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Abstract

In this paper, we study the structure of the Futik spectrum IT)""(g, b) of Dirichlet and
Neumann problems for the scalar p-Laplacian with indefinite weights a,b € L'[0, 1].
Besides the trivial horizontal lines and vertical lines, it will be shown that, confined to
each quadrant of R?, Hg/N(a, b) is made up of zero, an odd number of, or a double
sequence of hyperbolic like curves. These hyperbolic like curves are continuous and
strictly monotonic, and they have horizontal and vertical asymptotic lines. The
number of the hyperbolic like curves is determined by the Dirichlet and Neumann
half-eigenvalues of the p-Laplacian with weights a and b. The asymptotic lines will be
estimated by using Sturm-Liouville eigenvalues of the p-Laplacian with a weight a
orb.
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1 Introduction
Fucik spectrum was first introduced for the Laplacian on a bounded domain Q ¢ RV, N >
1, by Dancer [1] and by Fu¢ik [2] in the 1970s, in connection with the study of semilinear
elliptic boundary value problems with jumping nonlinearities. Thereafter this important
concept was generalized to the p-Laplacian, p > 1. See [3] and references therein.

In this paper, we are concerned with the Fucik spectrum of the scalar p-Laplacian

) P x, x#0;
¢”(x)_:o, x=0.

Given a, b € L'[0,1], taking the notations x.. = max{x, 0}, let us consider the ODE

(6 () + (1 + a(®)dp(x.) — (1e + b(E)pp(x) = 0, ace.t€[0,1], (11)

in which a, b are called potentials, and the ODE

(8p(*)) + ra(®)pp(x,) — nb(O)p(x-) =0, ae.te[0,1], (1.2)

in which a, b are called weights. For a pair of potentials  and b, the Fu¢ik spectra ZpD (a,b)
and Eév(a, b) are defined as the sets of those (1, u) € R? such that equation (1.1) has non-
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trivial solutions satisfying the Dirichlet boundary condition

x(0) =x(1) =0, (1.3)
and the Neumann boundary condition

£ (0)=+'(1) =0, (1.4)

respectively. Similarly, for a pair of weights a and b, the Fu¢ik spectra 1'[5 (a,b) and H;\[ (a,b)
are defined as the sets of those (A, 1) € R? such that equation (1.2) has non-trivial solutions
satisfying the corresponding boundary conditions (1.3) and (1.4), respectively.

The Fucik spectra ZPD (a,b) and Eﬁ[ (a, b) have been comprehensively understood in [4]:
each of them is composed of one horizontal line, one vertical line and a double sequence of
differentiable, strictly decreasing, hyperbolic like curves; asymptotic lines of these hyper-
bolic like curves are given by using (Sturm-Liouville) eigenvalues of the p-Laplacian with a
potential; moreover, these curves have a strong continuous dependence on the potentials.

Compared with potentials, indefinite weights will add difficulties to the study of the
Fucik spectra. Alif [5] studied Hf (a,b) and 1'[2[ (a,b) by means of ‘zero functions, where
the weights a and b were assumed to be sign-changing (i.e., a1 # 0 and by # 0) continuous
functions without ‘singular points’ (which is a technical hypothesis). Their main results are
as follows. Besides the trivial horizontal lines and vertical lines, confined to each quadrant
of R?, H[?/N (a, b) consists of an odd number of or infinitely many hyperbolic like curves.
The asymptotic behavior of the first non-trivial curves in each quadrant was also studied.
It was observed that for instance the first curve of 1'[;’ (a,b) in R* x R* is not asymptotic
on any side to the trivial horizontal and vertical lines. In other words, there are always
gaps between its asymptotic lines and the trivial horizontal and vertical lines. However,
the exact asymptotic lines were not found in that paper.

In this paper, we are interested in 1'[5 (a,b) and Hg (a, b), where the weights a, b € L1[0,1]
are assumed to be indefinite (i.e., 2 and b may or may not change sign). In this case, since
the weights are integrable, the method employed in [5] does not work anymore. Using
the Priifer transformation, we convert the second-order ODE (1.2) into a system of first-
order ODEs (3.2) and (3.3), for the argument 6 and the radius r, respectively. The ODE
(3.2) for 6 turns to be independent of r, and the boundary conditions (1.3) and (1.4) can
be characterized by the solutions of equation (3.2), therefore the Fucik spectra H[? (a,b)
and 1'12[ (a,b) are completely determined by this first-order ODE (3.2). The solutions of
equation (3.2) admit (strong) continuity and Fréchet differentiability in the weights. Based
on these properties, we will finally reveal the structure of the Fucik spectra. Our main
results are as follows.

(i) Besides at most two vertical lines and two horizontal lines, TI)""(a, b) confined to
each quadrant of R? is made up of zero, an odd number of, or a double sequence of
continuous, strictly monotonic, hyperbolic like curves.

(i) The number of those trivial lines in 12N (4, b) is determined by the Dirichlet and
Neumann eigenvalues of the p-Laplacian.

(iii) The number of the hyperbolic like curves in Hl?/N (a,b) is determined by the

Dirichlet and Neumann half-eigenvalues of the p-Laplacian.
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(iv) All the hyperbolic like curves have vertical and horizontal asymptotic lines, and
these asymptotic lines will be estimated by using (Sturm-Liouville) eigenvalues of
the p-Laplacian.

(v) If the weights @ and b are positive, the structure of I1)"N(a, b) is comparable with
that of Zl?/N(a, b), the case with potentials. More precisely, 17N (a, b) is composed
of one horizontal line, one vertical line and a double sequence of differentiable,
strictly decreasing, hyperbolic like curves in the quadrant R* x R*. And all
asymptotic lines of these hyperbolic like curves will be given by using
(Sturm-Liouville) eigenvalues of the p-Laplacian.

The paper is organized as follows. In Section 2, we will give some preliminary results.
Section 3 is devoted to 1'[5 (a,b). We first decompose I"II? (a, b) in Section 3.1, according to
the number of zeroes of the eigenfunctions. Sections 3.2 and 3.3 are devoted to eigenvalues
and half-eigenvalues of the p-Laplacian, respectively. The results in these two subsections
enables us to finally determine the structure of Hf (a, b) in Section 3.4. For a pair of positive
weights a and b, we can get more information on Hf (a,b) and the results are given in
Section 3.5. The Fucik spectrum 1'[2’ (a,b) can be studied by similar arguments and we

just list the results in Section 4.

2 Preliminary results
Given an exponent p € (1,00), denote by p* the conjugate number of p, namely p* = 1%.
The initial value problem

H(O) == (), Y(O)=Pp),
x(0) =1, y(0)=0

has a unique solution (cos, ¢, sin, t), t € R. The functions cos, ¢ and sin, ¢ are the so-called
p-cosine and p-sine because they possess properties similar to those of the standard cosine

and sine, as shown in the following lemma.

Lemma 2.1 ([6, 7]) The p-cosine and p-sine have the following properties.

(i) Both cos, t and sin, t are 21,-periodic, where

(p-)¥? ds 2 (p — 1)V
= 2 = ;
v A I-2@p-1)"  psin(r/p)

(ii) cosyt isevenint and sin,t is odd in t;

(iii) cos,(t +mp) = —cos, t and sin,(t + 7,) = —sin, t for all t;

(iv) cos,t =0 ifand only ift = 7,/2 + nm,, n € Z, and sin, t = 0 if and only if t = nm,,
nei;

(v) cos;, t = —¢p(sin, t) and sin;7 t = ¢p(cos, t); and

(vi) |cos,t” + (p—1)|sin, P =1.
Remark 2.1 For any p > 1, one has 7, > 2. Infact, if p =2, then m, =7 > 2. If p > 2, then

2r(p -7 27 (p-1)P
= >

= =2(p-1)">2.
S psintp)  p-Gp) VT
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If1<p<2,then

2r(p-D)"7  2m(p-1)Y  2m(p-1)? 1,
_ - =2(p-1 2.
i psin(/p)  psin(r —7/p) >p~(7t —/p) =17 >
Given a, b € L'[0,1], consider the equation
(¢p(¥)) +a®)pp(x.) = b(Oy(x_) =0, ace.te[0,1]. (2.1)

Let y = —¢,(x). Via the p-polar coordinates (or Priifer transformation)
x=rir cos, 0, y= Pl sin, 6, (2.2)

we can transform equation (2.1) into the following equations for r and 6:

0" = A(t,0;a,b) := a(t)(cos, 0), + b(t)(cos, ) + (p —1)| sin, 0 |1’*, (2.3)
(logr) = g((a(t) - 1) (cosp 9){‘1 + (b(t) - 1)(cosp G)f’l)qbp* (sin, 0). (2.4)

Note that equation (2.3) for 6 is independent of r. Given ¢, € [0,1] and 6, € R, denote by
(0(t; 80,600, a, b), r(t; ty, 09, a, b)), t € [0,1], the unique solution of system (2.3)-(2.4) satisfy-
ing 0(to; o, 60,a, b) = 6y and r(1;ty, 00,4, b) = 1. Let

@(90, a, b) = 9(1, 0, 90, a, b)
The p-polar coordinates (2.2), one can verify that equation (2.1) has a non-trivial solution
X(£;60,a,b) := (r(£;0,60,a,b))>" cos, (6(5;0,60, 4, b)). (2.5)

One basic observation on equation (2.3) is that the vector field A(¢,0;a,b) =1 > 0 at
those 0 such that cos, 0 =0, i.e, 0 = —%” + mm,, m € Z. Since a(t) and b(t) are only inte-
grable, the derivative 6'(£) at any specific ¢ is meaningless. However, one can still use such
an observation to obtain the following property, called quasi-monotonicity. We refer the
readers to [7, Lemma 2.3] for a detailed proof.

