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Abstract

In this paper we present an approximate solution of a fractional order two-point
boundary value problem (FBVP). We use the sinc-Galerkin method that has almost
not been employed for the fractional order differential equations. We expand the
solution function in a finite series in terms of composite translated sinc functions and
some unknown coefficients. These coefficients are determined by writing the original
FBVP as a bilinear form with respect to some base functions. The bilinear forms are
expressed by some appropriate integrals. These integrals are approximately solved by
sinc quadrature rule where a conformal map and its inverse are evaluated at sinc grid
points. Obtained results are presented as two new theorems. In order to illustrate the
applicability and accuracy of the present method, the method is applied to some
specific examples, and simulations of the approximate solutions are provided. The
results are compared with the ones obtained by the Cubic splines. Because there are
only a few studies regarding the application of sinc-type methods to fractional order
differential equations, this study is going to be a totally new contribution and highly
useful for the researchers in fractional calculus area of scientific research.

Keywords: fractional order two point boundary value problem; sinc-Galerkin
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1 Introduction

Fractional calculus is one of the most novel types of calculus having a broad range of ap-
plications in many different scientific and engineering disciplines. Order of the derivatives
in the fractional calculus might be any real number which separates the fractional calculus
from the ordinary calculus where the derivatives are allowed only positive integer num-
bers. Therefore fractional calculus might be considered as an extension of ordinary calcu-
lus. Fractional calculus is a highly useful tool in the modeling of many sorts of scientific
phenomena including image processing, earthquake engineering, biomedical engineering
and physics. In the references [1] and [2] (amongst many others), fundamental concepts
of fractional calculus and applications of it to different scientific and engineering areas are
studied in a quite neat manner. Interested reader can read those references in conjunction
with the present paper to have a detailed information of this significantly useful type of
calculus.
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Even though fractional calculus is a highly useful and important topic, a general so-
lution method which could be used at almost every sorts of problems has not yet been
established. Most of the solution techniques in this area have been developed for partic-
ular sorts of problems. As a result, a single standard method for problems regarding frac-
tional calculus has not emerged. Therefore, finding reliable and accurate solution tech-
niques along with fast implementation methods is useful and active research area. Some
well-known methods for the analytical and numerical solutions of fractional differential
and integral equations might be listed as power series method [3], differential transform
method [4] and [5], homotopy analysis method [6], variational iteration method [7] and
homotopy perturbation method [8]. Typical numerical methods including collocation, fi-
nite differences and elements are among the most popular numerical techniques, and de-
tailed information about most of these techniques can be obtained from, for instance,
[9-11] and the aforementioned references.

In this paper we propose a new solution technique for approximate (or alternatively say-
ing numerical) solution of a fractional order two-point boundary value problem (FBVP).
We use the sinc-Galerkin method that has almost not been employed for the fractional
order differential equations. We expand the solution function in a finite series in terms
of composite translated sinc functions and some unknown coefficients. These coefficients
are determined by writing the original FBVP as a bilinear form with respect to some basis
functions. Bearing in mind the methodology of the sinc-Galerkin method, these bilinear
forms are expressed by some integrals. These integrals are approximately solved by the
sinc quadrature rule where a conformal map and its inverse are evaluated at sinc grid
points. Finally, it is proved that some new results are obtained as a new contribution to
the subject.

Although there are several studies about the applications of sinc function-based meth-
ods to deterministic boundary value problems such as [12] and [13], the applicability of the
sinc functions-based methods has not been investigated in detail at the numerical solu-
tions of fractional order differential equations. The most significant methods employing
sinc functions at the numerical solution of differential equations might be given as the
sinc-Nystrom method [14] and the method presented in [15].

