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Abstract

In this paper, we study (p(x), g(x))-biharmonic systems with Navier boundary
condition on a bounded domain and obtain three solutions under appropriate
hypotheses. The technical approach is mainly based on the general three critical
points theorem obtained by Ricceri.
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1 Introduction and main results
In this paper, we consider the Navier boundary value problem involving the (p(x), g(x))-

biharmonic systems

A(|AulP9=2 Ay) = AF, (%, u,v) + nGyu(x,u,v), inQ,
A(|AuT2 Ay) = AF,(x, u,v) + uGy(x,u,v), inQ, (P)
u=Au=v=Av=0, on 0%2,

where A, i1 € [0,+00), @ C RN (N > 1) is a nonempty bounded open set with a boundary
3Q of class C', F,G: Q x R x R — R are functions such that F(-,s,t), G(-,s, ) are measur-
able in Q for all (s,£) € R x Rand F(x,-,-) is C' in R x R for a.e. x € Q, F; denotes the partial
derivative of F with respect to i, i = u, v, so does G,. And p,q € C(Q),1 < p~ = inf, g p(x) <
pt =sup, gpx) <+00,1<q =inf,5qx) <g" =sup,.gq*) < +00. Moreover,

5 = A][Vf’;’(‘;) if p(x) <N,
00 if p(x) > N,

is the critical exponent just as in many papers. Obviously, p(x) < p*(x), g(x) < g*(x) for all
x € Q.

In what follows, E denotes the Cartesian product of two Sobolev spaces W*#® () N
W™ (Q) and W210(Q) N Wy T(Q), ie., E = (W2PD(Q) N W™ (Q)) x (W21W(Q) N
Wé'q(x)(fz)), and X denotes the Sobolev space W27 (Q) N W,” “(%).

In recent years, the study of differential equations and variational problems with p(x)-
growth conditions has been an interesting topic resulting from nonlinear electrorheolog-
ical fluids (see [1]) and elastic mechanics (see [2]).
©2013 Huang et al, licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
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Some authors considered elliptic systems (see [3—16]) which have been used in a wide
range of applications. Existence and multiplicity results for elliptic systems involving vari-
ational structure have been extensively investigated.

In [3], Boccardo and Figueiredo studied the following boundary value problem involving

the (p, ¢)-Laplacian:

_Apu = Fu(x’ u, V)r
—Aql/l = Fv(x; u, V);

where p and g are real numbers larger than 1.

In [4], applying the fibering method established by Pohozaev, Bozhkova and Mitidieri,
the authors studied the existence of multiple solutions for quasilinear system involving a
pair of (p, q)-Laplacian operators.

In [5], Chun Li and Chun-Lei Tang ensured the existence of three solutions for the prob-

lem

—Apu = AF,(%,u,v), ing,
—Agu=MAF,(%,u,v), ing,
u=v=0, on 0€2,

where p > N, g > N and F satisfies suitable assumptions.

In [6], Afrouzi and Heidarkhani studied the existence of three solutions for a class of
Dirichlet quasilinear elliptic systems involving the (py,...,p,)-Laplacian. In [7], Jing-Jing
Liu and Xia-Yang Shi proved the existence of multiple solutions for a quasilinear system in-
volving a pair of (p(x), g(x))-Laplacian operators. In [8], Bin Ge and Ji-Hong Shen obtained
multiple solutions for a class of differential inclusion systems involving the (p(x),g(x))-
Laplacian.

Recently, Lin Li and Chun-Lei Tang (see [9]) considered the Navier boundary value
problem involving the (p, g)-biharmonic systems

|AulP=2 Au) = AF,(x, 1, v) + Gy, (x,u,v), in Q,
|Au|972 Au) = AF, (%, u,v) + G, (%, u,v), inQ,
u=Au=v=Av=0, on 0€2,

A(
A(

where p > max{l, %}, q > max{l, %}, and F, G satisfy suitable assumptions.

The main result of this paper is the following theorem.