Lemma 2.2 Given a,b € L'[0,1], ty € [0,1) and 6, € R, let 6(t) = 0(t; ty,60,a,b) be the

solution of equation (2.3). If 6(to) > —%" + mmy, for some m € Z, then

T
o(t) > —717 +mm,, Vit e (t,1].

Denote by w; the weak topology in L'[0,1]. By g, — go in (L![0,1], wy), or gy, 1; go, we
mean that

1 1
f G Of (O dt — / @@OfOds, Vf eL®[0,1].
0 0

Some important properties of 6(-; £y, 00, a, b), r(-; to, 00, a, b), ©(6y, a, b) and X(-; 0, a, b) are
collected in the following theorem.
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Theorem 2.1 ([8]) Let ¢y € [0,1] and 0y € R be fixed. We have the following results.
(i) As mappings from (L'[0,1],w1)* to (C[0,1], || - lloo), 6(:; 0, 60, @, b) and r(:; to, 60, a, b)

. . . w1 w1
are continuous. More precisely, if a,, — ao and b, — by, then

”9(, tO’QO)am bn) - 9(';t0700’6l0’b0) ”oo - 0’

“7’(-; tO; 90» Ay, bn) - r('; tO: 90, ao, bO)Hoo g 0,

as n— oo.

(i) The functional (L*[0,1], w1)* — R, (a, b) — ©(0y,a, b) is continuous. More precisely,
ifay, “ agy and b, Y by, then O(0y,a,,b,) — O(0y,aq, bo) as n — oco.

(iii) The functional (L'[0,1],] - |1)* — R, (a, b) = ©O(6y,a, b) is continuously
differentiable in the sense of Fréchet. The differentials of ©(0y,a, b) at a and b,
denoted, respectively, by 9,00y, a, b) and 3,0(6y, a, b), are the following mappings:

3,0 (60,a,b) = X (:360,a,b) € (C[0,1], ]| - loo) € (L' 11 - 1), (2.6)
ab®(90:ﬂr b) :XIZ(';QO)a,b) € (C[O)I], ” . ”oo) C (Ll’ ” : ”1)*’ (2'7)
where (LY, || - |[1)* is the dual space of (L', || - ||1). Moreover, as mappings from

(LY0,1],w1)? to (C[0,11, ]| - lloc), both 3,0 (g, a, b) and 3,06y, a, b) are continuous.

Remark 2.2 Let 6y € R and a;,b; € L'[0,1], i =1,2. If a; < a, and b; < b,, then it follows
from formulations (2.6) and (2.7) that

0(17 0) 00; ai, bl) =< 9(1; 0) 90; az, bZ)'

3 Fucik spectrum for Dirichlet problems: Hg(a, b)

3.1 Decomposition of I17(a, b)

Given a pair of weights a, b € L'[0,1], the (Dirichlet type) Fu¢ik spectrum 1'[5 (a,b) is de-
fined as the set of those (A, ) € R? such that system (1.2)-(1.3) has non-trivial solutions.
Let

dp(x) = -y. (3.1)
In the p-polar coordinates (2.2), equation (1.2) is equivalent to the following two equations:
0" = ra(t)(cos, O) + ub(t)(cos, 0) + (p —1)|sin, 01", (3.2)
(logr) = g((ka(t) —1)(cos, 027" + (11b(t) = 1)(cos, 0)7 )« (sin, 0). (3.3)

Compared with equations (2.3) and (2.4), the pair of weights a and b are now replaced by
Aa and pb, respectively. Since the right-hand side of equation (3.2) is 2m,,-periodic in 6,
one has

0(t; to, 00 + 2lmy, Aa, ub) = 0(t; to, 6o, Aa, ub) + 2lmw,, Vt € [0,1] (3.4)

for any ¢y € [0,1], 6y € R and / € Z. One can also check that

0 (t; 0, %, Aa, ub) =6 <t; 0, —%, ub, Mz) + Ty (3.5)

Page 5 of 34
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Suppose x(¢) is an eigenfunction of system (1.2)-(1.3) associated with (A, ) € 1'[5 (a,b).
By equation (2.2), the corresponding solution of equation (3.2), 0(t) := 6(¢; 0, —%’”, Aa, ub),

satisfies
6(0) = —% +lr, and 0(1)= —% v (L + k), (3.6)
for some [, k € Z. Due to equation (3.4), we may restrict 6(0) € [—nz—”, 3%). In other words,

we may assume that / € {0,1} and hence 6(0) = —”7" or6(0) = %”. Moreover, it follows from
the quasi-monotonicity result in Lemma 2.2 that k > 0. We distinguish two cases: x'(0) > 0
or x'(0) < 0. If #'(0) > 0, then it follows from equation (3.1) that (0) = —¢,(x'(0)) < 0. By
equation (2.2), we have sin, #(0) < 0, and hence / = 0 and 6(0) = —%”. Let

WP(a,b) = {(A,u) eR%:9 <1;0, —%,Aa,ub) -k, — % } Vk > 1. (3.7)

Now equation (3.6) tells us that (A, ) € WIP (a,b). In fact, the subscript k is related to the
number of zeroes of x(¢) on [0,1]. By Lemma 2.2, the equation

T
o(t) = —7‘” +mm, meZ

has a solution ¢, € [0,1] if and only if 0 <m < k, and
O=ty<th< <t <tr=1

By equation (2.2), we see that x(f) has exactly k + 1 zeroes in [0, 1]. Similarly, if #'(0) < 0
and x(¢) has exactly k + 1 zeroes in [0,1], then /=1, 6(0) = %” and (A, u) € \77,?((1, b), where

WP(a,b) = {(A,u) eR?:9 <1;0, %,m, ,ub) =k, + % } Vk > 1. (3.8)

Till now, we have proved that

MP@b)c | ) (WPab)U WP (ab)).
keZ,k>1

Conversely, let us show that

Mab)> |J (WP b)uWP(a,b).
keZ,k>1

Suppose (A, 1) € W,?(zz, b) for some k > 1. Then 6(¢t) = 6(t; 0, —"71”, Aa, ub) satisfies
0(0) = —% and 6(1) = —% + k7.
For this specific 6(t), take a non-trivial solution r(¢) of equation (3.3). Then we can con-

struct a function x(f) = r(£)*”? cos, 0(t), which is a solution of equation (1.2) with ex-
actly k + 1 zeroes on [0, 1]. Particularly, x(0) = x(1) = 0. Thus (A, u) € l'[l?(a, b), and hence
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WkD (a,b) C l'[f (a, b). Furthermore, we have

»(0) = %" (0)sin, 6(0) = ¥ (0) sin, (‘%) <0,
and hence

%'(0) = —¢,+ (¥(0)) > 0.

Similarly, if (A, ) € LNV,f’(a, b) for some k > 1, then (A, ) € Hf(a, b) and any associating
eigenfunction x(¢) satisfies x'(0) < 0 and has exactly k + 1 zeroes in [0, 1].
Combining the previous arguments, we can conclude that.

Theorem 3.1 Let a,b € L'[0,1]. The Fucik spectrum H}? (a, b) can be decomposed as

MD@b)= ) (W(a,b)uWP(a,b)).
keZ,k>1

Moreover, the following characterization on W,? (a,b) and VNV,? (a,b) holds.
(i) (A e W,f)(a, b), k > 1 <= any eigenfunction x(t) associated with (A, ) satisfies
x'(0) > 0, x(0) = x(1) = 1 and x(t) has precisely k — 1 zeroes in (0,1).
(i) (A, u) € \/NV,? (a,b), k =1 <= any eigenfunction x(t) associated with (\, i) satisfies
x'(0) <0, x(0) = x(1) = 1 and x(t) and has precisely k — 1 zeroes in (0,1).

By equation (3.5), the set \77,? (a, b) defined as in equation (3.8) can be rewritten as
WP(a,b) = {(,\,M) e R? :(9(1; o,-%,,m,m) - -% + lmp}, Vk > 1.
Thus

() e WPab) < (w1 e WPba). (3.9)

In other words, V~V,? (a,b) is symmetric to WkD (b, a) about the line A = u. For this reason,
essentially we need only to characterize those sets W (a, b).

In Section 3.4, we will see that W (a, b) is made up of straight lines which are in con-
nection with AP(a) and A2, (), the Dirichlet eigenvalues of p-Laplacian with the weight a.
See Theorem 3.2.

For those sets WkD (a,b), k = 2, it is easy to check that

o) e WP(a,b) <= (—rpn) e Wl(-a,b), (3.10)
() e WP(a,b) < (-r,—p) € WP(-a,-b), (3.11)
() e WP(a,b) = (A, —u) e WP(a,-b). (3.12)

Therefore we need only to focus our study on the subset

I2(a,b):= WP(a,b)N(R, xR,), k=>2, (3.13)
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where R, = [0, +00). In Section 3.4, for each k > 2 we will show that FkD(a, b) is either
an empty set or a continuous, strictly decreasing, hyperbolic like curve with a horizontal
asymptotic line and a vertical asymptotic line.

