫ s
 b(ξ ) dξ ds, (.)

pn(x) = e–(γ+λ)x–
∫ x
 b(ξ ) dξ

∫ x


yn(s)e(γ+λ)s+

∫ s
 b(ξ ) dξ ds

+ λe–(γ+λ)x–
∫ x
 b(ξ )dξ

∫ x


pn–(s)e(γ+λ)s+

∫ s
 b(ξ ) dξ ds, n≥ , (.)

Q(x) = e–(γ+λ)x–
∫ x
 b(ξ ) dξ

∫ x


z(s)e(γ+λ)s+

∫ s
 b(ξ ) dξ ds, (.)

Qn(x) = e–(γ+λ)x–
∫ x
 b(ξ ) dξ

∫ x


zn(s)e(γ+λ)s+

∫ s
 b(ξ ) dξ ds

+ λe–(γ+λ)x–
∫ x
 b(ξ ) dξ

∫ x


Qn–(s)e(γ+λ)s+

∫ s
 b(ξ ) dξ ds, n≥ . (.)

If we set

Ef (x) = e–(γ+λ)x–
∫ x
 b(ξ ) dξ

∫ x


f (s)e(γ+λ)s+

∫ s
 b(ξ ) dξ ds, ∀f ∈ L[,∞),

Ef (x) = e–(γ+λ)x–
∫ x
 b(ξ ) dξ

∫ x


f (s)e(γ+λ)s+

∫ s
 b(ξ ) dξ ds, ∀f ∈ L[,∞),
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then the above equations (.)-(.) give, if the resolvent of A exists,

(γ I –A)–(y, z) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

⎛
⎜⎜⎜⎜⎜⎜⎜⎝


γ+λ


γ+λ

ψE   · · ·
 E   · · ·
 λE E  · · ·
 λE λE E · · ·
...

...
...

...
. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

y
y(x)
y(x)
y(x)
...

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

+

⎛
⎜⎜⎜⎜⎝


γ+λ

φE   · · ·
   · · ·
   · · ·
...

...
...

. . .

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
z(x)
z(x)
z(x)
...

⎞
⎟⎟⎟⎟⎠ ,

⎛
⎜⎜⎜⎜⎝

E   · · ·
λE

 E  · · ·
λE

 λE
 E · · ·

...
...

...
. . .

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
z(x)
z(x)
z(x)
...

⎞
⎟⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎠ .

From which together with the definition of the resolvent set we have the following result.

Lemma . Let b(x),b(x) : [,∞) → [,∞) be measurable,  < infx∈[,∞) b(x) ≤
supx∈[,∞) b(x) < ∞ and  < infx∈[,∞) b(x)≤ supx∈[,∞) b(x) <∞. Then

⎧⎪⎪⎨
⎪⎪⎩γ ∈C

∣∣∣∣∣∣∣∣
Reγ + λ > ,

Reγ + infx∈[,∞) b(x) > ,

Reγ + infx∈[,∞) b(x) > 

⎫⎪⎪⎬
⎪⎪⎭⊂ ρ(A).

Proof For any f ∈ L[,∞), by using integration by parts, we estimate

∫ ∞



∣∣Ef (x)∣∣dx = ∫ ∞



∣∣∣∣e–(γ+λ)x–
∫ x
 b(ξ ) dξ

∫ x


e(γ+λ)s+

∫ s
 b(ξ ) dξ f (s) ds

∣∣∣∣dx
≤
∫ ∞


e–(Reγ+λ)x–

∫ x
 b(ξ ) dξ

∫ x


e(Reγ+λ)s+

∫ s
 b(ξ ) dξ

∣∣f (s)∣∣dsdx
≤ –

Reγ + λ + infx∈[,∞) b(x)

×
∫ ∞



∫ x


e(Reγ+λ)s+

∫ s
 b(ξ )dξ

∣∣f (s)∣∣dsde–(Reγ+λ)x–
∫ x
 b(ξ )dξ

=
–

Reγ + λ + infx∈[,∞) b(x)

×
[
e–(Reγ+λ)x–

∫ x
 b(ξ ) dξ

∫ x


e(Reγ+λ)s+

∫ s
 b(ξ ) dξ

∣∣f (s)∣∣ds∣∣∣∣
x=∞

x=

–
∫ ∞


e–(Reγ+λ)x–

∫ x
 b(ξ ) dξ e(Reγ+λ)x+

∫ x
 b(ξ ) dξ ∣∣f (x)∣∣dx]

=


Reγ + λ + infx∈[,∞) b(x)
‖f ‖L[,∞)

http://www.boundaryvalueproblems.com/content/2013/1/17
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=⇒
‖E‖ ≤ 

Reγ + λ + infx∈[,∞) b(x)
. (.)

