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Abstract

In this paper, the linking theorem and the mountain pass theorem are used to show
the existence of nontrivial solutions for the p-Kirchhoff equations without assuming
Ambrosetti-Rabinowitz type growth conditions, nontrivial solutions are obtained.
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1 Introduction
In this paper, we consider the nonlocal elliptic problem of the p-Kirchhoff type given by

1
u=0, on 0€2, o

{ IM(fq | Vul? )l (=) = f (), in €,
where Q C RN is a bounded domain, and A,u = div(|Vu|[P~2Vu) is the p-Laplacian with
l<p<N.

Recently, the equation

()

—(a+Db [ |Vul* dx)Au =f(x,u), inQ,
u=0, on 02,

began to attract the attention of several researchers only after Lion [1] had proposed an
abstract framework for this problem. Perera and Zhang [2] obtained a nontrivial solution
of (2) by using the Yang index and critical group. They revisited (2) via invariant sets of de-
cent flow and obtained the existence of a positive solution, a negative, and a sign-changing
solutions in [3].

The study of Kirchhoft-type equations has been extended to the following case involving
the p-Laplacian:

—M(Il7 Jo IVul? dx) div(IVulP>Vu) = f(x,u), inQ,
u=0, on 0%2,

for details see [4—6]. One of the authors has done some related work on this field. Liu [7]
gave infinite solutions to the following equation via the fountain theorem and the dual

fountain theorem:

[M(fo(IVul? + A ul?) d) P~ (= Lpu + M@ ulPu) = f(x,u), inLQ,
|Vulp=2 5% = yulp=2, on 9Q.
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However, to the best of our knowledge, there have been few papers dealing with equation
(1) using the linking theorem and the mountain pass theorem. This paper will make some
contribution to this research field.

It is well known (see [8]) that the eigenvalue problem

—Apu = MulP?u  in Q,
u=0 on 0€2,

has the first eigenvalue A; > 0, which is simple, and has an associated eigenfunction ¢; > 0.
Itis also known that A; is an isolated point of o (—A,,), the spectrum of — A, which contains
at least an eigenvalue sequence {1,} and 0 < X; <Ay <Az <--- <X, — 00.

Let

Wé’p(ﬂ) = {u e () :/ |Vulf dx < 0o and u|yq = 0}
Q

1
be a Banach space with the norm |lu| = |lul, = (fQ [VulP dx)? for u € Wé’p(Q). W =
span{¢;} be the one-dimensional eigenspace associated with A;, where ||¢1]| = 1. Let
Wé’p(Q) =WV, where V={uc W;’p(Q) : fQ uqbf_l dx = 0}, there exists A > A; such
that

f|Vu|pdeX/ [uldx forueV.
Q Q

When p = 2, we can take A = Ay, the second eigenvalue of —A in H}(S).
In this paper, the weak solutions of (1) are the critical points of the energy functional

D(u) = I%Z\A/I(/Q |Vulf dx) - /S;F(x, u) dx,

where M(u) = Jo IM(s)1P71 ds, F(x,u) = [ f(x,s)ds. Obviously, ®(u) € Cl(Wé’p(Q),R) and
Lp
for all u,v e Wy (),

1
(<I>’(u),v>: |:M(/ |Vu|pdx>]p /(quV’_zVqu) dx—/f(x,u)vdx.
Q Q Q

In this paper we use the following notation: L”(€2) denotes the Lebesgue space with the
norm | - |»; |2| denotes the Lebesgue measure of the set 2 C RY; (,-) is the dual pairing of
the space (Wg’p (22))* and Wé’p (R2); — (resp. —) denotes strong (resp. weak) convergence.
Co, C1, Cy, ... denote positive constants (possibly different).

Definition1[9] Let ® € C}(X, R), we say that ® satisfies the Cerami condition at the level
¢ € R if any sequence {u,} C X, along with

D(u,) > c and  (L+ |ugll)®'(u,) > 0 asn— oo,

possesses a convergent subsequence; P satisfies the (C) condition if ® satisfies (C), for all
ceR.
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Definition 2 [9] A subset A of E is link (with respect to @ ) to Bof E if AN B = ), for every
I' € @, thereis t € [0,1] such that I'(¢,A) N B #@.

Theorem 1 [9] (Linking theorem) Let X =Y & Z be a Banach space with dim Y < co. Let
p>r>0,andlet z € Z be such that ||\u| = r. Define
M={u=y+rz:|lull <p,r>0,y€Y},
Mo={u=y+rz:yeY,lull=pandhr>0or|ul <pandi=0},

N={ueZ:|u|=r}
Let ® € CY(X,R) be such that

b =inf ® > g = max P.
N Moy

If ® satisfies the (PS) condition with

¢ infmay @(r9).

= {y eCM,X):yImy = id},
then c is a critical value of ®.
Remark 1 If ® satisfies the (C) condition, then Theorem 1 still holds.

Theorem 2 [10] (Mountain pass theorem) Let X be a real Banach space, and let ® €
CM(X, R) satisfy the (C) condition. Suppose, for some o < B, p >0 and u € X, |u| > p,

max{®(0), ()} <o <p < inf D(u).

lull=p

Then ® has a critical value ¢ > B > 0 characterized by

= inf o )
o= o)

where
I'={y eC([0,1],X) : ¥(0) =0,y (1) = u}.

