Xu et al. Boundary Value Problems 2013, 2013:42 0 BOU nda ry Va I ue PrOblemS

http://www.boundaryvalueproblems.com/content/2013/1/42 a SpringerOpen Journal

RESEARCH Open Access

Asymptotic behaviour of solution for
multidimensional viscoelasticity equation
with nonlinear source term

Runzhang Xu'", Jie Liu', Yi Niu? and Shaohua Chen?

"Correspondence:

xurunzh@yahoo.com.cn Abstract

'College of Science, Harbin . L 0 .

Engineering University, Harbin, In this paper we study the initial-boundary value problem of the r/rkultgdlmensmnal

150001, People’s Republic of China viscoelasticity equation with nonlinear source term uy — Au =), ﬁm(uxl) =f(u).
I

Full list of author information is

available at the end of the artidle By using the potential well method, we first prove the global existence. Then we

prove that when time t — 400, the solution decays to zero exponentially under some
assumptions on nonlinear functions and the initial data.

1 Introduction
This paper considers the initial-boundary value problem (IBVP) of the multidimensional

viscoelasticity equation with nonlinear source term

N

d
Uy — Ay — ; a—xioi(uxi) =f(u), x€Q,t>0, (1.1)
M(x7 0) = I/l()(x), ut(x,()) = Ml(x), X € Q; (12)
ulx,t)=0, x€0dR,t>0, (1.3)

where u(x, ¢) is the unknown function with respect to the spacial variable x € Q and the
time variable ¢, 2 C R is a bounded domain.

The viscoelasticity equation
Ut — Ugxr = G(ux)x (14')

was suggested and studied by Greenberg et al. [1, 2] from viscoelasticity mechanics in
1968. Under the condition ¢’(s) > 0 and higher smooth conditions on o (s) and the initial
data, they obtained the global existence of classical solutions for the initial-boundary value
problem of Eq. (1.4).

After that many authors [3—-11] studied the global well-posedness of IBVP for Eq. (1.4). In
[3-10] the global existence, uniqueness and stability of solution were studied thoroughly.
And in [11] the blow up of solution was discussed. Furthermore, in [12-14] the global exis-
tence of solution for IBVP of some multidimensional viscoelasticity equation was consid-

ered. And in [11] the blow up of solution for IBVP of the multidimensional generalisation
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of Eq. (1.4) was proved. Recently, in [15] and [16], the IBVP of the multidimensional vis-

coelasticity equation with nonlinear damping and source terms

N
0
Uy — Auy — ; a—xim(ux,-) +f(u) =g(u), xeQ,t>0, (1.5)
u(x,0) = uo(x), u(x,0) =u1(x), x€Q, (1.6)
ulx,t)=0, x€9d,t>0, 1.7)

was studied, and by using the potential well method, the global existence of weak solu-
tion was proved under some assumptions on nonlinear functions o;(s), f(s), g(s) and the
initial data. But we do not know how the global solution behaves as the time goes to infin-
ity, namely the asymptotic behaviour of problem (1.1)-(1.3) is still open up to now. In the
present paper, we try to study this problem by the multiplier method [17-22].

The main purpose of present paper is to consider the asymptotic behaviour of solution
for problem (1.1)-(1.3). Since in the proof of the asymptotic behaviour of solution the global
existence theory is required, it is necessary to give the proof of global existence of solution
for problem (1.1)-(1.3).

In this paper, suppose that o (s) = (01(s), ..., on(s)) and f(s) satisfy the following assump-

tions:

(i) o € C', 64(0) = 0, mim <;<n{infser 0;(s)} = @ > 0;

(H)) (ii) 0i(s)s = Als|”*, |oy(s)| < B(s|™ +1),

1
where A and B are both positive constants;

(iii) (/ + 1)G;(s) > so;i(s), where G;(s) = fos o;(t)dr.
(i) € C, [f@)| < blult, Yu e R;

(Ha

(i) p + D)F () < uf (u) < (r+1)F(u), Vu e R,

where the constants in (H;) and (H;) are all positive and satisfy

N(m+1)
2<m+l<g+l<—— form+1<N,
N-m—

2<m+l<g+l<oo form+1>N,

1<il<p<r.

In this paper, we first give some definitions and lemmas (Section 2). Then we prove
the global existence of solution (Section 3). Finally, we prove the asymptotic behaviour of
solution (Section 4).