Similarly,

‖E‖ ≤ 
Reγ + λ + infx∈[,∞) b(x)

. (.)

From (.), (.), ‖φ‖ ≤ supx∈[,∞) b(x) and ‖ψ‖ ≤ supx∈[,∞) b(x) we deduce, for
(y, z) ∈ X ,

∥∥(γ I –A)–(y, z)
∥∥

=
∣∣∣∣ y
γ + λ

+


γ + λ
ψEy +


γ + λ

φEz
∣∣∣∣

+ ‖Ey‖L[,∞) +
∥∥λEy + Ey

∥∥
L[,∞) +

∥∥λEy + λEy + Ey
∥∥
L[,∞)

+
∥∥λEy + λEy + λEy + Ey

∥∥
L[,∞)

+ · · ·
+ ‖Ez‖L[,∞) +

∥∥λE
z + Ez

∥∥
L[,∞) +

∥∥λE
z + λE

z + Ez
∥∥
L[,∞)

+ · · ·
≤ 

| γ + λ | |y| +


| γ + λ | |ψEy| + 
| γ + λ | |φEz|

+ ‖Ey‖L[,∞) +
∥∥λEy

∥∥
L[,∞) + ‖Ey‖L[,∞) +

∥∥λEy
∥∥
L[,∞)

+
∥∥λEy

∥∥
L[,∞) + ‖Ey‖L[,∞) +

∥∥λEy
∥∥
L[,∞)

+
∥∥λEy

∥∥
L[,∞) +

∥∥λEy
∥∥
L[,∞) + ‖Ey‖L[,∞)

+ · · ·
+ ‖Ez‖L[,∞) +

∥∥λE
z
∥∥
L[,∞) + ‖Ez‖L[,∞) +

∥∥λE
z
∥∥
L[,∞)

+
∥∥λE

z
∥∥
L[,∞) + ‖Ez‖L[,∞)

+ · · ·
≤ 

| γ + λ | |y| +


| γ + λ | ‖ψ‖‖E‖‖y‖L[,∞) +


| γ + λ | ‖φ‖‖E‖‖z‖L[,∞)

+ ‖E‖‖y‖L[,∞) + λ‖E‖‖y‖L[,∞) + ‖E‖‖y‖L[,∞)

+ λ‖E‖‖y‖L[,∞) + λ‖E‖‖y‖L[,∞) + ‖Ey‖L[,∞)

+ λ‖E‖‖y‖L[,∞) + λ‖E‖‖y‖L[,∞) + λ‖E‖‖y‖L[,∞) + ‖E‖‖y‖L[,∞)

+ · · ·
+ ‖E‖‖z‖L[,∞) + λ‖E‖‖z‖L[,∞) + ‖E‖‖z‖L[,∞)

+ λ‖E‖‖z‖L[,∞) + λ‖E‖‖z‖L[,∞) + ‖E‖‖z‖L[,∞)

+ · · ·
=


| γ + λ | |y| +


| γ + λ | ‖ψ‖‖E‖‖y‖L[,∞) +


| γ + λ | ‖φ‖‖E‖‖z‖L[,∞)

http://www.boundaryvalueproblems.com/content/2013/1/17
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+
∞∑
n=

λn–‖E‖n‖y‖L[,∞) +
∞∑
n=

λn–‖E‖n‖y‖L[,∞)

+
∞∑
n=

λn–‖E‖n‖y‖L[,∞) +
∞∑
n=

λn–‖E‖n‖y‖L[,∞)

+ · · ·

+
∞∑
n=

λn–‖E‖n‖z‖L[,∞) +
∞∑
n=

λn–‖E‖n‖z‖L[,∞) +
∞∑
n=

λn–‖E‖n‖z‖L[,∞)