The rest of this paper is organized as follows. Section 2 reviews the underlying ideas and
basic theorems of fractional calculus and sinc-Galerkin technique. In Section 3 we apply
the sinc-Galerkin method to a general two-point boundary value problem. In the same
section, the obtained results are presented as two new theorems. In Section 4 we present
three specific examples in order to illustrate the applicability and accuracy of the present
method. Simulations of the approximate solutions are provided. The results are compared
with the ones obtained by the Cubic splines. Because there are only a few studies regarding
the application of sinc-type methods to fractional order differential equations, this study
is going to be a totally new contribution and highly useful for the researchers in fractional
calculus area of scientific research. We illustrate the results in the simulations and tables.
We complete the paper with a conclusion section where we briefly overview the present

paper and discuss some future extensions of this research.
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2 Preliminaries

2.1 Fractional calculus

In this section, firstly we present the definitions of the Riemann-Liouville and the Caputo
of fractional derivative. Also, we give the definition of integration by parts of fractional

order by using these definitions.

Definition 2.1 [16] Let f : [a,b] — R be a function, « be a positive real number, # be the
integer satisfying n —1 < o < n, and I" be the Euler gamma function. Then:

i. The left and right Riemann-Liouville fractional derivatives of order « of f(x) are

given as
D)= / (6= Y1) dt 2.1)
I'(n-o) dx”
and
n dVI
R L. 22)
respectively.

ii. The left and right Caputo fractional derivatives of order « of f(x) are given as

C o _ 1 ¥ _ p\n—a-1g(n)

“D”f(x)_—f‘(n—a)/a (x =) f(t) dt (2.3)
and

DY) = o / (1) (¢ - 21 0) (2.4)
respectively.

Now we can write the definition of integration by parts of fractional order by using the

relations given in (2.1)-(2.4).

Definition 2.2 [16] If 0 < @ <1 and f is a function such that f(a) = f(b) = 0, we can write

b b
[ awsnerwan= [ se.ope s (25)

a

and

b b
/ g(x)fDZf(x) dx = / fx).Dig(x)dx.

2.2 Sinc basis functions properties and quadrature interpolations
In this section, we recall notations and definitions of the sinc function, state some known

results, and derive useful formulas that are important for this paper.
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The sinc basis functions
Definition 2.3 [17] The function defined all z € C by

sin(rz) oz ?, 0,

sinc(z) = { nz (2.6)

1, z=0,
is called the sinc function.

Definition 2.4 [17] Let f be a function defined on R, and let /# > 0. Define the series

Cr.x = Y flkh) sinc(x _hkh>, 2.7)

k=-00

where from (2.6)

kh

x—kh)_ Sij), x #kh,

T

Sk, h)(x) = sinc(
1, x = kh.

Whenever the series in (2.7) converges, it is called the Whittaker cardinal function of f.

They are based on the infinite strip D; in the complex plane
D= {w:u+iv: vl <d < %}

In general, approximations can be constructed for infinite, semi-infinite and finite inter-

vals. Define the function

w=¢(2) :ln<i> (2.8)

1-z

which is a conformal mapping from Dp, the eye-shaped domain in the z-plane, onto the

infinite strip Dg, where

Dp=z= {x+iy: ‘arg(%)
-z

This is shown in Figure 1. For the sinc-Galerkin method, the basis functions are derived

<d§z}.
2

from the composite translated sinc functions

(2.9)

Sil2) = S(k h) 2)od () = sinc(M)

h

for z € Dg. The function z = ¢~1(w) = is an inverse mapping of w = ¢(z). We may

€
1+e"

define the range of ¢! on the real line as

r= {qb’l(u) eDE:—oo<u<oo},
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Figure 1 The domains D¢ and Ds.

the evenly spaced nodes {k/1}2__ on the real line. The image which corresponds to these
nodes is denoted by

ekh

-1
X =@ (kh) = 1+edn

Sinc function interpolation and quadratures
Definition 2.5 [18] Let D be a simply connected domain in the complex plane C, and let
dDr denote the boundary of Dg. Let a, b be points on dDr and ¢ be a conformal map Dg
onto Dg such that ¢(a) = —oo and ¢(b) = oco. If the inverse map of ¢ is denoted by ¢, define
r= {(b’l(u) eDE:—oo<u<oo}
and z; = @(kh), k = +1,42,....
Definition 2.6 [18] Let B(Dg) be the class of functions F that are analytic in Dr and satisfy
/ |F(z)|dz—> 0, asu=Foo,
W (L+u)
where
L= {iy:|y| <d< z},
2
and those on the boundary of Dy satisfy

T(F) = /aD |F(z) dz| < 00.