With the help of half-eigenvalues of the p-Laplacian with a pair of weights, we can de-
termined whether I'?(a, b) is an empty set or not. Using eigenvalues of the p-Laplacian
with a weight, we can roughly locate the hyperbolic like curve I'?(a, b). For these reasons,
we will give in the successive two subsections some useful characterization on eigenvalues
and half-eigenvalues of the p-Laplacian with weights.

3.2 Eigenvalues of p-Laplacian with an indefinite weight
Given a € L'[0,1], denote by ¥ (¢) = & (¢; £, P9, @) the solution of

0" = a(t)| cos, O + (p—1)|sin, 0", ae.tel0,1], (3.14)

satisfying the initial value condition ¥ (¢y) = . Particularly, if a(¢) = 1, it follows from
Lemma 2.1(vi) that equation (3.14) turns to be 6’ =1, and hence

His 1y, 00,1) =Fg +ty — 11, Vit €[0,1],99 € R. (3.15)
Because the right-hand side of equation (3.14) is ,-periodic in 6, we have

V(& b0, Do + kmp, a) = V(L o, Do, a) + kmy (3.16)
for any £y € [0,1], ¥ € R and k € Z. Since equation (3.14) can also be rewritten as

0" = a(t)(cos, 0) + a(t)(cos, 0) + (p —1)|sin, 8|"*, a.e. te[0,1],
using the notations in Section 2, we have

?(t; o, Vo, a) = 0(t; ty, Do, a, a).
By Lemma 2.2, we see that 9 (¢; £o, U9, 4) is also quasi-monotonic in £.

Given a € L'[0,1], denote by Ef(a), Z;V(a), EI?N(@) and EQID(a) the sets of A € R such
that

(¢p(¥')) + ra(t)pp(x) =0, ace.te[0,1] (3.17)

has a non-trivial solution satisfying the Dirichlet boundary condition x(0) = x(1) = 0, the
Neumann boundary condition x'(0) = ’(1) = 0, the Dirichlet-Neumann boundary con-
dition x(0) = (1) = 0 and the Neumann-Dirichlet boundary condition x'(0) = x(1) = 0,
respectively. Similar arguments as in Section 3.1 show that

b4 T
== {AeR:ﬂ(l;O,—?p,M)=—7p +knp}, (3.18)
keZ,k>1

V= | {reR:9(10,0,0a) =km,},
keZ,k=0
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T
EI?N: U {AeR:ﬁ(l;O,—Tp,m>:knp},

keZ,k>0

TT,
=P = U {AeR:ﬂ(l;O,O,Aa):—EP+knp}.
keZ,k>1

These spectra have been studied in [9]. Consider the function of A € R:

Tp Tp Tp
9110,——,Aa ) =0(1,0,———, a,Aa | =0 -——, a, a |.
2 2 2

It follows from formulations (2.6) and (2.7) in Theorem 2.1 that

1 1
%ﬂ(l;O,—%,ka) =/(; Xf(t)a(t)dt+/0 XP(t)a(t) dt, (3.19)

where X(t) = X(¢; —%p, Aa, ha) # 0 satisfies
(¢» (X’))/ +1a(t)p,(X,) — ra()p,(X_) =0, ae. te]0,1]. (3.20)

See equation (2.5) for the definition of X(£). Then X(¢) is also a non-trivial solution of
equation (3.17). Multiplying equation (3.20) by X(¢) and integrating over [0, 1], we have

1 1
A/(; a(t)Xf(t)dt+A/0 a(t)X?(t)dt
1
- [y
1
= -X)p(X' ()11 + / X' @) dt.
0

Substituting this into equation (3.19), for any A # 0 we have

1 1
1
— | X dt. 3.21
- ¢ tOU/o' | (3:21)

a4y (1; 0,-22, Mz) - —%@, (X(6)X(t)

Ifae 21? (a), then X(¢) becomes the associated eigenfunction of equation (3.17) satisfying
X(0) = X(1) = 0. In this case, the first item on the right-hand side of equation (3.21) equals
0, and hence

d T,
+—9(10,——,Aa

, 22
d 2 >0 (322)

renD (@)nRE

where R* = (0, +00) and R~ = (—00, 0). Similarly, we can obtain

d

+—19(10,0,ra) >0, (3.23)
dx rel (a)nR*
d E14

j:—l?(l; 0,——”,m) >0, (3.24)
dh 2 renEN (@)nr*

:i:dﬂ(l'OOA ) 0 (3.25)
d)\' ol ’ ) a > . .

renhP(a)nR+E

Page 9 of 34
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For any k > 1, it follows from equations (3.18) and (3.22) that

T T
#(1,0,-2L,1a ) =km, - £
2 2

has at most one positive solution and one negative solution, denoted by Af (a) and A?k(a),
respectively, if they exist. In other words, we have

TT, TT,
r=22(), k>1 <= X1>0 and 0(1;0,—7”,m> = km, - 7"; (3.26)
D Tp Tp
A=2(a), k=1 <= Ar<0 and ¥ (1; 0, —?,ka) =km, - > (3.27)

It has been proved in [9] that #(1; 0,0, Aa) = 0 has at most one nonzero solution, called
the principal Neumann eigenvalue and denoted by 1) (a), if it exists. By equation (3.23)
and the fact ©¥(1;0,0;0 - a) = 0, we can deduce that ©#(1;0,0, Aa) = k7, k > 1, has at most
one positive solution and one negative solution, denoted by M(V (@) and A]_\fk(a) respectively,
if they exist. In other words, we have

r=AY(a) <= A#0 and ©(1;0,0,ra)=0; (3.28)
r=20@), k>1 <= A1>0 and (10,0, a)=kny; (3.29)
r=wN@), k=1 <= A1<0 and ©(1;0,0,1a) = kn,. (3.30)

For any a € L'[0,1], use the notation a > 0 if a(t) > 0 for almost every ¢ € [0,1] and
a(t) > 0 on a subset of [0,1] of positive measure. Write a < 0 if —a > 0.

Lemma 3.1 ([9]) Let a € L'[0,1]. Then it is necessary that 0 ¢ % (a).
. D . . . . .
(i) Ifa > 0, then ¥ (a) contains no negative eigenvalues, and it consists of a sequence of
positive eigenvalues

0 <) A P(a) <2 D(@) < <A@ <+ (= +00).

(i) Ifa<0, then EPD (@) contains no positive eigenvalues, and it consists of a sequence of
negative eigenvalues

(0>) )»?1(&1) > A?Z(a) S>> )L?k(a) > (— —00).

(iti) Ifa, > 0anda_ > 0, then Ef(a) contains both positive and negative eigenvalues,
and it consists of a double sequence of eigenvalues

(~o0 <) - <AP(@) < - < AP (a) (<O<)A1D(a)<~~-<kf(a)<~~- (— +00).

Lemma 3.2 ([9]) Leta € L'[0,1]. Then it is necessary that 0 € . (a).
(i) Ifa> 0, then 2119\] (a) contains no negative eigenvalues, and it consists of a sequence of
non-negative eigenvalues

0<AN(@) <\ (@) < <A(@) < (— +00).

The principal eigenvalue A (a) does not exist in this case.

Page 10 of 34
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(i) Ifa <0, then E;,V (@) contains no positive eigenvalues, and it consists of a sequence of
non-positive eigenvalues

0> )\/yl(a) > Aﬁ’z(a) > > A]j’k(a) > (— —00).

The principal eigenvalue A} (a) does not exist in this case.
(ili) Ifay > 0 and fol a(t)dt <0, then 2}7\[(@) contains both positive and negative
eigenvalues, and it consists of a double sequence of eigenvalues
(o0 <) --- <)\¥k(a)<-~-<Ajj[1(a)<0<kf)\’(a)
<)\f[(a)<~~~<)nfy(a)<-~~ (— +00).
The principal eigenvalue A} (a) is positive in this case.
(iv) Ifar > 0 and fol a(t)dt > 0, then Z{;’(zz) consists of a double sequence of eigenvalues
(00 <) --- <)\]_Vk(a) <~~~<AJ_\[1(a) <A](;[(a) <0
<)\]1V(a)<---<)»2’(a)<-~~ (— +00).
The principal eigenvalue A} (a) is negative in this case.
(v) Ifay > 0and fol a(t)dt = 0, then E;V(u) consists of a double sequence of eigenvalues
(o0 <) --- <k]_vk(a)<~~~<k]_vl(a)<0

<k]1\[(a)<---<k2[(a)<--~ (— +00).
The principal eigenvalue A} (a) does not exist in this case.

The following lemma reveals, to some extent, the essential reason of the existence of
positive eigenvalues.

Lemma 3.3 Assume that a € L'[0,1],0 <ty <t; <1, 9y < kmy,, 6o < km, — %", and k € Z.

Denote the indicator function of the subset [t1, t;] of the set [0,1] by 1[4, +,). Then

T
a, 1l >0 = >0, st Pt h, Vo, a) =k, + 717; (3.31)

ay i, =0 < >0, st (k00,1 a)=km,. (3.32)

Proof We only prove equation (3.32), and equation (3.31) can be proved similarly.
Write (L) = ¥ (£y; 1y, 00, Aa) for simplicity.
Ifa, -1j,4,) > 0, by similar arguments as in [9, Lemma 3.4] (see also Lemma 3.5) we have

lim f(A) = +oo.