+ · · ·
=


| γ + λ | |y| +


| γ + λ | ‖ψ‖‖E‖‖y‖L[,∞) +


| γ + λ | ‖φ‖‖‖E‖‖z‖L[,∞)

+
∞∑
n=

λn–‖E‖n
∞∑
n=

‖yn‖L[,∞) +
∞∑
n=

λn–‖E‖n
∞∑
n=

‖zn‖L[,∞)

≤ 
| γ + λ | |y| +


| γ + λ |

supx∈[,∞) b(x)
Reγ + λ + infx∈[,∞) b(x)

‖y‖L[,∞)

+


| γ + λ |
supx∈[,∞) b(x)

Reγ + λ + infx∈[,∞) b(x)
‖z‖L[,∞)

+


Reγ + infx∈[,∞) b(x)

∞∑
n=

‖yn‖L[,∞) +


Reγ + infx∈[,∞) b(x)

∞∑
n=

‖zn‖L[,∞)

= sup

{


| γ + λ | ,


| γ + λ |
supx∈[,∞) b(x)

Reγ + λ + infx∈[,∞) b(x)
+


Reγ + infx∈[,∞) b(x)

,


| γ + λ |

supx∈[,∞) b(x)
Reγ + λ + infx∈[,∞) b(x)

+


Reγ + infx∈[,∞) b(x)

}∥∥(y, z)∥∥,
which means that the result of this lemma is right. �

Lemma . For γ ∈ ρ(A) we have

(p,Q) ∈ ker(γ I –Am) ⇐⇒

p =


γ + λ

[
b
∫ ∞


b(x)e–(γ+λ)x–

∫ x
 b(ξ ) dξ dx + a

∫ ∞


b(x)e–(γ+λ)x–

∫ x
 b(ξ ) dξ dx

]
, (.)

pn(x) = e–(γ+λ)x–
∫ x
 b(ξ ) dξ

n–∑
k=

(λx)k

k!
an–k , n≥ , (.)

Qn(x) = e–(γ+λ)x–
∫ x
 b(ξ ) dξ

n–∑
k=

(λx)k

k!
bn–k , n≥ , (.)

(a,a, . . .) ∈ l, (b,b, . . .) ∈ l. (.)

Proof If (p,Q) ∈ ker(γ I –Am), then (γ I –Am)(p,Q) = , which is equivalent to

(γ + λ)p =
∫ ∞


Q(x)b(x) dx +

∫ ∞


p(x)b(x) dx, (.)

dp(x)
dx

= –
(
γ + λ + b(x)

)
p(x), (.)

http://www.boundaryvalueproblems.com/content/2013/1/17


Gupur and Ehmet Boundary Value Problems 2013, 2013:17 Page 12 of 21
http://www.boundaryvalueproblems.com/content/2013/1/17

dpn(x)
dx

= –
(
γ + λ + b(x)

)
pn(x) + λpn–(x), ∀n≥ , (.)

dQ(x)
dx

= –
(
γ + λ + b(x)

)
Q(x), (.)

dQn(x)
dx

= –
(
γ + λ + b(x)

)
Qn(x) + λQn–(x), ∀n≥ . (.)

By solving (.)-(.) we have

p(x) = ae–(γ+λ)x–
∫ x
 b(ξ ) dξ , (.)

pn(x) = ane–(γ+λ)x–
∫ x
 b(ξ ) dξ

+ λe–(γ+λ)x–
∫ x
 b(ξ ) dξ

∫ x


pn–(s)e(γ+λ)s+

∫ s
 b(ξ ) dξ ds, n ≥ , (.)

Q(x) = be–(γ+λ)x–
∫ x
 b(ξ ) dξ , (.)

Qn(x) = bne–(γ+λ)x–
∫ x
 b(ξ ) dξ

+ λe–(γ+λ)x–
∫ x
 b(ξ ) dξ

∫ x


Qn–(s)e(γ+λ)s+

∫ s
 b(ξ ) dξ ds, n≥ . (.)

Through inserting (.) and (.) into (.), it follows that

p =
a

γ + λ

∫ ∞


b(x)e–(γ+λ)x–

∫ x
 b(ξ ) dξ dx

+
b

γ + λ

∫ ∞


b(x)e–(γ+λ)x–

∫ x
 b(ξ ) dξ dx. (.)