Theorem 2.7 [18] Let I" be (0,1), F € B(Dg), then for h > 0 sufficiently small,

— F(z) i [ F@k($,h)(2)
F(z)dz-h / :—/ — T dz=1I, 2.10
iz 2 5 "2 )y sintrotarm <= 210
where
|k(¢’ h)|zeaD = |e[iﬂg(2) renlim @) z€dD e#


http://www.boundaryvalueproblems.com/content/2013/1/281

Secer et al. Boundary Value Problems 2013, 2013:281
http://www.boundaryvalueproblems.com/content/2013/1/281

For the sinc-Galerkin method, the infinite quadrature rule must be truncated to a finite
sum. The following theorem indicates the conditions under which an exponential conver-

gence results.

Theorem 2.8 [18] If there exist positive constants «, B and C such that

F —a|p(x)] —
(x) ~cle » xeY((-00,00)), (2.11)
) e PP x e Y ((0,00)),
then the error bound for quadrature rule (2.10) is
e eMh BNk
F(x) dx—h C( + ) + |IE]. (2.12)
Z o o =e( )

The infinite sum in (2.10) is truncated with the use of (2.11) to arrive at inequality (2.12).

Making the selections

_nd

aM

[5 1]
N=||— +1,
B

where [-] is an integer part of the statement and M is the integer value which specifies the

grid size, then

/ F(x)dx=h XN: Fl) + O(e‘<”°‘dM)% )- (2.13)
r far?’ @' (%))

We used these theorems to approximate the integrals that arise in the formulation of the

discrete systems corresponding to a second-order boundary value problem.

3 The sinc-Galerkin method

Consider the linear two-point boundary value problem

wa@)y + 1 (®)y + A(x%)SDYy + po(x)y =f(x), 0<x<L0<a<l, (3.1)
with the boundary conditions

¥(0) =y(1) =0,

where § D, is the Caputo fractional derivative operator.

An approximate solution for y(x) is represented by the formula

() = Z aSi®), n=2M+1, (3.2)
k=-M

Page 6 of 14
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where Si(x) is the function S(k, #)o¢(x) defined in (2.9) for some fixed step size 4. The un-
known coefficients ¢, in (3.2) are determined by orthogonalizing the residual with respect
to the basis functions, i.e.,

(2)y", Si) + (1 (®)y', Si) + (M&)§ DLy, S) + (1o (®)y, Sk) = {f (%), Sk)- (3.3)

The inner product used for the sinc-Galerkin method is defined by

/ fx)n x) dx,

where w(x) is a weight function and it is convenient to take

b
¢'(x)

w(x) =

for the case of second-order problems.
A complete discussion on the choice of the weight function can be found in [17].

Lemma 3.1 [19] Let ¢ be the conformal one-to-one mapping of the simply connected do-
main Dg onto Dg given by (2.8). Then

1, j=k

= [SG.op@)]l,., = lo j#k

5 = h [S(/ h)op(x)]

, j=k
=1 (~Dk ,
X=X[ %’ ] 7'/k’

o = h d¢2 86,10 )]

_%2, ]:ky
=) 2
xX=x) ﬁ’ ]#k

The method of approximating the integrals in (3.3) begins by integrating by parts to
transfer all derivatives from y to Si. The following theorems, which can easily be proved
by using Lemma 3.1 and Definition 2.2, are used to solve equation (3.1).