A—+00

Let A = 0 in equation (3.2) and we get the equation

0' = (p—1)|sin, 017",
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which has equilibria 6 = k7, k € Z. Because 6y < ki, — ”7” < ki, we get

f(0) =9 (t;81,60,0 - @) < k.

Therefore there must exist A* > 0 such that f(1*) = k7.
On the other hand, suppose that a, - 1y, ) = 0, namely, a(¢) < 0 for almost every
t € [t,ta]. If X > 0, then Aa(f) < 1 for almost every ¢ € [t1,£]. Now it follows from the

comparison theorem, equation (3.15), and Remark 2.1 that
SFA) < 0 (ta511,60,1) = Op + Ly — 11 < krp,
completing the proof of equation (3.32). O

In the rest of this subsection, we aim to reveal some quasi-monotonicity property of
?(ty; to, Yo, Aa) in A, which will play an important role in analyzing the structure of the
Fu¢ik spectra HI?/N(u, b).

Using equation (3.18), the characterization on 21? (@), we can rewritten equation (3.22)

more precisely as

9(1;0,-2, 1 a) = -2 , d T
( 2 Ma) ==y = i—ﬂ(l;o,——",m) > 0.
A >0,meZ,m=>1 dx 2 I
Furthermore, we have
?(1; O,—%” +km,, Mra) = —%p + My,
TA*>0,k€eZ,meZ,m>k
— +%5(10-™ s kn, i 0 (3.33)
— ;0,—— + km,, Aa >0, .
dx 2 P -

because it follows from equation (3.16) that
T T
o (1; 0,--2+ knp,m) = <1;0, ——p,Mz) +km,, VkelZ.
2 2

Though we have always been considering equations on the interval ¢ € [0,1], similar re-
sults as in Theorem 2.1 still hold when the interval is replaced by any general interval. Thus
equation (3.33) can also be generalized. In fact, for any o, 8 € R, & < 8 and a € L}[a, B],

we have

P (B, =L + kmp, M a) = =L + mmy,
A >0,keZ,mel,m>k

> 0. (3.34)

d T,

= V| Ba,-— +km,,ra
2

A=AE

dh

Similar arguments can be applied to (3.23)-(3.25) to obtain results analogous to equation
(3.34). We skip the proof and collect these results in the following lemma, which can be

understood as the quasi-monotonicity of ¥ (t1; ¢, U0, Aa) in A.
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Lemma 3.4 GivenkeZ,a,B €R, a < p,and a € L'[a, 8], let

o(\) = z?(ﬂ;a,knp - %,Aa) and (L) =9 (B;a, kmy, Aa).

(i) If there exist A* > 0 and an integer m > k such that ¢(\*) = mm, — %, then
¢'(A*) > 0. Consequently, p(1) > mm, — %”for any A € (A*,+00) and
o(A) <mm, - %"for any A € (0,1%).
(i) Ifthere exist \* > 0 and an integer m > k such that ¢(A*) = mm,, then ¢'(1*) > 0.
Consequently, p(X) > mm, for any A € (\*, +00) and ¢ (L) < mmn, for any X € (0,1*).
(iil) If there exist A* > 0 and an integer m > k such that Y (A*) = mm,, then ¥'(1*) > 0.
Consequently, (1) > mm, for any A € (\*, +00) and (1) < mm, for any A € (0, 1%).
(iv) Ifthere exist A* > 0 and an integer m > k such that  (\*) = mm, — %", then
Y’ (A*) > 0. Consequently, (1) > mm, — %”for any A € (A*,+00) and
Y(X) < mm, — 712—"]’01” any A € (0,1%).

3.3 Half-eigenvalues of p-Laplacian with a pair of indefinite weights
For any a,b € L'[0,1], denote by 7—[5 (a,b) and 7—[1];] (a, b) the sets of half-eigenvalues of the
scalar p-Laplacian, namely, the sets of those A € R such that

(¢p(¥)) + ra(®)pp(x,) — 1b(OPp(x-) =0, ace.te[0,1]

has a non-trivial solution satisfying the boundary conditions (1.3) and (1.4), respectively.
Based on the p-polar transformation (2.2) and the quasi-monotonicity results in Lem-
ma 2.2, by similar arguments as in Section 3.1 we can show that

T T
H)ab)= | {AGR;9(1;0,-7”,M,M>=knp—7”},
keZ,k>1

HY(ab)= | {»eR:0(1;0,0,1a,1b) =k, ).
keZ,k>0

Applying the differentiability results (2.6) and (2.7) in Theorem 2.1, together with the
Dirichlet boundary condition (1.3), by similar arguments as in Section 3.2 we can show
that 6(1; 0, —”7‘7, Aa, Ab) is also quasi-monotonic in A. More precisely, we have

2

0(1; 0,—”—”,A*a,k*b) = —772—” + krmp,
+A*>0,keZ,k>1

>0. (3.35)

d
— i—ﬂ(l;o,—@,ka,kb>
A=A*

dh 2

We also know that 6(1; 0, —%’”, 0-a,0-b) <0, because the equation
0" = (p—1)|sin, (O)]"

has equilibria 6 = km,, k € Z. Combining the quasi-monotonicity results in Lemma 2.2,
we have

—% <9(1;0,—%,0-a,0-b><0, (3.36)

Page 13 of 34


http://www.boundaryvalueproblems.com/content/2014/1/10

Chen et al. Boundary Value Problems 2014, 2014:10 Page 14 of 34
http://www.boundaryvalueproblems.com/content/2014/1/10

and hence 0 ¢ 7-[5 (a, b). It follows from equations (3.35) and (3.36) that for any k > 1, the
equation

T T,
0(1,0,-2%,ra,rb | =k, - 2
2 2

has at most one positive solution and one negative solution, denoted, respectively, by
Af (a,b) and A?k(a, b), if they exist. More precisely, we have

A=A b), k>1

Tp Tp
& A>0 and 9 1;0,—7,)@,)»19 =knp—7; (3.37)
A=AP(ab), k=1

> <0 and 9(1;0,—%,m,xb)=knp—%. (3.38)

By equations (3.26), (3.27), and Lemma 2.2, we have A?,(a,b) = A2, (a). Some immediate
results are
the existence of AkD+1(a, b), k>1 = the existence of Af(a, b), (3.39)

the existence of A?(,Hl)(a, b), k>1 = the existence of A?k(a, b).
Similarly, we have 6(1;0,0,0 - 2,0 - ) = 0 and

0(1;0,0,A*a, A*b) = krp,

d
= +£—v(1;0,0,1a,1b > 0.
+A*>0,keZ,k>0 dh ( )

A=AE
Thus the Neumann type half-eigenvalues A%, (a,b), k > 1, are defined as

r=AY(ab), k>1 <= A>0 and 6(10,0, a,Ab) = km;
r=AN(ab), k>1 <= <0 and 6(1;0,0, a,Ab) = k.
And the existence of Ai’(kﬂ)(a, b), k > 1, implies the existence of Ai[k(a, b). By Lemma 2.2,

the solution of 6(1;0, 0, Aa, Ab) = 0 is also that of (1; 0,0, Aa) = 0. Thus there may exist at
most one principal Neumann half-eigenvalue A} (a, b), which is defined as

r=AN@b) < A#0 and 6(1;0,0,ra 1b)=0,

and AY (a, b) = A) (a) by equation (3.28). Note that A (a, b) may not exist even if AY,(a, b)
exist.

It is easy to check that
AP (a,b) = —AP(~a,-b) and A% (a,b)=-A}(-a,-b).

Essentially we need only to concern A} (a, ) and those positive half-eigenvalues Af/N (a,
b), k > 1. Now a natural question arises: for what kind of weights a and b do there exist
no, finitely many, or infinitely many positive Dirichlet or Neumann type half-eigenvalues?
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Lemma 3.5 Assume thata,b € L'[0,1] and 0 <t <t <1.Ifa,b, -1}, > O, then

lim (Q(tz; t1, 290, Aa, )\.b) - 19()) =+00 (340)

A—+00

uniformly in ¥y € R.