By using (.), (.), (.) and (.) repeatedly, we deduce

p(x) = ae–(γ+λ)x–
∫ x
 b(ξ )dξ + λe–(γ+λ)x–

∫ x
 b(ξ )dξ

∫ x


a ds

= e–(γ+λ)x–
∫ x
 b(ξ )dξ [a + λxa], (.)

p(x) = ae–(γ+λ)x–
∫ x
 b(ξ )dξ + λe–(γ+λ)x–

∫ x
 b(ξ )dξ

∫ x


[a + λsa]ds

= e–(γ+λ)x–
∫ x
 b(ξ )dξ

[
a + λxa +

(λx)


a
]
, (.)

p(x) = ae–(γ+λ)x–
∫ x
 b(ξ )dξ + λe–(γ+λ)x–

∫ x
 b(ξ )dξ

×
∫ x



[
a + λsa +

(λs)


a
]
ds

= e–(γ+λ)x–
∫ x
 b(ξ )dξ

[
a + λxa +

(λx)


a +

(λx)

!
a
]
, (.)

· · ·

pn(x) = e–(γ+λ)x–
∫ x
 b(ξ )dξ

n–∑
k=

(λx)k

k!
an–k , n ≥ , (.)

Q(x) = be–(γ+λ)x–
∫ x
 b(ξ )dξ + λe–(γ+λ)x–

∫ x
 b(ξ )dξ

∫ x


b ds

= e–(γ+λ)x–
∫ x
 b(ξ )dξ [b + λxb], (.)
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Q(x) = be–(γ+λ)x–
∫ x
 b(ξ )dξ + λe–(γ+λ)x–

∫ x
 b(ξ )dξ

∫ x


[b + λsb]ds

= e–(γ+λ)x–
∫ x
 b(ξ )dξ

[
b + λxb +

(λx)


b
]
, (.)

· · ·

Qn(x) = e–(γ+λ)x–
∫ x
 b(ξ )dξ

n–∑
k=

(λx)k

k!
bn–k , n≥ . (.)

Since (p,Q) ∈ ker(γ I –Am), by the imbedding theorem in Adams [],

∞∑
n=

|an| =
∞∑
n=

∣∣pn()∣∣≤ ∞∑
n=

‖pn‖L∞[,∞)

≤
∞∑
n=

{
‖pn‖L[,∞) +

∥∥∥∥dpndx

∥∥∥∥
L[,∞)

}

<∞, (.)
∞∑
n=

|bn| =
∞∑
n=

∣∣Qn()
∣∣≤ ∞∑

n=

‖Qn‖L∞[,∞)

≤
∞∑
n=

{
‖Qn‖L[,∞) +

∥∥∥∥dQn

dx

∥∥∥∥
L[,∞)

}

< ∞. (.)

(.)-(.) show that (.)-(.) are true.
Conversely, if (.)-(.) hold, then by using the formulas

∫ ∞


e–Cxxk dx =

k!
Ck+ , C > ,k ∈N,

∫ ∞


b(x)e–

∫ x
 b(ξ )dξ dx = ,

∫ ∞


b(x)e–

∫ x
 b(ξ )dξ dx = ,

integration by parts and the Fubini theorem, we estimate

‖pn‖L[,∞) =
∫ ∞



∣∣∣∣∣e–(γ+λ)x–
∫ x
 b(ξ ) dξ

n–∑
k=

(λx)k

k!
an–k

∣∣∣∣∣dx

≤
∫ ∞


e–(Reγ+λ)x–

∫ x
 b(ξ ) dξ

n–∑
k=

(λx)k

k!
|an–k|dx

≤
n–∑
k=

λk

k!
|an–k|

∫ ∞


e–(Reγ+λ+infx∈[,∞) b(x))xxk dx

=
n–∑
k=

λk

k!
|an–k| k!