In this paper, we denote || - [|2@) by | [l I - | = II - 2 and (w,v) = [ uvdx.

2 Preliminaries

In this section, we will give some definitions and prove some lemmas for problem (1.1)-
(1.3).
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For problem (1.1)-(1.3), we define

N
=3 | Gluyax- [ Fuoas

Fi = ’ d,Gi = ' i d , 1<i<N,
W= [ f0ds G- [ o, 1<i

N
I(u):;/ﬂuxiai(uxi)dx—/guf(u)dx,

N
I = 5 0114 dx - dr, 60,
s(u) lzl:/s;ula(ul) x /Quf(u) x >

d= inj{/](u), N={ue W, () | I(u) = 0 u #0},

N
EO = Sl + 3 [ Gilng) s~ [ P de= S 1ol + /)
i=1

T2
Remark 2.1 Note that the definitions of /() and I(x) in the present paper are different
from those in [11] and [15]. The definitions given in this paper will be shown more natural

and rational because they are a part of the total energy E(¢).

Lemma 2.2 Let (H;) and (H,) hold. Set
56 =ols)-as, Gl = [ a)dr
0

Then the following hold:
(i) oi(s) is increasing and so;(s) > 0 Vs € R;
(i) 0 < Gi(s) < sG,(s) Vs € R.

Proof This lemma follows from ¢;(0) = 0 and &/(s) > 0. O

Lemma 2.3 Let (H;) and (Hy) hold, u € W&'m”(Q). Then the following hold.:
(i) IfO < || Vull i1 < 7(8), then I5(u) > 0;
(ii) If Is(u) < O, then |Vl i1 > r(8);
(iii) If I5(u) = 0, then ||Vl i1 > 1(5),

where
UG I
q-m u
r(8) = <—+1) , Cy= sup L Ui
bCZ uEWé‘m+1(Q)/O ”vu”WHl
Proof

(i) If O < ||Vut|| a1 < 7(8), then we have

/Quf(u)dxf/S;|uf(u)|dx§b/9|u|q”dx

g+l 1 g+l
=bllullgy < bCI VUl
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bcq+1

HAINVully

m+1 m+1

<(SZ/ Mxiai(uxi)dxy
=1 /%

which gives I5(u) > 0.
(ii) If Is(u) < 0, then we have

SA||Vu|™ < 52/ Uy, 0 (thy;) dox </ uf (w) dox < bCI M| Vuel|72 [ Vael 1,
which gives

Vel a1 > 7(8).

(iii) If Is(u) = 0 and u # 0, then by

5A||Vu||';;j}<52/ Uy, cr,(ux)dx</ uf (u) dx < bCT | Vu| LTIVl

we get

IVallmir = r(3).

O
Lemma 2.4 Let (H;) and (Hy) hold. Then the following holds:
m+1
p-DA [ A \in
d>dy= . 2.1
=0 DU+ D \por 1)

Proof For any u € N, by Lemma 2.3, we have || V||,,.;1 > r(1) and

N
=Z/Gi(uxi)dx—fl-“(u)dx
i=1 Q Q
>1if )dr- [t
_l+1l.=1 quialuxi X pil Qu u)dx
N
1 1 1
=\7 7 4 x; Oi\ A —I
<l+1 p+1>;/gu’a(u‘)dx+p+l(u)

(p+1 (1+1) Z/ 1y 0ty)
p- m+1
= ey Vel
_l m+1 _ (p—l)A A ;"_—*'n%l
(P+1)(l+1)A 1= (P+1)(l+1)(bcg+1) ,

which gives (2.1). O

Page 4 of 13
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Now, for problem (1.1)-(1.3), we define
W ={ue Wy (Q) | I(u) > 0} U {0}.

3 Global existence of solution
In this section, we prove the global existence of weak solution for problem (1.1)-(1.3).

Definition 3.1 We call u = u(x, t) a weak solution of problem (1.1)-(1.3) on 2 x [0, T) if
u e L0, T; W™(Q)), u, € L™(0, T; LA(R2)) N L*(0, T; HA(R)) satisfying
(i)
N

(ts,v) + (Vu, Vv) + Z /t(oi(uxi), in) dr
0

i=1
= / t(f(u), v)dz + (u1,v) + (Vuo, Vv),  Vve Wy (Q),Vt € [0,¢),
0
(i)
u(x,0) = up(x) in Wo™(Q);  u(x,0)=u(x) inL*(R).