Proof Thislemma can be proved by similar argument as in the proof of Lemma 2.3 in [10],
thus we skip the details. O

Lemma 3.6 Suppose that a,b € 1'[0,1], 0 <ty <t < --- <ty <1, and there exist 1; > 0,
i=0,1,..., |5, and u;>0,i=0,1,..., 15| -1, such that

T T k-1
O toisrs o 20y — L hia | = Qi+ Dy - =2, i=0,1,...,| — |, (3.41)
2 2 2
. Ty ) T, k
O Loivos toiv, 20y + 7,,u,»b =(2i+1)m, + oR i=0,1,..., 2 1. (3.42)

Let \* > max{)\;:i=0,1,..., |_’%1J} and p* > max{u;:i=0,1,..., |_§J —1}. Then
b/ 7
e(tk; to,—f, aa, M*b) > kn, — 71’ (3.43)
and inequality (3.43) becomes an equality if and only if

e k-1 . k
Ko=hy Vi=0L..| o= | and p'=pp Vi=01..,|o|-1

Proof Let us write 0(t) = 6(¢; to, —%", A*a, u*b) for simplicity.
Claim L: there exists ¢ € (o, #1] such that 6(¢) = %”. If this is false, then it follows from
Lemma 2.2 that

o(t) € <—@,@>, vt € (to, 1], (3.44)
22

and hence cos, 0(¢) > 0 for any t € (¢, t1). Recall that 6(¢) satisfies the ODE

0'(t) = A*a(t)(cos, 0)] + u*b(t)(cos, 0)” + (p —1)| sin,, 01", ae.tel0,1].
Then we can conclude that 6(¢) also satisfies

0'(t) = A*a(t)| cos, O + (p —1)| sin, O] (3.45)
on the interval ¢ € [y, t1]. Thus we have

o(t) = 15‘<t; to,—%,k*a) Ve € [to, 1], (3.46)
Particularly, we get from equations (3.44) and (3.46)

ﬁ(tl;to,—%,)\*a> —0(t) < % (3.47)
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On the other hand, let i = 0 in equation (3.41), we get

b b1
(24 <t1;to,—?p,)hoﬂ> = gp. (3.48)

Since A* > A¢ > 0, it follows from Lemma 3.4(i) that
Ty . b4
19 tl;t()y__y)\ a 2 ~
2 2

a contradiction to equation (3.47). Thus there exists £} € (fo, #1] such that 6(¢) = ”7", prov-
ing Claim L

If A* > X9, we aim to show that £ < #. If this is not true, then £ = #;, and one can check
that equation (3.46) is still true. It follows from equations (3.46), (3.48), Lemma 3.4(i), and
the fact A* > A that

T b1g
0(¢) =0(t) =9 tisto, -2, 0*a ) > =&,
2 2
a contradiction to 6(¢f) = ”7".
Claim II: there exists £ € (¢, t,] such that 8(¢) = 3%. If this is not true, then the quasi-
monotonicity of (¢) in ¢ shows that
T, 37y

Q(t)e (?, T), Vte(tik,tz].

Thus 6(¢) satisfies
0'(t) = w*b(t)| cos, 01 + (p—1)| sin, O] (3.49)

on the interval ¢ € [£], £;], and the initial value condition 6(t]) = %”. Therefore
T
o) =0 <t; £, 7"’ u*b), Vte [t 8] (3.50)

If £ = &1, similar arguments as in the proof of Claim I show the existence of £ € (], 3]

such that 6(t) = 3%, and Claim II is proved. Moreover, if 1* > jio, then £ < ;.
If tf < t;, then 6(#;) > %” by Lemma 2.2. We can improve the result in Claim II as the

existence of t; € (t{, ;) such that 6(¢}) = 3%. If this result is not true, then

3
0(t) e <% %) Vi€ (8, 5),

and we still have equations (3.49)-(3.50). Now both 0(¢) and 9 (¢) := 9 (¢; 1, ”7", w*b) satisty
the same ODE (3.49) on the interval ¢ € [t;, £;], while the initial values satisfy the condi-

tion

0(t) > % -9 (ty).

Page 16 of 34
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By case i = 0 in equation (3.42) we have ¥ (¢,) = 3%. Now the existence and uniqueness
theorem for the first-order ODEs shows that
0(6) > 9(6) = 2.
Since 0(#f) = %’”, there exists £; € (], ;) such that 6(£}) = 3%.
Now we can conclude that Claim II is true. Moreover, if A* > Ao or u* > Ao, then £5 < £.
Inductively, we can show that there exists t; € (£;_;,f] such that 0(£) = km, — %”.
Moreover, we have t; < &, if A* > X;, for some iy € {0,1,..., L]%IJ}, or u* > uj, for some
jo€{0,1,..., L%J —1}. And if £f < t, it follows from Lemma 2.2 that 6 (#) > k7, — %.
Finally, if A* = A;, i =0,1,..., |5 ], and p* = 11, i = 0,1,..., | 5| - 1, then it follows from
equations (3.41) and (3.42) that 0 (¢; £, —%”, Ma, w*b) = km, — ”7”, completing the proof of

the lemma. O
Property 3.1 Given a,b € L'[0,1], we have the following results:
(i) ifa <0, then any positive half-eigenvalues AP (a,b), k > 1, does not exist;
(ii) if a,b, = 0, then all positive half-eigenvalues AY(a,b), k > 1, exist;
(i) AP, (a,b) exists, k > 1 => both A?(a,b) and AL (b,a) exist;
(iv) both Af(a, b) and Af(b, a) exist,k >1—= A’kjﬂ(a, b) exists or Afﬂ(b,a) exists.

Proof (i) Assume thata < 0. If there exists a positive half-eigenvalue A* = A’,?O (a,b), ko > 1,
then

T T
0(1,0,-=2,1*a,1*b ) = komr, — =2,
2 2
and hence there must exist #; € (0,1] such that
T bg
0\ t;0,—=L, x*a,1*b | = 2.
2 2
It follows from Lemma 2.2 that

TT,
00 =0(£0,-22 1 anb) e (-22,72), vie(0,s),
2 2 2

and hence
T b1
e(t; 0,—?’”,x*a,x*b) = ﬁ(t;o,—é’,x*a), vt € [0,4].
Particularly, we get

T T T
o t;0,-22, 2% a) =0( 11;0, -2, A*a, A*b | = =Z.
2 2 2

By Lemma 3.3, we have a, - 1jo] > 0, a contradiction to the assumption 4 < 0. Conse-
quently, there is not any positive half-eigenvalue AP(a,b), k > 1,ifa < 0.
(ii) This result follows immediately from equations (3.35), (3.36), and Lemma 3.5.
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(iii) Assume that A* = Af+1(a, b) exists and k > 1. The existence of Af (a,b) has been
given in equation (3.39). We need only to prove the existence of A? (b, a). Take the follow-
ing notations for simplicity:

~ T
6(t):=6 (t;O, —%,A*a,k*b), 9= <t; 0, —f,)»*b,)»*a).
By the definition of Af+1(a, b), we have 6(1) = (k + 1)m, — %’”. By Lemma 2.2, there exist

0=ty <t <<l <ty =1, such that

TT,
9(ti):inp—7’”, 0<i<k+1

and

T T
o)< in, + 719, Vt e (t;,t41),0<i<k.

iy — )

Therefore cos, 0(t) > (<) 0 if t € (t;, ;1) and i is even (odd). Thus

T
o) =0 (t; Ly iy — f,k*a), Vt € (t;,t41),0 < i< k,iis even,

0(t) =10 <t; ti,iJTp - %, )\*b), YVt e (t,t41),0 <i<k,iisodd. (3.51)
We claim that

~ . 3m,

9(t5)>m1,—7, i=1,2,...,k+1. (3.52)

In fact, we have g(tl) > —%” by Lemma 2.2, proving equation (3.52) for the case i = 1. To
prove the case i = 2, we assume on the contrary that it (r) < %", then

T, ~ T

_Ep <9(t)< 717, Vte(thtZ)r
and hence

() =0 (64,0(0),"b), Vte(t,tb).
Letting i = 1 in equation (3.51), we see that 6(¢) and a(2) satisfy the same ODE,

0'(t) = 1*b(2)| cos, O + (p—1)|sin, 01", t € [t1,ta]. (3.53)
Moreover, ¢(t) := 6(t) — m, is also a solution of equation (3.53). Since

T, o~

p(t)=0(t) -, = -3 < 6(t1)

we obtain

() > p(ty) = 0(ts) - 7, = %

Page 18 of 34
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thus the assumption 6(t,) < %” is false, proving equation (3.52) for the case i = 2. Induc-
tively, we can prove equation (3.52).
Let i = k +1 in equation (3.52); we get

9(1;0:—%:)»*&)»*4) =6Q) > km, - %.

Combining with equation (3.36), we conclude that there must exist %= Af (b,a) € (0,A%)
such that

0 1;0,—Q,Xb,Xa =k7rp—ﬂ.
2 2
(iv) Suppose that both A* = AP(a,b) and A, = A?(b,a) exist and k > 1. We assume that

k=2m+1, m> 0. The case k = 2m can be proved similarly.
Let us take the notations

9(t)::9<t;o,—%,x*a,x*b) and §(t)::9(t;o,-%,,\*b,)\*a>.

By the definition of half-eigenvalues in equation (3.37) and Lemma 2.2, there exist 0 = £ <

f < <lyn <tyms1=1land 0 =5y <8 <--- < Sy <S2ms1 = 1, such that
T
Q(ti):iﬂp—f, i=0,1,...,2m+1;

~ TT,
9(Si)=iﬂp—7p, i=0,1,....2m+1

and
=7 <t byiy 2Ty — == k*a), Vt € [tos, t2i41],0 < i < m;
0(t) = l9<t, bois1, 207, + 7 A b) Vt € [tryi1, i), 0 <i<m—1;
9(t 19<t 894, 21T, — iy b) Vt € [$2:,82:41],0 < i < m;

Ty .
e(t) v\ & $2i+15 2l7Tp ) ,)\,*ﬂ , Vie [52i+17 S2i+2]: 0 <i<m- 1
Particularly, we get
. Ty .
O toivr; tois 20, — Y 2 \a =2m,+—, 0<i<m; (3.54)
. Ty . . 37, .
O Laivos toiv, 20y + 7,)» b)) =2im, + - 0<i<m-1; (3.55)
T T
O <s2,-+1;s21,2mp - Yp,x*b) = 2im, + 7” 0<i<m (3.56)

. Ty . Ty .
V| S2iv2; S2ie15 207, + T,A*a =2im, + EX 0<i<m-1. (3.57)
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Let i = m in equations (3.54) and (3.56). We get from Lemma 3.3
ay -1y, 11>0 and b, -1, 1> 0. (3.58)

Without loss of generality, we may assume that £,,, < s;,,. We need only to distinguish
three cases in the following.