(Reγ + λ + infx∈[,∞) b(x))k+

=
n–∑
k=

λk

(Reγ + λ + infx∈[,∞) b(x))k+
|an–k|, n≥ 

=⇒
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|p| +
∞∑
n=

‖pn‖L[,∞)

≤ |a|
|γ + λ|

∫ ∞


b(x)e–

∫ x
 b(ξ ) dξ dx

+
|b|

|γ + λ|
∫ ∞


b(x)e–

∫ x
 b(ξ ) dξ dx

+
∞∑
n=

n–∑
k=


Reγ + λ + infx∈[,∞) b(x)

(
λ

Reγ + λ + infx∈[,∞) b(x)

)k

|an–k|

=
|a| + |b|
|γ + λ|

+


Reγ + λ + infx∈[,∞) b(x)

∞∑
k=

(
λ

Reγ + λ + infx∈[,∞) b(x)

)k ∞∑
n=k+

|an–k|

=
|a| + |b|
|γ + λ| +


Reγ + infx∈[,∞) b(x)

∞∑
n=

|an|

< ∞, (.)

‖Qn‖L[,∞) ≤
n–∑
k=

λk

(Reγ + λ + infx∈[,∞) b(x))k+
|bn–k|, n≥ 

=⇒
∞∑
n=

‖Qn‖L[,∞) ≤ 
Reγ + λ + infx∈[,∞) b(x)

×
∞∑
n=

n–∑
k=

(
λ

Reγ + λ + infx∈[,∞) b(x)

)k

|bn–k|

=


Reγ + infx∈[,∞) b(x)

∞∑
n=

|bn|

< ∞. (.)

(.) and (.) give

dpn(x)
dx

= –
(
γ + λ + b(x)

)
e–(γ+λ)x–

∫ x
 b(ξ )dξ

n–∑
k=

(λx)k

k!
an–k

+ e–(γ+λ)x–
∫ x
 b(ξ )dξ

n–∑
k=

λkxk–

(k – )!
an–k

= –
(
γ + λ + b(x)

)
pn(x) + λpn–(x), n≥ , (.)

dp(x)
dx

= –
(
γ + λ + b(x)

)
p(x), (.)

dQn(x)
dx

= –
(
γ + λ + b(x)

)
e–(γ+λ)x–

∫ x
 b(ξ )dξ

n–∑
k=

(λx)k

k!
bn–k

+ e–(γ+λ)x–
∫ x
 b(ξ )dξ

n–∑
k=

λkxk–

(k – )!
bn–k
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= –
(
γ + λ + b(x)

)
Qn(x) + λQn–(x), n≥ , (.)

dQ(x)
dx

= –
(
γ + λ + b(x)

)
Q(x). (.)

By combining (.), (.), (.) and (.) with (.) and (.), we derive

∞∑
n=

∥∥∥∥dpn(x)dx

∥∥∥∥
L[,∞)

≤
[
Reγ + λ + sup

x∈[,∞)
b(x) + | Imγ |

] ∞∑
n=

‖pn‖L[,∞)

< ∞, (.)
∞∑
n=

∥∥∥∥dQn

dx

∥∥∥∥
L[,∞)

≤
[
Reγ + λ + sup

x∈[,∞)
b(x) + | Imγ |

] ∞∑
n=

‖Qn‖L[,∞)

< ∞. (.)

(.)-(.) mean that (p,Q) ∈ D(Am) and (γ I –Am)(p,Q) = . �

It is not difficult to see that L is surjective. Moreover,

L
∣∣
ker(γ I–Am) : ker(γ I –Am) → ∂X

is invertible for γ ∈ ρ(A). For ∀γ ∈ ρ(A) we define the Dirichlet operator as

Dγ := (L|ker(γ I–Am))– : ∂X → ker(γ I –Am).

Lemma . gives the explicit form of Dγ for γ ∈ ρ(A)

Dγ (�a, �b) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

⎛
⎜⎜⎜⎜⎜⎜⎜⎝


γ+λ

ψε   · · ·
ε   · · ·
ε ε  · · ·
ε ε ε · · ·
...

...
...

. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

a
a
a
a
...

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
+

⎛
⎜⎜⎜⎜⎜⎜⎜⎝


γ+λ

φδ   · · ·
   · · ·
   · · ·
   · · ·
...

...
...

. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

b
b
b
b
...

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
,

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

δ    · · ·
δ δ   · · ·
δ δ δ  · · ·
δ δ δ δ · · ·
...

...
...