Theorem 3.2 [20] The following relations hold:

M 2
~ y(xr)
(oo, 50% 0 30 33 T (3.4)
M 1 (x )
(m(x)y/,Sk)?—hk% ) ¢,y( k)hlfs,kgu (3.5)
and
G(xr)wlxe)
G Sy =h—m—, .
(G, Sk) 50 (3.6)
where

&2 = (Mzw)((ﬁ,)z» &1 = (Haw)9” +2(uaw)'¢/, &0 = (aw)",

g1 =(uwe,  g@o=(uw)
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and
G=pupoy or f(x).
Theorem 3.3 For 0 < « < 1, the following relation holds:

(A@)5 DYy(), Si)

- yor) d [ S @ —2) K (%)
zraar2¢mmm{§; §(x) }

where K(x) = L(x)Sp(x)w(x), £(t) = In( t‘x)

Proof The inner product with sinc basis element is given by

1
(Ax)§ Dy (x), Sk) = /O (M) Sk (x)w(x))§ D2 y(x) .

Using Definition 2.2, we can write

1 1
/0 (A(x)Sk(x)w(x))OCch‘y(x)dx:/O y(x)fD‘I’(K(x)) dx, (3.8)

where K(x) = A(x)Si(x)w(x). By the definition of the Riemann-Liouville fractional deriva-
tive given in (2.2), we have

d 1
DY (K (%)) = —ﬁ T /x (t —x)"*K(t)dt. (39)

We will use the sinc quadrature rule given with equation (2.13) to compute it because the
integral given in (3.9) is divergent on the interval [x,1]. For this purpose, a conformal map
and its inverse image that denotes the sinc grid points are given by

£(t) = ln(i _’t‘)

and

e 4 x

-1 —
xy =7 o) = S0

respectively. Then, according to equality (2.13), we write

1 d [t . N 1 d L (e, — x) K (x,)
‘7r(1—a)%/x (t —x) K(t)dt:—*F(l_a)a[mzig,(xr) ,

-L

where 4 = w/+/L. Thus, the right-hand side of (3.8) can be rewritten as follows:

' o ~ 1 (% — %) K (x,)
/0 y(x)f DS (K(x))dx:—r(l 5 / ( )—[ LZ T Ddx. (3.10)

Page 8 of 14
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To apply the sinc quadrature rule given in (2.13) on the right-hand side of (3.10), a confor-
mal map and its inverse image are given by

o(6) - 1n(1—ft)

kh

and

_ 41 _
xp = ¢~ (kh) = Tk

respectively. Consequently, when the rule is applied, it is obtained

(M@)§ Dy (), i)

hoxn ) d o - ) K ()
. — | h _ , —M<j<M,
ri-a) k% ¢/ () dx LZL ga) || !
where /1 = w/+/M. This completes the proof. O

Replacing each term of (3.3) with the approximation defined in (3.4)-(3.7), replacing
y(xx) with ¢x and dividing by /4, we obtain the following theorem.

Theorem 3.4 If the assumed approximate solution of boundary value problem (3.1) is
(3.2), then the discrete sinc-Galerkin system for the determination of the unknown coef-
Sficients {ci YL, is given by

Y& 1 o) 1 @)
—,8@ 2,i _ —,8@ 1,i
2 {Z R ) T 2 TR g

k=-M U i=0 =0

1 o d [hLXL:(xr—x)‘“K(xr)]) }+uo<x,)w(x,»)

TTO-w¢de| =T &) o)
:f(x;)W(xj)’ M<j<M.
@' (%))
4 Examples

In this section, three problems that have homogeneous and nonhomogeneous boundary
conditions will be tested by using the present method. In all the examples, we take d = 77 /2,
a=0=1/2,N=M.

Example 4.1 Consider the linear fractional boundary value problem
¥ (%) + §DY"y(x) = f (%),

subject to the homogeneous boundary conditions
»(0) =y(1) =0,

where f(x) =2 + (2.65x"° —2x%°). The exact solution of this problem is y(x) = x(x —1).

1
r(0.5)
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Figure 2 Graphs of exact and approximate solutions for different values of L and M.