Theorem 3.2 Let (Hy) and (Ha) hold, uo(x) € Wy (Q), u1(x) € L*(RQ). Assume that
E(0) <d, uo(x) € W. Then problem (1.1)-(1.3) admits a global weak solution u € L*>(0, oc;
W™ () and u; € L®(0, 00; L2(2)) N L(0, 00; HA(2)).

Proof Let {w;(x)}; beasystem of base functions in Wy (). Construct the approximate
solutions of problem (1.1)-(1.3)

n
uy(x,t) = Zgjn(t)wj(x), n=12,...,
j=1

satisfying
N
(st Ws) + (Vigye, Vwg) + Z(Gi(unxi)r sti) = (f(un)f Ws): s=1,2,...,N, (3.1)
i=1
u,(x,0) = Zg,»,,(O)wj(x) — up(x) in WS'”’”(Q), (3.2)
j=1
e (%,0) = Y g, (0)w;(x) > m(x)  in L*(R). (33)
j=1

Multiplying (3.1) by g,,(£) and summing for s, we get

d
EEn(t) + ”Vunt”2 =0, 0=<t<oo0 (34)

and

t
Ed)+ / Vit P dt = E(0), 0 << 00, (3.5)
0
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where

1
E,(t)= Elluntllz +J(uy).

From (3.2) and (3.3), we have E,(0) — E(0) as n — oo. Hence, for sufficiently large #,
we have E,,(0) < d and

1 t
il + ) + / Vi dr <d, 0=t<oo. (3.6)
0

On the other hand, since W is an open set in W,""*'(2), Eq. (3.2) implies that for suffi-
ciently large n, we have u,(0) € W. Next, we prove that u,(¢) € W for 0 < ¢ < co and suffi-
ciently large n. If it is false, then there exists a £y > 0 such that u, () € W, i.e. I(u,(2)) =0
and u,(to) # 0, i.e. u,(ty) € N. So, by the definition of d, we get J(u,(¢y)) > d, which con-
tradicts (3.6).

From (3.6) we have

N
1 t
o+ Y [ Glm)as= [ Funavs [ 1VuPdr<d, 0st<on,
2 ' Ja Q 0

which gives

1
_”unt” +—Z/unx,(71(unx,)dx —/urf un)dx+/ ”Vunr” dr <d

and

N
1 ) p-1 / 1 /‘t )
b n T aN/7 AN nx; Oi\Unx; d —1 n \Y% nt d d:
L +(p+1)(l+1); | i) x4 latn) + | Vit | d <

0<t<oo,

which together with u,(t) € W gives

1 p-1 al ! )
_Hun ”2 Ll e —— / unxiai(unxi)dx + / ”Vunr ” dr < d,
27 T D+ Z; o 0

and

p-

l t
mA||v nmh/ Vi I2ds <d, 0<t<o0. (3.7)

”um‘” +

From (3.7) we can get

(p+1)(l+1)l

IVttullinis < o7 A% 0st<oo (3.8)
lunell® <2d, 0<t<oo, (3.9)

t
/ Vi >dt <d, 0<t<oo, (3.10)
0
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”O-i(unx,')” m+l < C; 0 S t< o0, (3.11)

If @a)llgn <C, 0<t<oo. (3.12)
q

Hence there exist u, x = (x1, Xx2,-.., Xxn),  and a subsequence {u,} of {u,} such that as
v — 00, u, — uinu € L*°(0, o0; W&'m”(Q)) weak-star, and a.e.in Q = Q x [0, 00), u,; —> U,
in L>(0,00; L*($2)) weak-star and in L?(0,00; Hy(S2)) weakly, oi(u,x,) — x: = 0i(uy,) in
L%(0,00; L™V (Q)) weak-star, (m + 1) = ™, f(u,) — n = f(u) in L%(0,00;L*V' ()
weak-star, (g + 1) = ‘%1.