...
. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

b
b
b
b
...

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
, (.)

where

εk =
(λx)k

k!
e–(γ+λ)x–

∫ x
 b(ξ ) dξ , k ≥ ,

δk =
(λx)k

k!
e–(γ+λ)x–

∫ x
 b(ξ ) dξ , k ≥ .
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From (.) and the definition of �, it is easy to determine the expression of �Dγ for
γ ∈ ρ(A).

�Dγ (�a, �b) =

⎛
⎜⎜⎜⎜⎝

⎛
⎜⎜⎜⎜⎝

ψε ψε   · · ·
ψε ψε ψε  · · ·
ψε ψε ψε ψε · · ·
...

...
...

...
. . .

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
a
a
a
...

⎞
⎟⎟⎟⎟⎠

+

⎛
⎜⎜⎜⎜⎝

φδ φδ   · · ·
φδ φδ φδ  · · ·
φδ φδ φδ φδ · · ·
...

...
...

...
. . .

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
b
b
b
...

⎞
⎟⎟⎟⎟⎠ ,

⎛
⎜⎜⎜⎜⎝

λ
γ+λ

ψε   · · ·
   · · ·
   · · ·
...

...
...

. . .

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
a
a
a
...

⎞
⎟⎟⎟⎟⎠ +

⎛
⎜⎜⎜⎜⎝

λ
γ+λ

φδ   · · ·
   · · ·
   · · ·
...

...
...

. . .

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
b
b
b
...

⎞
⎟⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎠ .

Haji and Radl [] gave the following result through which we deduce the resolvent set of
A on the imaginary axis.

Lemma . If γ ∈ ρ(A) and  /∈ σ (�Dγ ), then

γ ∈ σ (A) ⇐⇒  ∈ σ (�Dγ ).

By using Lemma . and Nagel [], page , we derive the following result.

Lemma . Let b(x),b(x) : [,∞) → [,∞) be measurable,  < infx∈[,∞) b(x) ≤
supx∈[,∞) b(x) < ∞ and  < infx∈[,∞) b(x) ≤ supx∈[,∞) b(x) < ∞. Then all points on the
imaginary axis except zero belong to the resolvent set of A.

Proof Take γ = im, m ∈ R \ {}, �a = (a,a, . . .) ∈ l and �b = (b,b, . . .) ∈ l. Then by the
Riemann-Lebesgue lemma,

lim
m→∞

∫ ∞


f (x) cos(mx)dx = ,

lim
m→∞

∫ ∞


f (x) sin(mx)dx = , f ∈ L[,∞), f (x)≥ ,

we know there existsM >  such that |m| >M
∣∣∣∣
∫ ∞


f (x)e–imx dx

∣∣∣∣


=
(∫ ∞


f (x) cos(mx)dx

)

+
(∫ ∞


f (x) sin(mx)dx

)

<
(∫ ∞


f (x)dx

)

=⇒∣∣∣∣
∫ ∞


f (x)e–imx dx

∣∣∣∣ <
∫ ∞


f (x)dx. (.)
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By replacing f (x) in (.) with f (x) = e–λx–
∫ x
 b(ξ )dξ , f (x) = e–λx–