Casel. a, -1js,,s,,] > 0and b, - 1j, 17 > 0. In this case, it follows from Lemma 3.3 that
there exist A; > 0 and A, > 0 such that

T, b1
s (Szm;tzmﬂmnp - f,kﬂ) =Q2m+1m, - 7’7,

T T
0(1;52m;2mnp + Tp,kzb> =(Q2m+2)m, - =2,

Let A = max{A*, A1, A,}. Combining equations (3.54), (3.55), and the above two conditions,
we get from Lemma 3.6

Ty — — T, TT,
9(1;0,—7”,m,xb> > (2m +2)m, - ?’” = (k+1)m, - 7"

and hence Af+l(a, b) exists.
Case 2. a, - 1j,,,5,,,) = 0 and a, b, - 1}, 1) > 0. In this case, we have a,b, > 0. And it
follows from the result (ii) in this property that both A k+1(zz b) and Aﬁrl(b, a) exist.
Case 3. a, - 1j,50,,] = 0 and a.,.b, - 1, 17 = 0. In this case, since a, - 1j,s,,,] = 0, the
condition (3.58) can be written as
ay -1f,,11>0 and b, -1

1]>0.

(52>
Because a., b, -1, 11 = 0, there must exist T € (sy, 1), such that

a, iy, 0>0 and b, -1;;>0 (3.59)
or

b, -1, 1>0 and a, -1 >0. (3.60)

Then we can apply similar arguments as in Case 1 to get the existence of AP (a,b) if
equation (3.59) holds, and the existence of Af+1(b, a) if equation (3.59) holds. a

Corollary 3.1 Let a,b € L}[0,1] and denote R* = (0, +00). One of the following three cases
must occur.
(i) Hf(u,b) NR* =@ and HD(b a)NR*=¢.
(i) H)(a,b) "R* =y, AD (a,b) and H](b,a) NR* = Uy AL (b, ).
(iii) There exists ko > 1 such that either

H@b)NR = | AR@b),  HEba)NR'= | ] AP(ba)

1<k<ko 1<k<ko-1
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or

Ho@b)nR = | ) AR@b), H)ba)nR = | ] AR(b,a).

1<k<ko-1 1<k=<ko
Applying Lemmas 3.3 and 3.6, one can verify the following three examples.

Example 3.1 Suppose a,b € L'[0,1],0 =1ty <t; <--- <ty < tyus1 =1, 7> 0,and

a; l[tk’tk+1] > 0, b+ . l[tk’tk-v-l] = 0, k = 0, 2, 4, .. .,2}’[,

a, - l[tk)tk+1] = 0, bJr . 1[thtk+1] > 0, k = 1, 3,5,. . .,271 -1.
Then Hf(a, b)NRY = U, <p<omn AZ(a,b) and ’H?(b, a) NR* = 4o AR(b,a).
Example 3.2 Suppose a,b € L'[0,1],0 =ty <ty < <ty <ty =1,n>1,and

@ L) >0, by iy =0, k=0,2,4,...,2n-2,

a, - 1[tk’tk+1] =0, b+ . 1[tk’tk+l] >0, k= 1,3,5,...,2n-1.
Then Hf(a, b) NR* = U <4<an A2(a,b) and Hl?(b, a) NR* = U k<901 A2(b,a).
Example 3.3 Suppose a,b € L'[0,1],0 =fg <t <+ < tg < tgp1 <1, Yk >1, and

a, g, >0, by 1g4,.1=0, VYk=2nn>0,

a, - l[fk:fkﬂ] =0, b, - l[fk:tkﬂ] =0, Vk=2n-1,n>1.
Then H(a,b) NR* = U 4,00 AR (@, b) and HE(b,a) NR* = Uy 40, AR (B, ).
The following property can be proved by similar arguments as used for Property 3.1.

Property 3.2 Given a,b € L'[0,1], we have the following results:
(i) ifa <0, then any positive half-eigenvalues AY (a,b), k > 0, does not exist, namely

H)(a,b) NR" = ;
(ii) ifa.b, > 0, then those positive half-eigenvalues AkN (a,b), k > 1, exist, but the
existence of a positive principal half-eigenvalue AY (a,b) = A\ (a) is indefinite;
(iii) A],Xrl(a, b) exists, k > 1 = both AI,:[(a, b) and Aﬁl(b, a) exist;

(iv) both Ai‘[(a, b) and AkN(b,a) exist, k >1—= Aﬁl(a, b) exists or Aﬁl(b, a) exists.

3.4 Structure of the Fucik spectrum l'[g(a, b)
In this subsection, we always use the notation

O, u) =0 (—%, A\a, ,ub)

for simplicity if there is no confusion. By Theorem 2.1, we see that ®(A, 1) is continuous
in (A, u) € R2.
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The following lemma tells us that ©(A, u) is quasi-monotonic in A and in u. This prop-

erty is crucial for us to characterize the structure of the Fucik spectra I'If (a,b).

Lemma 3.7 Let a,b € L'[0,1]. The following results hold:
(i) fr* >0, u*>0and (A, n*) e W,?(a,b), k> 1, then

> km, — /2 if L € (A, +00),

2 ’
<km,-2Z, ifre(0,1%);

O (A, 1*) i

(ii) ifr*>0, u*>0and (A*,u*) € W,?(a,b), k> 2, then

T,

o) |7km =% el voo)
’ <k7Tp_T;_p) %fue(()’l'l/*)

Proof We only prove (i), and (ii) can be proved by similar arguments.
Suppose A* > 0, u* > 0 and (A%, u*) € W,f)(a, b), k > 1. It follows from the definition of
WP (a,b) in equation (3.7) that

O(1*, u*) = @(—%,A*a, ,u*b) = —% + k.

In the following, we write
T

0(t) =0 (t; 0, —f,x*a,u*b>

for simplicity. By Lemma 2.2, there exist (0 =) £y < #; < £, < --- <t (= 1), such that
T

o(t;) = im, — 71’ i=0,1,2,...,k.

Furthermore, we can deduce that
) Ty , k-1

e(t) =0\ L tZi;Zlnp - 7;)\ al, Vie [tZi! t2i+l]rl =0,1,..., T ’

b4 k
o) = ﬁ<t; taiv1, 2y + f,u*b), Vt € [t2is1, 0], i= 0,1, \;EJ -1

Particularly, we get

. T, , M, . k-1
19(1’2,‘+1;t2i,2l71'p - Yp,)\.*a> = (21 +1)]Tp - Tp, 1= 0,1,,.., \\TJ’
. T, . T, . k
2 t2i+2;t25+1,2mp+7,,u b =(21+1)np+7, i=0,1,..., 5 -1

Then it follows from Lemma 3.6 that, for any A > A* (> 0), we have

TT,
@(k, ,u*) = 9(1; O,—Ep,ka, p,*b) > ki, — %'
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To complete the proof of (i), we need only to prove
* n]’ *

O(A, 1*) < km, - o Vhe (0,1%).

If this is not true, then there exists A € (0, A*) such that ©(%, u*) > km, — %p. Write
~ ~ T, ~
o) =6 (t;O, —f,xa,u*b>

for simplicity. Then there exist (0 =) so <81 <83 < -+ <8¢ (< 1) such that
~ bis
0(s;) = imy — 7" i=0,1,2,...,k

Since A* > & > 0, we can use similar arguments as in the previous paragraph to get

T T
0 s;0, -2, 2 *a, u*b | > kn, — =Z.
(k 9 1% ) 4 2

Finally, it follows from the condition sx <1 and Lemma 2.2 that
vy T
@(K*, ,u*) =0 (1;0, —Tp,k*a, ,u*b) > km, — Tp’

a contradiction to the fact (A*, u*) € W,? (a,b). O

By the definition of WP (a, b) in equation (3.7), one has
(L) € WP(a,b) 9(1;0,—%,)@,@) - %

By the quasi-monotonicity results in Lemma 2.2, one has

b T b T
0(1,0,-Laa,ub) =" — 0(10,-Lra)="=2L.
< 2 ”“) 2 < 2" ) =5

Then

(1) e WP(a,b) = 9(1;0,—%,)@) = %.

It follows from Lemma 3.1 that the solutions to

0(1,0,-22,3a) =22
2 2

are » = A2 (a) ifax > 0, A = AP(a) if a > 0, and A = AP, (a) if @ < 0. Thus WP(a, b) can be

characterized as in the following theorem.

Theorem 3.2 Let a,b € L'[0,1] and assume that a = 0.
(i) Ifa, = 0 and a_ > 0, then WP(a,b) = (A\P(a) x R) U (AP, (a) x R).
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(ii) Ifa >0, then WP(a,b) = \P(a) x R.
(ili) Ifa <0, then WP(a,b) = AP (a) x R.

Remark 3.1 It follows from equation (3.9) and the above theorem that VNVID (a, b) is made
up of two horizontal lines R x AP(b) and R x A2, (b). If the eigenvalues AP () and A2, () do
not exist, then R x AP(b) and R x A2, (b) should be understood as empty sets, respectively.