0.8

Table 1 Numerical results forL=5,M=5

Table 2 Numerical results for L = 40, M =100

The numerical solutions which are obtained by using the sinc-Galerkin method (SGM) for
this problem are presented in Table 1 and Table 2. Also, graphs of exact and approximate

X Exact solution  Approx.sol.  Error

0 0 0 0

01  -009 -0.0892201 7.79%107*
02 -0.16 -0.162342 234%1073
03  -021 -0.211748 174 %1073
04 -024 -0.239574 425%107
05 -025 —0.248273 1724107
06 -024 -0.238808 1.19%1073
07 =021 -0.210588 587 %107
08 -0.16 -0.16155 155%1073
09 -009 00895538  446% 107
1 0 0 0

x Exact solution  Approx.sol.  Error

0 0 0 0

01  -009 -0.0899988 1.15%107°
02 -0.16 -0.159998 150%107°
03  -021 -0.209998 185%10°
04 -024 -0.239999 143%107°
05 -025 —0.249999 1.04%10°
06 -024 -0.239999 127%107°
07 =021 -0.209999 520% 107
08 -0.16 -0.16000015  1.59% 107
09 -009 -0.0900004  350% 1077
1 0 0 0

solutions for different values of L and M are presented in Figure 2.

Example 4.2 [21] Consider the linear fractional boundary value problem

y'(x) + 0.55 D23 y(x) + y(x) = f(x),

subject to the homogeneous boundary conditions

J’(O):J’(l)=0,

where f(x) = 4x%(5x — 3) + 0.5x37 (222

6~ ~

%) + x*(x — 1). The exact solution of this

Page 10 of 14
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Figure 3 Graphs of exact and approximate solutions for different values of L and M.

Table 3 Numerical results for L =40, M= 100

X Exact solution  Approx. sol. (SGM)  Error (SGM)

0 0 0 0

0.125  —-0.000213623 —0.000213621 206 %1079

0250  -0.00292969 -0.002929685 219%107°

0375 —-0.012359 -0.012359615 361 %107

0500 -0.03125 -0.0312499 573%107°

0625 —0.0572205 —0.057220453 540% 1079

0750 -0.0791016 -0.07910156 247 %1070

0875  -0.0732727 -0.073272705 261 %107

1 0 0 0

Table 4 Numerical resultsforL=5,M=5

x Exact solution  Approx. sol. (SGM)  Approx.sol. (CS)  Error (SGM)  Error (CS) (h=1/8)
0 0 0 0 0 0
0.125  -0.000213623 0.0000672651 —221%1073 280%107% 1.99% 1073
0250  -0.00292969 0.00179474 —-701%1073 4721073 408% 1073
0375 -0.012359 -0.00807839 ~1.81%1072 428%1073 583% 1073
0500 -0.03125 -0.0282408 —381%1072 3.00% 1073 6.85% 107
0625 -0.0572205 -0.0540496 —640% 107 3.17%1073 583% 107
0750  -0.0791016 -0.0772466 —-846%1072 1.85%1073 556 % 1073
0875  -0.0732727 -0.0763662 —7.65%1072 3.09% 1073 326% 1073
1 0 0 0 0 0

problem is y(x) = x*(x — 1). The numerical solutions which are obtained by using the sinc-
Galerkin method (SGM) for this problem are presented in Table 3. In addition to this, in
Table 4, the solutions are compared with the numerical solutions computed by using the
Cubic splines (CS) in [21]. Also, graphs of exact and approximate solutions for different

values of L and M are presented in Figure 3.

Example 4.3 Consider the linear fractional boundary value problem

y'(@) =%y (x) + 5 Dy (x) = f (%),

subject to the nonhomogeneous boundary conditions

J’(O) =0,

where f(x) = —3x% —2x% + 6x+ 2 + ﬁ(2.67a¢1‘5 +3.242%). The exact solution of this prob-
lem is y(x) = x*(x + 1). First we convert the nonhomogeneous boundary conditions to ho-

y(1) =2,

Page 11 of 14
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L=5M=5 L=50,M =100
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Figure 4 Graphs of exact and approximate solutions for different values of L and M.