Integrating (3.1) with respect to ¢, we have

Nt
(s ws) + (Vi Vwg) + Z/ (Gi(unxi): st,-) dr
i=1 70
= /t(f(u,,),ws) dt + (e (0), wy) + (Vi (0), V). (3.13)
0

Letting n = v — o0 in (3.13), we get

N ¢
(g, ws) + (Vu, Vwg) + Z/ (0i(tty,)s We) dT
i=1 Y0
= / (f(u), ws) dt + (u1, ws) + (Vug, V), Vs,
0

and

N ot
(s, v) + (Vi Vv) + Y f (0i(ttx,), v5;) dt
i=1 70
= / (f(u), v) dz + (u,v) + (Vug, Vv), VYrve W&”"H(Q),t > 0.
0

On the other hand, from (3.2) and (3.3), we get u(x, 0) = uo(x) in Wé’m“(Q), us(x,0) = 1 (x)
in L2(Q). Therefore u is a global weak solution of problem (1.1)-(1.3). O

4 Asymptotic behaviour of solution
In this section, we prove the main conclusion of this paper - the asymptotic behaviour of

solution for problem (1.1)-(1.3).

Lemma 4.1 Let (H,) and (Hy) hold, uo(x) € Wy (), u1(x) € L*(2). Then, for the ap-
proximate solutions u,(x,t) of problem (1.1)-(1.3) constructed in the proof of Theorem 3.2,
the following hold:

(i)

d 1
_ 2 _ - 2.
I(uy) = b | dr ((unt: Uy) + 5 IVu,ll )r (4.1)
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(i) Furthermore, if E(0) < do and uo(x) € W, then for sufficiently large n, there exists a
81 € (0,1) such that

N

I(Mn) = (1 - 51) Z(Ui(unxi): unxi)~ (42)

i=1
Proof (i) Multiplying (3.1) by g,(¢) and summing for s, we get (4.1).
(ii) From

+1

EQ) <do =007 1)A<bCZ+1>

it follows that there exists a §; € (0,1) such that

p- / A81 ;n—_-;}l _
EO) < o l+1)A<bcz“) = d(5,). (4.3)

From (3.2), (3.3) and (4.3), it follows that E,,;(0) < d(8;) for sufficiently large n. Hence
from (3.5) we have

1 t
Ellum||2+/(un)+/ Vi I*dt <d(81), 0<t<oo,
0

J(un) < d(é1),

and

N
Z /Q Giltt,) i — /Q Flu,) dx < d(81),

which gives

N
1 1
l+—1 ; /5‘2 Mnxiai(unxi) dx — Im /Q I/l,(f(lzt,,) dx < d((sl)

and

(10+1)(l+1 Z/ Mnxl(fz(unx)dx+ —I(un) <d(31)

which together with u, € W for sufficiently large # gives

m+l

-1 [ A q-m
P AVt < —E a2
P+DI+1) P+DI+1) bC?

and

Ad a-m
IVity |l < <—1) =r(81).

bczﬂ
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Hence, by Lemma 2.3, we have Iy, (4,) > 0 or u, = 0. So, we have
N
I(u,) = Z/ unxiai(unx,')dx_/. unf(un)dx
i=1 /% §

N N
~ -0 ) [ o) b+ ) = 1-50 Y [ wolu)dr.
=1 V¢ i=1 V&

Theorem 4.2 Let (H;) and (Hy) hold, uy(x) € W&’m”(Q), u(x) € L*(2). Assume that
E(0) < dy, up(x) € W. Then, for the global weak solution u given in Theorem 3.2, there
exist positive constants C and )\ such that

ol + | V)| < Ce™, 0 <t<oo. (4.4)

m+1

Proof Let {u,} be the approximate solutions of problem (1.1)-(1.3) in the proof of Theo-
rem 3.2, then (3.4) holds. Multiplying (3.4) by e* (« > 0), we get

E (eatEn(t)) + ewHVMmllz = e E,(t)

and
t t
e E,(t) +/ e || Vit |12 dz = E,(0) +a/ e*"E, (t)dr, 0<t<oo. (4.5)
0 0

From (H,), Lemma 2.2 and Lemma 4.1, we get

N
> [ G- [ ) e
=1 Y8 Q@
a N - 1
<51Vl + 3 /Q Gt o~ — /Q o (1)
a N 1
< §||Vun||2 + ;/ﬂunm&i(unxi)dx_ m/ﬂunf(un) dx
<a|Vu,|? +Z/ U 0 (Unx;) dox — u,lf(un)dx
2/ Mnx,az unxl dx Mylf(un) dx
r+1
Z/ unxlo—z(unx, dx"’ _I(Mn)
r+1