If k > 2, the set WP (a, b) is more complicated than W}(a, b). As analyzed in Section 3.1,
essentially we need only to discuss the subset F,? (a, b) as defined in equation (3.13). Finally
we will show that I'P(a, b) is either an empty set, or a hyperbolic like curve. The following
property helps us to locate I'?(a, b) roughly.

Property 3.3 (i) (\*, u*) € 5 (a,b), k > 1 = 1* > Ax(a), w* > A(D).
(”) ()\*1 M*) € FZD]HI(ﬂ,b), k >1=A1"> )"k+1(a)) I'L* > )"k(b)

Proof We will only prove (i), and (ii) can be proved similarly.

If (A%, u*) € Fg((a, b),then \* > 0, u* > 0,and there exist 0 = £y < f; < - -+ < fop_1 < bpx = 1,
such that

T

0(t):=6 (t;O, —Tp,k*a,u*b)

satisfies
. TTp .

0(t;) = imy — oX i=0,1,2,...,2k. (3.61)
Therefore 6(¢) satisfies equation (3.45) on each interval [; = [£5; 5,£;1], i =1,2,...,k, and
it satisfies equation (3.49) on each interval J; = [ty;_1,£2], i = 1,2,..., k. In other words, we
have

T
0(t) =l9(t;t2i_2,(2i—2)ﬂp— 71],)\*11>, tel,i=12,...,k; (3.62)
T

Q(t)=l9<t;t2i_1,(2i—1)ﬂp—?p,/l,*h>, tE]i,iZI,Z,...,k. (363)

Take the following notations for simplicity:
7Z'p *
D) = ﬁ(t;o,—?x a>, Ve e [0,1],

5(t)=ﬂ<t;0,—%,u*b), vt e [0,1].

Let i =1 and take t = f; in equation (3.62). Then it follows from equation (3.61) that

9(t) = 0(t) = %

By the quasi-monotonicity results in Lemma 2.2, we have

D(t2) = 0 (t2: 10, 0(0), ") = z?(tz;tl, %,A*a) > 2, (3.64)
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and hence
D (t3) = 0 (£33 82, 0 (82), " a2)

>0 (tg; ty, %,k*a) (by equation (3.64))

3
=9 <t3; ty, %,A*a) —-n, (byequation (3.16))
=6(t3) —m, (byequation (3.62))
B 37y

= (by equation (3.61)).

Inductively, we can show that
T b/
D taina) > imry — 7” O (to) > iy — 7” i=2,3,...,k (3.65)
Similarly, applying equations (3.16), (3.61), (3.63), and Lemma 2.2, we can obtain

~ 3 ~ T,
ﬁ(tzi,1)>inp—7p, l?(tz,»)>i71p—7p, i=1,2,...,k (3.66)

The case i = k (> 1) in equation (3.65) implies that
7 7
(10,2, 1%a ) > kn, - 2.
2 2

By equation (3.36), we see that 1* # 0, and hence 1* > 0. By the definition of 2P (a) as in
equation (3.26), one has

TT, TT,
® (1; 0, —f,xf(a)a> =k, - 7’”

Then it follows from Lemma 3.4(i) that A* > AkD (@) (>0).
Similarly, it can be deduced from equations (3.66), (3.26) and Lemma 3.4 that u* >
A2(D). O

Theorem 3.3 If l",? (a,b) #0, k > 2, then Ff (a,b) is a continuous, strictly decreasing, hy-
perbolic like curve

S+ (i, +00) = (B, +00),

A= =fi(A),

with the horizontal asymptotic line . = By and the vertical asymptotic line A = o, where
g > )JE)MJ (@), Bx = )»’ijj (b), and |- is the floor function.
vy 2

Proof Assume that I'?(a, b) # ), k > 2. We prove the theorem by seven steps.

Step 1. We aim to prove that I'?(a, b) is not a single-point set. Suppose that (A*, u*) €
FkD(a, b), then

@(A*,,u

*
SN—
Il
@
|
&
>
*
S
=
*
N
N~
Il
I
AN
|
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By Property 3.3, A* > AP sl (a) >0 and pu* > )L (b) > 0. Then it follows from Lemma 3.7
that

A* T
@)(?M*> <km, - 7” <O %,2u%).

Since ®(A, 1) is continuous in (A, ) € R2, there must exist a point o, 1) in the open line
segment with endpoints (%- 3 " w*) and (A*,21*), and hence % <X <A*and W< < 2ut,
such that

Thus (&, 1) # (A%, u*) and (A, ) € FkD (a,b), proving the claim. Furthermore, let

Ap = {A eR:du eR,s.t. (A, 1) € I’,’?(u,b)} ( 2y (b), +oo)

then Ax # () is not a single-point set, because e Ap, M* € Ay and x T
Step 2. It follows from Lemma 3.7 that every horizontal line intersects I'?(a, b) at one
time at most, so does every vertical line. Therefore I"kD (a, b) is the image of some function

M :ﬁ<()‘)’ t € Ag.

Suppose A1, 1y € Ag and Aq < Ag. Let p; = fi (i), i = 1,2. If uy < po, then it follows from
Lemma 3.7 that

T T
2L = O i2) = O(ha, 1) > Oy, 1) =kt — -2,

km, —
L)) 2

which is a contradiction. Thus p; > ,. Therefore f; is a strictly decreasing function on Ag.
Let

By = {/L =fi(A): A GAk}
and
o =1inf{A : A € Ag}, Br =inf{u : u € By}

By Property 3.3, oy > A k) (@) >0 and By > k (b) > 0.

Step 3. We claim that 1f)»1, Ay €Arand Ag < )»2, then A* € Ag forany A* € (A1, Az). Let u; =
fx(x), i =1,2. By the monotonicity result proved in Step 2, we have p; > p5. By Lemma 3.7
again, for any A* € (A1, ), one has

8()"*7“1) > @)()‘1: Ml) = kﬂ:p - % = @)()\2,11-2) > (')()"*r MZ)

Then the continuity of ®(A, 1) in (A, 1) € R? implies the existence of u* € (i, it1) such
that

@(k*, ,u*) = k), — %,

and hence (\*, u*) € F,’? (a,b), completing the proof of the claim.
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Step 4. We aim to prove that Ay = (o, +00). If oty € Ay, then (o, fi(or)) € Ff(a, b). Thus

O (oo () = K7z, — %
ai > 0 and fi(ax) > 0. Similar arguments as in Step 1 show that there exists some point
(A*, u*) in the open line segment with endpoints (%ak,fk(ock)) and (o, 2fi(ok)), such that
(A%, u*) e FkD(a, b),and hence A* < a = inf{A : A € Az} and A* € Ay, a contradiction. There-
fore ai ¢ Ai. Similarly, we can prove that sup{A : > € Ax} = +oo. Combining the results in
Step 3, we see that Ay = (a, +00).

Step 5. We aim to prove that By = (B, +00). Since Ay = (o, +00) and the function f; :
Ay — By is strictly decreasing, we see that By # # is not a single-point set. Then similar
arguments as in Step 3 and Step 4 show that By = (B, +00).

Step 6. We aim to show that f; is a continuous function on Ay = (o, +00). In fact, we
have

b4
O(rfi(W)) = km, — 71” VA € (g, +00). (3.67)
Fix any 1* € (ax, +00). By the monotonicity results proved in Step 2, we see that both

=fi(A=)= i A d =fi(A+) = i A
= fil(2*-) xa*l,irix*fk( ) and  ps:=fi(A'+) bx*l,irix*fk( )
exist, and p; > fi(A*) > po. Furthermore, we can show that py > fi(A* +1) > 0. Thus pu; >
2 >0.Let L < A* and A — A* in equation (3.67), then the continuity of ©(A, 1) in (A, u) €
R? guarantees that

Tp

@()»*,,bbl) = kTL’p - 7

Similarly, let A > A* and A — A* in equation (3.67), then

b4
@()\.*, ,uz) = kﬂ'p - Ep
Now Lemma 3.7 implies that p; = py = fx(A*). Thus f; is continuous at the point 1*. Since
A* € (ak, +00) can be chosen arbitrarily, f; is continuous in A € (o, +00).
Step 7. In the above six steps, we have shown that the continuous and strictly decreasing
function u = fi(A) maps (o, +00) onto (Bx, +00). Then it is necessary that

lim fi(A)=+00 and lim fi(X) = Bk
A>SQp A= A—> +00

Therefore p = fi()) is a hyperbolic like curve with the horizontal asymptotic line p = B

and the vertical asymptotic line A = a. O

When the weight a or b is positive, we can improve the results about the asymptotic
lines in Theorem 3.3.

Theorem 3.4 Let a,b € L'[0,1]. The following results hold.
(i) Ifa, > 0 and b >0, then T'2(a, b) # ¥ for any k > 2, and the vertical asymptotic line
ofF,?(a, b)isr=AP_ . (a).