Table 5 Numerical results forL=5,M=5

x Exact solution  Approx.sol.  Error

0 0 0 0

01 0011 0.0161428 514%1073
02 0048 0.0460293 197 %1073
03 0117 0.1116584 534%1073
04 0224 0.2208625 3.13% 1073
05 0375 0.374859 140%107%
06 0576 0.5760087 877%107°
07 0833 0.8300524 294 %1073
08 1152 1.1473504 464%1073
09 1539 1540036 1.03 %1073
1 0 0 0

Table 6 Numerical results for L =50, M =100

X Exact solution  Approx.sol.  Error

0 0 0 0

01 0011 0.0109568 432%107
02 0048 0.0479142 858% 107
03 0117 0.11687 130%10™
04 0224 0.223831 169%107%
05 0375 0374798 2011074
06 0576 0575775 224%107%
07 0833 0832751 248% 1074
08 1.152 1.15176 240%107%
09 1539 153884 161 %107
1 0 0 0

mogeneous conditions by considering the transformation u(x) = y(x) — 2x. This change of
variable yields the following boundary value problem:

1
u(x) —xud (%) + §D°u(x) = =3x> — 2x% + 8x + 2 + T05) (2.67961'5 +3.2x%° - 4x0'5)

with the homogeneous boundary conditions
u(0) = u(1) = 0.

The numerical solutions which are obtained by using the sinc-Galerkin method (SGM) for
this problem are presented in Table 5 and Table 6. Also, graphs of exact and approximate
solutions for different values of L and M are presented in Figure 4.
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5 Conclusion

In this paper the sinc-Galerkin method has been employed to obtain approximate solu-
tions of a general fractional order two-point boundary value problem. The method uses
typical techniques of the Galerkin method such as series expansion but exploits the ad-
vantages of the sinc functions which make it much more efficient than the traditional
interpolation-based numerical techniques. In order to illustrate the applicability and ac-
curacy of the method to the real scientific problems, the method has been applied to some
special examples, and simulations of the approximate solutions have been provided. The
computational results have been compared with the ones obtained by the Cubic splines.
Experimental results indicate the strength of the present method. In the future we plan
to extend the present numerical solution algorithm to some other linear and nonlinear
fractional boundary value problems.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to the manuscript and read and approved the final draft.

Author details
' Department of Mathematical Engineering, Yildiz Technical University, Istanbul, 34220, Turkey. ?Department of
Management Information Systems, Bartin University, Bartin, 74100, Turkey.

Acknowledgements
The authors express their sincere thanks to the referee(s) for the careful and details reading of the manuscript and very
helpful suggestions that improved the manuscript substantially.