∫ x
 b(ξ )dξ and using the fact

∣∣∣∣
∫ ∞



(λx)n

n!
e–(im+λ)x–

∫ x
 b(ξ )dξ dx

∣∣∣∣≤
∫ ∞



(λx)n

n!
e–λx–

∫ x
 b(ξ )dξ dx, n≥ ,

∣∣∣∣
∫ ∞



(λx)n

n!
e–(im+λ)x–

∫ x
 b(ξ )dξ dx

∣∣∣∣≤
∫ ∞



(λx)n

n!
e–λx–

∫ x
 b(ξ )dξ dx, n≥ 

we derive, for |m| >M,

∥∥�Dγ (�a, �b)
∥∥ = |ψεa +ψεa + φδb + φδb|

+ |ψεa +ψεa +ψεa + φδb + φδb + φδb|
+ |ψεa +ψεa +ψεa +ψεa

+ φδb + φδb + φδb + φδb|
+ · · ·

+

∣∣∣∣∣
n∑
j=

ψεjan+–j +
n∑
j=

φδjbn+–j

∣∣∣∣∣
+ · · ·
+
∣∣∣∣ λ

γ + λ
ψεa +

λ

γ + λ
φδb

∣∣∣∣
≤

∞∑
n=

|ψεn||a| +
∞∑
n=

|ψεn||a| +
∞∑
n=

|ψεn||a| + · · ·

+
∞∑
n=

|φδn||b| +
∞∑
n=

|φδn||b| +
∞∑
n=

|φδn||b| + · · ·

+
λ√

m + λ
|ψε||a| + λ√

m + λ
|φδ||b|

<
∞∑
n=

|ψεn||a| +
∞∑
n=

|ψεn|
∞∑
k=

|ak|

+
∞∑
n=

|φδn||b| +
∞∑
n=

|φδn|
∞∑
k=

|bk|

+ |ψε||a| + |φδ||b|

=
∞∑
n=

|ψεn|
∞∑
k=

|ak| +
∞∑
n=

|φδn|
∞∑
k=

|bk|

=
∞∑
n=

∣∣∣∣
∫ ∞


b(x)

(λx)n

n!
e–(im+λ)x–

∫ x
 b(ξ )dξ dx

∣∣∣∣
∞∑
k=

|ak|

+
∞∑
n=

∣∣∣∣
∫ ∞


b(x)

(λx)n

n!
e–(im+λ)x–

∫ x
 b(ξ )dξ dx

∣∣∣∣
∞∑
k=

|bk|

<
∞∑
n=

∫ ∞


b(x)

(λx)n

n!
e–λx–

∫ x
 b(ξ )dξ dx

∞∑
k=

|ak|
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+
∞∑
n=

∫ ∞


b(x)

(λx)n

n!
e–λx–

∫ x
 b(ξ )dξ dx

∞∑
k=

|bk|

=
∫ ∞


b(x)

∞∑
n=

(λx)n

n!
e–λx–

∫ x
 b(ξ )dξ dx

∞∑
k=

|ak|

+
∫ ∞


b(x)

∞∑
n=

(λx)n

n!
e–λx–

∫ x
 b(ξ )dξ dx

∞∑
k=

|bk|

=
∫ ∞


b(x)eλxe–λx–

∫ x
 b(ξ )dξ dx

∞∑
k=

|ak|

+
∫ ∞


b(x)eλxe–λx–

∫ x
 b(ξ )dξ dx

∞∑
k=

|bk|

=
∫ ∞


b(x)e–

∫ x
 b(ξ )dξ dx

∞∑
k=

|ak|

+
∫ ∞


b(x)e–

∫ x
 b(ξ )dξ dx

∞∑
k=

|bk|

= –e–
∫ x
 b(ξ )dξ

∣∣∣∣
∞



∞∑
k=

|ak| – e–
∫ x
 b(ξ )dξ

∣∣∣∣
∞



∞∑
k=

|bk|

=
∞∑
k=

|a| +
∞∑
k=

|bk|

=
∥∥(�a, �b)∥∥

=⇒
‖�Dγ ‖ < . (.)

(.) means that when |m| >M, the spectral radius r(�Dγ ) ≤ ‖�Dγ ‖ < , which implies
 /∈ σ (�Dγ ) for |m| >M, and therefore by Lemma ., we know γ = im �∈ σ (A) for |m| >
M, that is,

{
im | |m| >M}⊂ ρ(A),

{
im | |m| ≤M

}⊂ σ (A)∩ iR. (.)

On the other hand, since T(t) is positive uniformly bounded by Theorem ., by Corol-
lary . in Nagel [], page , we know that σ (A) ∩ iR is imaginary additively cyclic,
which states that im ∈ σ (A)∩ iR⇒ imk ∈ σ (A)∩ iR for all integer k, from which together
with (.) and Lemma . we conclude σ (A)∩ iR = {}. �

It is not difficult to prove X*, dual space of X, is as follows:

X* =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
(p*,Q*)

∣∣∣∣∣∣∣∣∣∣

p* ∈R× L∞[,∞)× L∞[,∞)× · · · ,
Q* ∈ L∞[,∞)× L∞[,∞)× L∞[,∞)× · · · ,

‖|(p*,Q*)‖| =max

{
sup{|p*|, supn≥ ‖p*n‖L∞[,∞)},
supn≥ ‖Q*

n‖L∞[,∞)

}
< ∞

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
.
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It is obvious that X* is a Banach space. Gupur [] gave the expression of A*, the adjoint
operator of A as follows:

A*(p*,Q*) = (G + F +�)
(
p*,Q*), (

p*,Q*) ∈D(G),

where

G
(
p*,Q*) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

–λ    · · ·
 d

dx – (λ + b(x))   · · ·
  d

dx – (λ + b(x))  · · ·
   d

dx – (λ + b(x)) · · ·
...