Theorem 1.1 Suppose that there exist two positive constants C, d and two functions
y(x),B(x) € C(Q) withl<y~ <y*<p,1< B~ <B* <q such that
(j1) F(x,s,t) >0 fora.e.x € Q and all (s,t) € [0,d] x [0,d];
(12) Ip1(x), q1(x) € C(Q) and p* < p7 < p1(x) <p*x), q* < g7 < q1(x) < g*(x) such that
F(x,s,t)

limsupsup - e

< +0Q0;
(s,t)—(0,0)xe2 |S

(i3) |F(x,s,8)| < C(A +|s]”™ + |£|P®) for a.e. x € Q and all (s,t) € R x R;
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(j4) F(x,0,0) =0 fora.e. x € Q. Then there exist an open interval A C [0, +00) and a
positive real number r with the following property: for each A € A and each function
G:Q x R x R+ R, measurable in Q, C* in R x R and satisfying

|G(x,s,t)]|
sup ® w <o
(x,5,t)— (2xRxR) 1+ |S|p2 )+ |’f|q2

where py,q, € C(Q) and p,(x) < p*(x), q2(x) < q* (x) for all x € Q, there exists § > 0
such that, for each p € [0,8], problem (P) has at least three weak solutions whose
norms in (W®(Q) N Wol’p(x)(Q)) x (W29 (Q) N W;"I(’C)(Q)) are less than r.

The paper is organized as follows. In Section 2, we present some necessary preliminary
knowledge about the Lebesgue and Sobolev spaces with variable exponents, and present

Ricceri’s three-critical-points theorem. In Section 3, we prove the main result.

2 Preliminaries
Assume that € is a bounded domain of RN (N > 1) with a smooth boundary 9. Let

C.(Q) = {hlh € C(Q),h(x)>1forallx e 5},
LT(Q) = {p € L*(Q) : essinf p(x) > 1}.
x€Q
For p € L°(Q2), set
p~ =p () =essinf p(x), p"=p*(Q) =esssup p(x).
xeQ xeQ

For p € L(R2), define
[PY(Q) = {u|u : Q — R is measurable and / |ulP® dx < oo}
Q

with the norm

el oy = ity = inf{x : /Q
and

W(Q) = {u e LF(Q) : | Vu| € L7 (Q)}
endowed with the norm

el yrpe @) = 18l pe) + 1Vt pe).-
We denote by Wé’p (x)(Q) the closure of C§°(€2) in W@ (Q).

For the basic properties of the spaces L*®(R2), W*®(Q) and Wé'p (x)(Q), please refer to
[17-20]. Now we recite some known results which will be used later.
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Proposition 2.1 (see [17])
(i) The spaces [P¥(Q2), W"*\(Q) and Wé'p (x)(Q) are separable and reflexive Banach
spaces;
(ii) Ifq € C.(RQ) and q(x) < p*(x) for any x € Q, then the imbedding from W"P®(Q) to
LIW(Q) is compact and continuous;
(i) There is a constant C > 0 such that |u|pw) < C|Vit|pw Yu € Wé’p(x)(Q).

By (iii) of Proposition 2.1, we know that |Vu|,u) and |x| are equivalent norms on

W “)(Q). We use |V () to replace ||u|| in the following discussion.

Proposition 2.2 (see [18]) Set p(u) = [, [uP™ dx for u, uy € LP®)(S), we obtain
(1) Foru#0, lulpw =+ p(5)=1;
(2) lulpw <1(=15>1) & p($) <1(=1;>1);
(3) If lulpie) > 1, then |ullyy < plu) < ully,y;
(4) If Ity < 1, then |ty < plu) < [ully,;
(5) limy_, oo |tk |pix) = 0 < limy_, oo 0 (21g) = 0;
(6) |uklpe) = 00 & p(ur) — oo.

In this paper, the space E is endowed with the following equivalent norm:
|G| = lull + 1v1,

where

Au [P® Av
||u||:inf{k>0:/ dxfl}, ||v||:inf{u>0:/ ‘—
Q Ql M

Similar to Proposition 2.2, we obtain the following.

q(x)
dx < 1}.