< )+ i)
—I(u,) + —I(u
—1-8r+1 " r+1 "

= C(r, )1 ()

d 1
= C(r, ) lue|* = C(r, 81)5 <(um,un) + EIIVunH),
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where

1 r 1

C(r,61) = — + .
8= 5 T e

Hence we have

t
fe‘”E,,(r)dr

0

t 1 ) N

o P / Gt — / Flu,) dx | de
/o 2 ; Q Q

1 t 9
37 C(r,51) " lune I” dT

C(r, 51)/ ( Upg, Un) + _||Vun||2) (4.6)

and
‘ aT d 1 2
—/0 ¢ 5((um,u,,)+§||wnn )dr
1 2 gt 1 2
= (une(0), 4 (0)) + §||V”n(0)|| - ((um,un)+ 7 I Vunl )
¢ 1
+af et ((um,u,,)+ —||Vu,,||2> dr
A 2
1
§(||“nt(0)|| + |un(O)]” + | Vira(0)|)
1
Sl + il + V200 )
o t
.- /0 & (i 1? + laall® + | Vatall?) d. (4.7)
From
1 N
Enumn%; /Q Gi(tt) = /Q Fluy) dx = Ex(2)
we get
2l +—Z/unxlol(um,)dx —/uJ ) dx < B, (0
and

1 2
EHunt” m Z/ Uy, Oj umcl)dx + —I(un) = E (t)
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which together with u, € W for sufficiently large # gives

N
1 9 p-1 /‘
- n VTN nx; Vi nx'd SEnt;
NW”'+@+DU+DZ;Q”1“W’)x ®
(4.8)
1 p-1 9 al
- n 2 VTN \Y% n nx’_i nx; d <Ent;
sl + s a1V ) +§;Lulow,)x <E,(0)
and
Ll s — 2=l iV <E) 0<t<oo (4.9)
27 T )+ 1) mho =T = ’ ’

From (4.8) and the Poincaré inequality ||Vu||? > A;|lu|?, it follows that there exists a
constant Cy = Cy(p,[,a,11) > 0 such that

(N2tel® + Netull® + 1 Vet |1?) < CoEn(t), 0 <t < o00. (4.10)
From (4.5)-(4.10) it follows that there exists a Cy such that
t
" E, () + / €|V ||* dr
0
1 t
< (Coox +1)E,,(0) + <§ + C(r, 81))“/ 22 ||2d7:
0
t
+aCoe® E,(t) +a2Co/ e*"E,(7)dr. (4.11)
0

Choose « such that

. { 1 M }
O<a<min{ —,———¢.
2C0 §+C(V,81)

Then from (4.11) we get
t
€**E,(t) < 2(Coax + 1)E,(0) + 202 Cy / e*"E,(t)dr
0
t
< 2(Coa + 1)dy + 202C, / e“TE,(t)dt
0
t
<3dy + 20:C0/ e“"E,(t)dr.
0
From this and the Gronwall inequality, we get
ecxtEn(t) < Bdoe—ZazCot
and

E,(t) <3dge™, 0<t<oo, r=a(l-2Cx)>0. (4.12)


http://www.boundaryvalueproblems.com/content/2013/1/42

Xu et al. Boundary Value Problems 2013, 2013:42 Page 12 of 13
http://www.boundaryvalueproblems.com/content/2013/1/42

On the other hand, from (4.8) we get

p-1

— 2 A|Vu,|"™t<E,), 0<t .
P IV, w(t) <t<oo

1 2
Enunt” + m+l =
Hence, there exists a C; = C;(p, [, A) such that

letwell® + IV |l < CLE4(8), 0 << o0. (4.13)

m+l —

Let {u,} be the subsequence of {u,} in the proof of Theorem 3.2. Then from (4.13)

and(4.12), we obtain
2 1
eI + 1V ull
< liminf [|uy, |* + liminf || Vg, ||
V—>00 V—>00
CE 2 m+1
< hvrglorolf(lluwll + [V llni)

<liminf G E,(¢) < 3dyCie™, 0 <t< oo,

V—>00

which gives (4.4), where C = 3dyCi, A = ¢(1 - 2Cpw). O
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