...
...

...
. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

p*
p*(x)
p*(x)
p*(x)
...

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
,

⎛
⎜⎜⎜⎜⎝

d
dx – (λ + b(x))   · · ·

 d
dx – (λ + b(x))  · · ·

  d
dx – (λ + b(x)) · · ·

...
...

...
. . .

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
Q*

(x)
Q*

(x)
Q*

(x)
...

⎞
⎟⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎠ ,

D(G) =

{(
p*,Q*) ∈ X*

∣∣∣∣∣
dp*k (x)
dx and dQ*

k (x)
dx exist and

p*k(∞) =Q*
k(∞) = α,k ≥ 

}
,

F
(
p*,Q*) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

   · · ·
b(x)   · · ·
 b(x)  · · ·
  b(x) · · ·
...

...
...

. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

p*
p*()
p*()
p*()
...

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
,

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

b(x)    · · ·
 b(x)   · · ·
  b(x)  · · ·
   b(x) · · ·
...

...
...

...
. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

p*
p*()
p*()
p*()
...

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
,

�(p*,Q*) =
⎛
⎜⎜⎜⎜⎝

⎛
⎜⎜⎜⎜⎝

λ   · · ·
   · · ·
   · · ·
...

...
...

. . .

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
Q*

()
Q*

()
Q*

()
...

⎞
⎟⎟⎟⎟⎠ +

⎛
⎜⎜⎜⎜⎝
    · · ·
  λ  · · ·
   λ · · ·
...

...
...

...
. . .

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝

p*
p*(x)
p*(x)
...

⎞
⎟⎟⎟⎟⎠ ,

⎛
⎜⎜⎜⎜⎝
 λ   · · ·
  λ  · · ·
   λ · · ·
...

...
...

...
. . .

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝
Q*

(x)
Q*

(x)
Q*

(x)
...

⎞
⎟⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎠ .

Since T(t) is uniformly bounded, by Arendt and Batty [] and Lemma ., we know that
 is an eigenvalue of A*. Furthermore, by replacing μ and η in Lemma  in Gupur [] with
b(x) and b(x), respectively, we deduce the following result.
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Lemma . If
∫∞
 λxb(x)e–

∫ x
 b(ξ )dξ dx < , then  is an eigenvalue of A* with geometric

multiplicity one.

Since Theorem ., Lemma ., Lemma . and Lemma . satisfy the conditions of The-
orem  in Gupur, Li and Zhu [], the following conclusion is the direct result of Theorem
 in Gupur, Li and Zhu [].

Theorem . Let b(x),b(x) : [,∞) → [,∞) be measurable,  < infx∈[,∞) b(x) ≤
supx∈[,∞) b(x) < ∞ and  < infx∈[,∞) b(x) ≤ supx∈[,∞) b(x) < ∞. If

∫∞
 λxb(x) ×

e–
∫ x
 b(ξ )dξ dx < , then the time-dependent solution of the system (.) converges strongly

to its steady-state solution, that is,

lim
t→∞

∥∥(p,Q)(·, t) – 〈(p*,Q*), (p(),Q())〉(p,Q)(·)∥∥ = ,

where (p*,Q*) and (p,Q) are the eigenvectors in Lemma . and Lemma ., respectively.

When b(x) = μ and b(x) = η, Lin and Gupur [] proved that if
√

λ <
√

μ <
√

λ +
√

η,
then (

√
λμ–λ–μ)θ are eigenvalues ofAwith geometricmultiplicity one for all θ ∈ (, ).

Which means that the result in Theorem . is optimal, that is to say, it is impossible that
the time-dependent solution of the system (.) exponentially converges to its steady-state
solution.
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