Proposition 2.3 Let ¢(u) = fQ | AulP® dx for u, uy € W*P¥)(Q), we obtain:
(1) Foru#0, |lull =1 & ¢() =1;
2) lull<1(=15>1) & ¢(5) <1 (=L>1)
3) If lull > 1, then [|u]l?” < ¢(u) < ull”";
(@) If lull <1, then lull?” < ¢(u) < [lu]l?”;
(5) limg—oolluxll = 0 < limg—, cop(ux) = 0;
)

6) llurll = oo < ¢(ux) — oo.

Let G(u) = | L AuPW dx, u € X and denote L = G’ : X — X*, then
Q p(x)

(L(u),v):/ IAulPY2AuAvdx Vu,veX.
Q

Proposition 2.4 (see [17])
(i) L:X — X* is a continuous, bounded and strictly monotone operator;
(i) L is a mapping of type (S,), i.e., ifu, — u in X and
limy,_, oo ((L(2¢,,) — L(14), 4, — 1)) < 0, then u, — u in X;

(iti) L:X — X* is a homeomorphism.
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Proposition 2.5 (see [21]) Let X be a separable and reflexive real Banach space; I C R;
let ® : X — R be a continuously Gdateaux differentiable and sequentially weakly lower
semicontinuous functional whose Gdteaux derivative admits a continuous inverse on X*;
J: X — R is a continuously Gateaux differentiable functional whose Gdteaux derivative is

compact. In addition, ® is bounded on each bounded subset of X. Assume that

lim (@) + (1)) = +o0 (2.1)

|z]| = +00

forall » € I C [0,00[, and that there exists p € R such that

sup inf(CD(u) + A(](u) + p)) < inf sup(dD(u) + A(](u) + p)) (2.2)

ael ueX ueX jer

Then there exist a nonempty open set A C I and a positive real number r with the following
property: for every A € A and every C* functional ¥ : X — R with a compact derivative,
there exists 8 > 0 such that, for each p € [0,8], the equation

D (1) + M (1) + pn¥'(u) =0
has at least three solutions in X whose norms are less than r.

Proposition 2.6 (see [22]) Let X be a nonempty set, and let ®, ] be two real functionals

on X. Assume that there are r > 0 and xq,x1 € X such that

D(x0) +J(x0) =0, D(xp) > 1,

sup  Jx)<r /@)

(2.3)
xed1(]—00,r]) D (x1)

Then, for each p satisfying

sup ](x)<p<rM,
xed1(—00,r]) (%)

one has

sup in)f((cb(x) +x(p-J (%)) < ;Iel)f(‘ )s\ti%)(cb(x) +A(p-J(x))).

A>0 %€

3 Proof of the main result
Definition 3.1 A weak solution of problem (P) is any (i, v) € E such that

/ (|Au|p(")_2AuA.§ + |Av|q(")_2AvAn) dx
Q

_}\/. (Fus"'Fvn)dx_M/ (Gug'{'Gvn)dx:O
Q Q
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for all V(§,n) € E. We define the corresponding energy functional of problem (P) as
H(u,v) = ®(u,v) + M (u,v) + u¥(u,v)

1 1
:/ <—|Au|"(")+—|Av|q(’c)> dx—A/F(x,u,v)dx—u/ G(x,u,v)dx,
o \p®) q(x) Q Q

where

D(u,v) = / (L|Au|ﬂ(x) + L|Av|q(x)) dx,
o \pK) q(x)

](u,v)z—/QF(x,u,v)dx; W (u,v) :—/QG(x,u,v)dx.

Then H(u,v) is a C* functional and the critical points of it are weak solutions of problem

(D).

Proof of Theorem 1.1 Let @, J, ¥ as above. So, for each u,v,&,n € E, one has
O (u,v)(E,7) = f (1AufP®=2 AuAg + | Av|19=2 AvAn) dx,
Q

]/(M:V)(g,ﬂ) = _/

F,(x,u,v)E dx — / F,(x,u,v)ndx,
Q

Q

W, V) (&) = /

G (%, u, V)€ dx — f G, (x, u,v)ndx.
Q

Q

Therefore, the weak solutions of problem (P) are exactly the solutions of the equation
D' (1, v) + M) (u,v) + u¥' (1, v) = 0.