2 Main results
In this section, we give our main theorem. Near the origin, we make the following assump-
tions.

Suppose that M : R* — R* is a continuous function satisfying the following conditions:

(mg) there exists a constant w1 > 0 such that M(¢) > mq for all £ > 0;
(7)) there exists a constant m1; > 0 such that M(¢) < m for all £ > 0 and M(¢) >
a[M@®)P7t, a > 1.

Caratheodory function f satisfies:
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(Fo) Forsomep<gq<p* there exists a constant C > 0 such that
[fe, )] <C(1+1t17") forallxe Q,teR.
(F;) There exist 0 <a < m€71A1(4 —1) and o € [0, p] such that

liming/® 0t~ PED

ir TG >—a uniformly inx € Q.
t|—o00

(F2) limpooe plt(‘p D = oo umformly inx e Q.

(Fy) liminfj, o 25 ) s mp A1 uniformly in x € Q.

It\p
(F3) limsup, % It\” D < ' X uniformly in x € Q.

(F3)" limsup,_, 2 It\" ) ¢ mp A1 uniformly in x € Q.

(Fs) F(x,2) > L+— mp "M P Y (x, £) € Q x R

The main results of this paper are the following.

Theorem 3 Assume that (my), (m1) and (Fy)-(Fy) hold, then problem (1) has at least one

nontrivial weak solution in Wé’p(Q).

Theorem 4 Assume that (mo), (my) and (Fy), (F1), (F2)', (F3)' hold, then problem (1) has
at least one nontrivial weak solution in Wé'p(Q).

3 Proofs of theorems
First, we give several lemmas.

Lemma 1 [7] Under assumptions (mg) and (Fy), any bounded sequence {u,} C Wé’p ()
such that ®'(u) — 0 in (W&’p(Q))* as n — 0o has a convergent subsequence.

Lemma 2 Under assumptions (mo) and (Fy), the functional ®(u) satisfies the (C) condi-
tion.

Proof Let {u,} C Wé’p(Q), for every ¢ > 0,
®(u,) > c¢ and  (L+ lugll)®'(u,) > 0 asn— oo. (3)

We claim that {u,} is bounded in Wé’p(Q). For this purpose, we can suppose that ||u,| —
00. By (F}), there exists 7 > 1 such that

S, )t — pF(x,t) > —alt]”, V[t[>r. (4)
For large n, set Q,, = {x € Q: |u| > r}, (3) and (4) imply that there exists M; > 0 such that

p(L+¢) = p®(uy) — (' (un), 4

:MUQ'W»«I”dx)—/QpP(x,un)dx
- HM( /Q |Vun|pdx>]”‘1 /Q (V4 |?) doe - /Q £ttt dx}
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> (a Dty |u|” + /Q[f(x, Un)tbn — pF(x, 1) | dx
= (a— D [lun|l? +/Q [f (%, tn) it — pF (%, 1) | d¢

+ [f(x’ M”)Mn _pF(x! un)] dx
Q\Q2y

z(a—l)mﬁ*lnunnp—/ |7 dx — M,

Qp

> (a—l)ﬂfﬁ_lllunllp—/ o|uylP dx — My

Qn

> [(ﬂ ~ 1) - %i| [l 1P — M.
1

This is a contradiction. Then {u«,} is bounded in Wé’p (€2). By Lemma 1, we see that {u,}
has a convergent subsequence in Wé’p (2). d

Proof of Theorem 3 We obtain from assumptions (1), (Fo) and (Fs) that for some ¢ > 0
small, there exists C; > 0 such that

F(x,u) < lul” + C1ul?, VxeQ.

mh (0. - &)
p

Taking u € V, using the inequality [, [Vu[? dx > A [, |ul? dx and the Sobolev inequality
|M|Z < K||u||?, we have

- l v r >_
O(u) pM(/g;'Vu' dx AF(x,u)dx

w7t G-

> 0 ||u||f’—u/|u|ﬂdx—a/|u|qu
p P Q Q
ml! (= e)

> ; llul|P = —>—=—|ull” — C:K||ul|?
™ e

= ; =llull” = Gkl

Then there exists r > 0 such that b = inf,c vy, P(u) > 0.

LetzeV,|zl|l=rand My ={u=v+iz:ve W:|u|| =pand A > 0,0r |u|| < pand A =
0L N={ueV:|u|=r}

Forevery u € My, ifu =v+ Az, ||ul| < pand A =0, then u =v € W. By (F,), we know that

1.
D(u) = I;M(/Q |Vu|pdx) —/QF(x,u)dx

-1

< ”iuuu”—/ Flx,u) d
p Q

1

e
< 1 k1/ |u|”dx—/F(x,u)dx
p Q Q
-1

5/|:m¥ A1|ulpdx—F(x,u):|dx§0.
ol P
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Since dim W @ Rz < oo, there exists Cy > 1 such that
le|P < Colult, Yue W @ Rz.