Received: 27 September 2013 Accepted: 4 December 2013 Published: 30 Dec 2013

References
1. Podlubny, I: Fractional Differential Equations. An Introduction to Fractional Derivatives, Fractional Differential
Equations, Some Methods of Their Solution and Some of Their Applications. Academic Press, San Diego (1999)
2. Hilfer, R (ed.): Applications of Fractional Calculus in Physics. Academic Press, Orlando (1999)
3. Celik, E, Karaduman, E, Bayram, M: Numerical solutions of chemical differential-algebraic equations. Appl. Math.
Comput. 139(2-3), 259-264 (2003)
4. Secer, A, Akinlar, MA, Cevikel, A: Efficient solutions of systems of fractional PDEs by differential transform method.
Adv. Differ. Equ. 2012, 188 (2012). doi:10.1186/1687-1847-2012-188
5. Kurulay, M, Bayram, M: Approximate analytical solution for the fractional modified KdV by differential transform
method. Commun. Nonlinear Sci. Numer. Simul. 15(7), 1777-1782 (2010)
6. Liao, SJ: The proposed homotopy analysis techniques for the solution of nonlinear problems. PhD dissertation,
Shanghai Jiao Tong University, Shanghai (1992)
7. Odibat, Z, Momani, S: Application of variational iteration method to nonlinear differential equations of fractional
order. Int. J. Nonlinear Sci. Numer. Simul. 7(1), 15-27 (2006)
8. Biazar, J, Ghazvini, H: Exact solutions for non-linear Schrédinger equations by He's homotopy perturbation method.
Phys. Lett. A 366, 79-84 (2007)
9. Guzel, N, Bayram, M: Numerical solution of differential-algebraic equations with index-2. Appl. Math. Comput. 174(2),
1279-1289 (2006)
10. Guzel, N, Bayram, M: On the numerical solution of stiff systems. Appl. Math. Comput. 170(1), 230-236 (2005)
11. Celik, E, Bayram, M: The numerical solution of physical problems modeled as a systems of differential-algebraic
equations (DAEs). J. Franklin Inst. Eng. Appl. Math. 342(1), 1-6 (2005)
12. Secer, A, Kurulay, M, Bayram, M, Akinlar, MA: An efficient computer application of sinc-Galerkin approximation for
nonlinear boundary value problems. Bound. Value Probl. 2012, 117 (2012). doi:10.1186/1687-2770-2012-117
13. Secer, A, Kurulay, M: Sinc-Galerkin method and its applications on singular Dirichlet-type boundary value problems.
Bound. Value Probl. 2012, 126 (2012). doi:10.1186/1687-2770-2012-126
14. Rostamy, D, Jabbari, M: Solutions of predator-prey populations from fractional integral operator Lotka-Volterra
equations. J. Appl. Environ. Biol. Sci. 2(4), 159-171 (2012)
15. Okayama, T, Matsuo, T, Sugihara, M: Approximate formulae for fractional derivatives by means of sinc methods.
Mathematical engineering technical reports. http://www.keisu.t.u-tokyo.ac.jp/research/techrep/index.html
16. Almeida, R, Torres, DFM: Necessary and sufficient conditions for the fractional calculus of variations with Caputo
derivatives. Commun. Nonlinear Sci. Numer. Simul. 16, 1490-1500 (2011)
17. Lund, J, Bowers, K: Sinc Methods for Quadrature and Differential Equations. SIAM, Philadelphia (1992)
18. El-Gamel, M, Zayed, A: Sinc-Galerkin method for solving nonlinear boundary-value problems. Comput. Math. Appl.
48, 1285-1298 (2004)
19. Zarebnia, M, Sajjadian, M: The sinc-Galerkin method for solving Troesch's problem. Math. Comput. Model. 56, 218-228
(2012)


http://www.boundaryvalueproblems.com/content/2013/1/281
http://dx.doi.org/10.1186/1687-1847-2012-188
http://dx.doi.org/10.1186/1687-2770-2012-117
http://dx.doi.org/10.1186/1687-2770-2012-126
http://www.keisu.t.u-tokyo.ac.jp/research/techrep/index.html

Secer et al. Boundary Value Problems 2013, 2013:281 Page 14 of 14
http://www.boundaryvalueproblems.com/content/2013/1/281

20. Mohsen, A, EI-Gamel, M: On the Galerkin and collocation methods for two-point boundary value problems using
sinc bases. Comput. Math. Appl. 56, 930-941 (2008)

21. Zahra, WK, Elkholy, SM: Cubic spline solution of fractional Bagley-Torvik equation. Electron. J. Math. Anal. Appl. 1(2),
230-241 (2013)

10.1186/1687-2770-2013-281

Cite this article as: Secer et al.: Sinc-Galerkin method for approximate solutions of fractional order boundary value
problems. Boundary Value Problems 2013, 2013:281

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



http://www.boundaryvalueproblems.com/content/2013/1/281

	Sinc-Galerkin method for approximate solutions of fractional order boundary value problems
	Abstract
	Keywords

	Introduction
	Preliminaries
	Fractional calculus
	Sinc basis functions properties and quadrature interpolations
	The sinc basis functions
	Sinc function interpolation and quadratures


	The sinc-Galerkin method
	Examples
	Conclusion
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