In view of Proposition 2.4 (or [17] for details), certainly, ® is a continuously Gateaux differ-
entiable and sequentially weakly lower semi-continuous functional whose Gateaux deriva-
tive admits a continuous inverse on E*. Moreover, / and W are continuously Gateaux dif-
ferentiable functionals whose Gateaux derivatives are compact. Obviously, ® is bounded
on each bounded subset of X under our assumptions.

By Proposition 2.3, set G(u) = fQ 1% | Au|P™ dx just as before, then for ||u| > 1,

x)

1 - 1 +
Ph ul? < Gu) < ;Ilullp ; (3.1)
for ||u|| <1,
1 ot 1 -
pe ull” < G(u) < = flal® (3.2)

Actually, for ||u|| <1, set Cy > !% el — p%, ll#|#" > 0, then we can obtain

1 1 _
G(u) :/ ——AulPW dx > —||ulP” - Co.
o px) p*

Page 6 of 11
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Hence we have

1 1 .
G(u):/ — | AufPPdx > —|u|’ -Cy, VueX.
o p) pt

So, there exists a constant C; > 0 such that

(A, L (x))
CID(u,v)—/Q<p(x)|Au|1’ +q(x)|Av|q dx

1 -1 .
> ul” + —ul” -G
q
holds for any (u,v) € E.

M(u,v) = —A/ F(x,u,v)dx
Q
> —A/ C(L+ |u”™ + |v|f®) dx
Q
= 3 C(192 + [ul} g+ laal] ) + IVl + V)
> —Co(1+|ull, + |v|§(x))
> —Cs(L+ lull” +vI*)

holds for any (u,v) € E, where constants C; > 0, C3 > 0. Here, by using conditions (j3) and

(ii) of Proposition 2.1, combining the two inequalities above, we can obtain
1 o 1 T »* g
O(u,v) + M, v) = —Nul” + —IvI? = Cs(1+ [ul” +[IvI”) - Cr.
p q
Dueto y* <p~, B* <q~, we get

lim (<I>(u, V) + A (u, v)) =+00 V(u,v) €E, 1 €[0,00).

()| —+00

Then assumption (2.1) of Proposition 2.5 is fulfilled.
Next, we derive that assumption (2.2) is also fulfilled. It is easy to verify the conditions

of Proposition 2.6. Let (10, o) = (0,0), we can easily have
@ (29, vo) = —J (10, v0) = 0.

Then there exist ¥ > 0 and (3, v;) € E such that ®(uy,v;) > y and (2.3) is satisfied.

There is a point x° € Q since it is a nonempty bounded open set. Let r, > r; > 0, put

0, x € Q\B(x°, 1),

AB 1) ~4(r1+72)(B-r3) +6r1 12 (2~12)) 0 0
ra=rD(ri+72) , % €B,r)\B(", ),
d, x € B(x%, ),

w(x) =

Page 7 of 11
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where B(x, r) is the open ball in RN of radius r centered at x,

[ =dist(x,x°) =

Let (u1(x), v1(x)) = (w(x), w(x)), then by (j1) we can derive that
—J(uy,v1) = —J(w,w) = / F(x,w,w)dx > 0.
Q

From (j2), 3n € [0,1], C; > 0 such that

F(x,5,8) < Cy(|s|P1@ 4 [ n))

<Ci(IslPr +1£1T)  V(s,t) € [-n,n] x [-n,n] ae.x € Q.

By (j3), there are nine positive real numbers M; (i = 1,2,...,9) according to |s|, |£| larger or

smaller than 1 and 1. For example, when |s| > 1, |£| < n some

CQ+s|” +1sI”)
M;= sup o s
|s|>1,]t|<n |S| 1+ |t| 1

Set M = max{Cy, My, ...,Mo}, then
F(x,s,t) <M(|s|”I + |t|q1_) V(s,t) ER x Ra.e.x € Q.
Hence, fix y such that 0 < y < 1. And for pl—,,||u||1"+ + q%llv”‘i’+ <y <1, by the Sobolev em-

bedding theorem (X — L*1(2) is continuous), there exist suitable positive constants C,
and Cj; such that

—](M,V)=/F(X,M,V)dx<M/ (|M|p1_+|v|ql_)dx
Q Q

< Go(Jlullr + v ™)

).