-1
my
p

By (Fo) and (F3), there exists p > 0 such that F(x,u) > CllulP, V|u| > p. Let M =

max{0, infj, <, F(x, %)}, then we have

mp—l
F(x,u) > ——C2|ul’ — M.
p 0

Therefore, Vu € W @ Rz, we have

_ l v 14 _
O(u) = pM(/QIVMI dx> /QF(x,u)dx

m’! ml 2
< -0 0/|u|"dx+M|Q|
p p Q
m? ! w1 C
< Ll - 2w + MIQ
p p
Cy— Dyt
5—%nunp+M|m.

Hence, for p = ||u|| large enough, we have ® (i) — —ooc.
Then there exists p > r > 0 such that

inf ®(u) > 0 = max ®(u).
N My

By Lemmas 1 and 2, & satisfies the (C) condition. Then the conclusion follows from
Theorem 1 and Remark 1. O

Remark 2 (i) There exists R > 0 such that pF(x, ) < uf (x,u), Y|u| > R, x € Q, which im-
plies V|| > R, x € Q,

flx, u)u — pF(x,u) >0 > —a|ul®.

Then

4] - F ]
liming/® 0L~ PEGD

ir TG >—a uniformly inx € Q.
t|—>o0

Hence (F) is much weaker than Ambrosetti-Rabinowitz type growth conditions.
(ii) If f (o, u)u — pF(x, u) — +00, as |u| — oo uniformly in x € 2, then
Ot — pF(x, t
liming/ ® 00~ PECD)

ir TG >0>-a uniformlyinxe Q.
t|—o00

Example 1 Set

0, t<0;
flet) =y b R, 0<t<I;
M nt+md A, £ 1,
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where A; <A <A, m’ffl)q +1< m€71)1. Then it is easy to verify that f(x, t) satisfies (Fo)-(Fa)

with o = p. When ¢ < 0, we can use odd expansion to f(x, £).

Example 2 Set

0, t<0;
flx,t) = mg_litf"l, 0<t<2m;
—1 -
# [d' (%, O + pq(x, )P] + mg_l)»tp’l, t>2m,
where
tsint, te [2km,(2k+1)7);
q®0) = ot (k=1,2,..),

) te[(2k + 1), 2k + 2)m)
q(x,t) = f;ﬂ q (x,5)ds, Ay < & < &, "\ < m "X, Then it is easy to verify that f (x, £) satis-
fies (Fp)-(F4) with 0 = p. When ¢ < 0, we can use odd expansion to f(x, £).

Proof of Theorem 4 We obtain from assumptions (1), (Fp), (F3)’ that for some & > 0 small,
there exists Cy > 0 such that

-1
F(x,u) < —2—(A — &)|ul? + Colu|? forallx € Q.
V4

Taking u € Wé’p(ﬂ), using the inequality [, |[Vu|? dx > A, [, |4 dx and the Sobolev in-

equality |M|Z < K||lu||, we have

- l V 14 )_
D(u) pM(/QWLd dx /QF(x,u)dx

-1

mt w7 (-
anunp—M/ |u|de—czf 1l d
p P Q Q

iy ! nily (b — )
> = fulf - ————
p ph

™ e
= 2 —ullf - CK||ull.
P M

lull” = CKJull

Then there exists p > 0 such that inf}, -, () > 0.
By (Fy) and (F,)’, there exist 8 > A1, & >0, p >0, and B8 — € > A; such that |u| > p,

F(x,u) > ul?.

(B )
p
Let M; = max{0, inf}, <, F(x, u)}, then we have

F(x,u) >

-1
W'”'LM“

Page 7 of 9
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For Vu € W, we have

D(u) = }7 v (/Q |Vu|pdx) —/QF(x,u)dx

™

-1
< - ﬂ/ P dx + My 2.
p Q

Therefore, for B — & > A, let u = t¢y, t € R, we have

-1

-1
S(th1) < ™ £l - it (ﬁ_g)/ [t [ dx + M |2
p p Q

1
|t|P —

<

(B —
L B e e
DA

-
p
-

1 B¢
= 1-—— )|tfP + M| > —00  ast— oo.
p M

Hence there exists u; = 1 € Wé’p(ﬂ), let1 || > p such that ®(uy) < 0.
Then

HiIH1f ®(u)>0> max{CIJ(O), CD(ul)}.
ull=p

Summing up Lemma 1 and Lemma 2, ®(u) satisfies all the conditions of Theorem 2,
then the conclusion follows from Theorem 2. O

Remark 3 The result of Theorem 1.1 in [11] corresponds to our results for the case mg =
my =1and (Fy), replaces (F;). It is easy to see that (F;) is much weaker than (F}),, hence
the results of Theorems 3 and 4 extend the results of [11].

Example 3 Set

0, t<0;
ft) = ml e, 0<t=<l
= el o, £ 1,

where p is odd, 1 > A1 > o,

7t T + el gt t< -1
fent) =3 mf o, It <1;
m 7t = e > 1,

where p is even, g > A1 > iUs.
Then similar to [12], it is easy to verify that f(x,¢) satisfies (Fy), (F1), (F2), (F3)" with

o=p.
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