Iy
YEY

3
B

<GCs(y? +y

Since p7 > p*, q7 > q*, we have

SUP L jup™ + Lo wiie” <y ~/(w,v)

lim =0. (3.3)

y—0* )4

We choose w(x) € X as above such that —/(w,w) > 0. Fix yo such that 0 < y < ¥y <
1
F;
cases.

min{=, L} - min{||w|[?" + |w||7", |[w|?”" + |w]|7 ,1} <1. Then we divide the proof into two
q
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(i) For ||w|| <1, by (3.2) we have

Q(ul’ Vl) = @(W, W)

1 1
= / (—|AW|P(") + —|Aw|q(x)) dx
o \px) q(x)

1 1
zmin{—,—}/ (|Aw|ﬁ(x)+|Aw|q(x))dx
P qa)Je
11 + +
zmln{;,qj}(IIWII” +wll?")
ZY>Y.
By (3.3), we obtain
—J(u, v
swp Syl Jwn)
p%HuHP++qL+||v||q+§y 2 max{;, qf}(||W||p +|lwll17)

—J(u1,v1) <y —J (1, 1)
D (g, 1) D(uy,v1)

<Y
~2

(ii) For ||w| > 1, from (3.1) we get

D(uy,v1) = P(w, w)

1 1
=/ (—|Aw|P(x>+—|Aw|q<x)) dx
o \p(x) q(x)

1 1

min{—,—}/ (IAWV’(") + |Aw|‘1<x)) dx
pq)Je

1

—

. 1 S
mm{ ,—+}(IIW|I" +wlT)
P q

A%

v

ZYo>V.
From (3.3), we have

—J (1, v1)

1
ZHUwlP + wle7)

14
sup ~J(u,v) < 5 :
"+ Lo vl <y maxt,=

=

y (w1, 1) <y —J(u1, 1)
2 ®(ug,v1) ‘:D(Ml,Vl).

For any (u,v) € ®71((—o0, ¥]), we can obtain ®(u,v) <y, i.e.,

1 1
®(u,v) = / (—|Au|p(’“) + —|Av|q(x)) dx <vy.
o \px) q(x)

Then we can have

1 1
min{—,—}/ (1AulP® + |AV|T) dx < y.
pq)Je

Page 9 of 11
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So,
@ ® 1 1
(lAM|p +|AV|q )dx<)/‘_7ll<)/o"7ll<l.
Q mln{;, q—+} mln{;,qj}

This inequality implies

/ | AulP™ dx < 1, / |AV|T®) dx <1,
Q Q

flaell <1, vl <1.

Therefore we have

1 o1 +
ol < [
p q

1 1
<—|Au|p(") + —|Av|q(")) dx <vy.
Q

p(x) q(x)

So, we can get that

1 | .
drl((—oo,y])c{(um):(u,v)eE,Tuun” +—Jlull <y}.
p q

Then
—J(uy, v
sup —J(u,v) < sup —J(u,v) < yM,
(v)ed71((~00,]) #Huupuq%uvuq* <y D (u1,v1)
that is,
—J(u1,v
sup —](M,V)<)/M.
() ed1((=00,y) D(uy,v1)

Hence we can find y > 0, 3 = v; = w and ®(w, w) < y satisfying (2.3). Also, we can find p
satisfying

—](Ml, Vl)
sup Ju,v)<p<y——=.
(u,v)e®1((-00,y]) (D(ult Vl)

Put I = [0, 00), moreover, ®(u,v), —J(u,v) fulfil the assumption of Proposition 2.6. So,
applying Proposition 2.6, we can easily get that (2.2) is fulfilled.

Thus, ®, ] and W fulfil all the assumptions of Proposition 2.5, and our conclusion follows
from Proposition 2.5. O

Remark Applying Theorem 2.1 in [23] to the proof of Theorem 1.1, an upper bound of
the interval of parameters A, for which (P) has at least three weak solutions, is obtained.
To be precise, in the conclusion of Theorem 1.1, one has

AC [0, hy ]

inf J(wy) -y L)
(u,v)e(b—l((—oo,y])( ) Y urm)

for each /> 1 and (i3, v1) as in the proof of Theorem 1.1 (namely, u; = v; = w).
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