L&
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(ii) Ifa> 0 and b, >0, then T'P(a,b) # V) for any k > 2, and the horizontal asymptotic
line of TP (a, b) is p = ALDkJ (D).
3

Proof We only prove (i) for the case k = 21, n > 1. Other cases can be proved similarly.
Since a, > 0, it follows from Lemma 3.1 that the eigenvalue A2 (a) exists. By the definition
of A2(a) as in equation (3.26), we have ¥(1; 0, —”7”, A\D(a)a) = nIT, — ”2—”. By Lemma 2.2, there
exist 0 = £y < t1 -+ - < t,_1 < t, = 1 such that
T T
O t50,-2, 2 (@)a | = in, - =L, i=0,1,2,...,n,
2 2
and hence
T T
ﬂ(t,url;ti, in, - Tp,kf(a)a) = im, + 7” i=0,1,2,...,n—1.
By equation (3.16), we also have
T T
ﬁ(t,«ﬂ;ti,zmp - {,Afj(a)a) = 2im, + 7" i=0,1,2,...,n—1.
Given any A* > A2(a), it follows from Lemma 3.4(i) that
big T
O tias b, 2im, — 2, 0%a ) > 2im, + =2,
2 2
and hence there exist s; € (¢;, t;,1), such that
T g
ﬂ(s,-; t;, 2irm, — 7”,/\*“) = 2im, + 7” i=0,1,2,...,n-1 (3.68)

We have b - 1, +,,,) > 0 because b > 0. By Lemma 3.3, there exist u; > 0, such that
. Ty . Ty .
O\ Liv1s 80 20, + E,Mib =Qi+1m, + oX i=0,1,2,...,n—1. (3.69)
Define a weight g on the interval [0,1] as
Q(t) :Mib(t)r Vi e [tit ti+1]ri:071r27---7n_1‘
Then it follows from equations (3.68) and (3.69) that
b1 T
0(1,0,-2,2*a,q | =2nm, - L.
( 2 q) ’70

Let [ := maxo<;<p-1{@;} and u := ming<;<,1{1;}. One has @b > g > pub on [0,1]. Now
Remark 2.2 implies that

TT, TT, TT,
O( 1) = 0(1; 0,—§,A*a,ﬁb) > 9(1;0,—7",1*6;,61) =2nm, — 7”;

T T, T,
O, 1) = 9(1; a—;”,xm,@) < 9(1;0,—7"’,1*%(1) =2nm, ~ 7
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By the continuity of ®(, u) in (A, 1), there exists u* € [, ], and hence u* > 0, such that
oMW", u*) =2nm, - %”. Thus (A*, u*) € T'D (a,b) and T'D (a, b) # .

Now it follows from Theorem 3.3 that I'?, (a, b) is a hyperbolic like curve and its vertical
asymptotic line A = a,, satisfies ay, > A2(a). On the other hand, since (A*, u*) € I'? (a, b),
we get o, < A*. Furthermore, oy, < A2(a) because A* > AD(a) can be chosen arbitrarily.
Therefore the vertical asymptotic line of I'?, (a, b) is A = A2 (a). O

If A* = A2(a, b) exists and k > 2, then it follows from equation (3.37) that
T
O (X, 1) = km, - 7’”

and hence (A*,1*) € I'P(a, b). Thus I'P(a, b) is a hyperbolic like curve by Theorem 3.3.
On the other hand, suppose that F,’?(ﬂ, b), k > 2, is a hyperbolic like curve. Theorem 3.3
tells us it has a horizontal asymptotic line and a vertical one. Then it must intersect the
diagonal u = A at a unique point (A, A,). Furthermore, we can deduce that A, = Af (a,b).

In conclusion, we have the following property.

Property 3.4 Leta,b € 1'[0,1] and k > 2. The following results hold.
(i) TP(a,b) =9 ifand only if AY(a,b) does not exist.
(ii) TP(a,b) is a hyperbolic like curve if and only if A2 (a, b) exists.
(iii) T ,l() (a, b) is either an empty set or a hyperbolic like curve in the quadrant R* x R*
emanating from the point (Af (a, b), AR (a, b)).

Remark 3.2 If F,?+1(a, b) # 0, k > 2, then it follows from Properties 3.1 and 3.4 that
I'?(a,b) # §. Furthermore, we can deduce by Lemma 3.7 that the higher-order hyperbolic

like curve I' ,al(a, b) always lies above the lower-order curve Ff (a,b).

For any k > 2, denote R, = [0, +00) and define
T'P(a,b) := WP(a,b) N (R, x R,).

By equations (3.9) and (3.13), we know that FkD (a, b) is asymmetric to Ff (b, a) about the
diagonal p = 1. Namely,

(o) €TP(a,b) < (w2 eTP(b,a).
Then we get can the following results immediately from Property 3.4.

Property 3.5 Let a,b € L'[0,1] and k > 2. Then F,?(a, b) is either an empty set or a hy-
perbolic like curve in the quadrant R* x R* emanating from (Af (b,a), Af (b,a)), and
F,’?(a, b) # 0 if and only LfA’k)(b, a) exists.

By Properties 3.4 and 3.5, we see that the existence of those hyperbolic like curves
F,’? (a,b) and F,’? (a,b), k = 2, is determined by the existence of those half-eigenvalues
AP(a,b) and A2(b,a), respectively. By Corollary 3.1, we can conclude that besides those
trivial lines, the Fucik spectrum HI? (a,b) confined to the quadrant R* x R* is an empty
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set, or made up of an odd number of hyperbolic like curves, or made up of a double se-
quence of hyperbolic like curves. Taking the relations (3.10)-(3.12) into consideration, we

obtain the following theorem.

Theorem 3.5 Let a,b € L'[0,1]. Then

Hf(a, b) > WP(a,b) = (A{(a) x R) U (A% (a) x R),
M2 (a,b) > W(a,b) = (R x AP (b)) U (R x A2 (b)).

If one of the half-eigenvalues .2, (a) or A2, (b) does not exist, the corresponding straight line
A2 (@) x R or R x AR, (b) should be understood as an empty set. Let

112(a,b) := 12(a, b) \ (W(a,b) U W(a, b)),

then 1111’3 (a,b) N (R* x R*) consists of zero, an odd number of, or a double sequence of hy-

perbolic like curves:

MD(a,b) N (R* xR*) = | ] (P(a,b) UT{(a,b)).

keZ,k>2

IfAf(a, b) or Af(b, a) does not exist, FkD(a, b) or F,?(a, b) should be understood as an empty
set, respectively. If AP (a, b) and A (b, a) exist, T (a, b) and F,’? (a, b) are continuous, strictly
decreasing, hyperbolic like curves. Moreover,

(i) 1:[1’3(01, b) N (R~ x RY) is asymmetric to ﬁf(—a, b) N(R* x R*) about the vertical line

A =0;

(ii) 1:[5(61, b)N (R~ x R™) is asymmetric to ﬁ?(—a, —b) N (R* x R*) about the origin
()‘-r M) = (O, 0),

(iii) TI)(a,b) N (R* x R") is asymmetric to 11, (a,~b) N (R* x R*) about the horizontal
line = 0.

3.5 Fucik spectrum Hg(a, b) with positive weights

Assume that a,b € L}[0,1],a > 0 and b > 0. Then it follows from Lemma 3.1 that AP (a) and
AP (b) exist, but A2, (a) and AP, (b) do not exist. By Property 3.1 and Example 3.1, all half-
eigenvalues Af (a,b) and AP (b, a), k > 2, exist; but none of the half-eigenvalues AP (-a, b),
AR(b,~a), A (~a,~b), AR(~b,~a), AR (a,~b), A2(~b,a), k > 2, exist. Then we have the

following theorem.

Theorem 3.6 Let a,b € L'[0,1], a > 0 and b > 0. Then Hg(a, b) is made up of one ver-
tical line, one horizontal line and a double sequence of differentiable, strictly decreasing,

hyperbolic like curves in R* x R*:

M2(a,b) = (A(a) x R) U (R x A7 () | J(FP(a,b) UTP(a,b)).
k>2

For each k > 2, T'2(a, b) has the vertical asymptotic line ) = AP,

(@) and the horizontal
=y

asymptotic line | = }‘fkj ().
3
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Proof We need only to prove the differentiability of I'?(a, b). Recall from Theorem 3.3
that for any k > 2, the curve I'?(a, b) : (a, +00) = (B, +00), i = fx (1) is determined by

O, ) = @(—%;Aa, Mb) -k, — % A> 0, 0. (3.70)

Given (A%, u*) € F,’?(a, b), k > 2, denote the associated eigenfunction by X(£). Then X_ > 0
because k > 2. Since b(t) > 0 for almost every ¢ € [0,1], it follows from formulation (2.7)
that

1
i@()\,u) = M*/ XP()b(t)dt > 0.
ou ) 0

() el (ab

Thus the Implicit Function Theorem can be applied to equation (3.70), and we see that
the hyperbolic like curve F,? (a, b) is differentiable and

2O, 1)

‘() = — .
Fe» 3700, 1) 0

4 Fucik spectrum for Neumann problems
Given a pair of indefinite weights a,b € L'[0,1], the (Neumann type) Fu¢ik spectrum
Hﬁ[(a, b) is defined as the set of those (A, 1) € R? such that system (1.2)-(1.4) has non-
trivial solutions.

Via similar arguments as in the previous sections, 1'[2[ (a,b) can also be characterized.
We list the results in the following but omit the detailed proof.

Theorem 4.1 The Neumann Fucik spectrum 1'[21 (a,b) can be decomposed as

M (a,b)= | (W(ab) LW (a,b)),
keZ,k>0

where W (a,b) and \TV,?[ (a,b) are defined as

W,fv(a, b)= {(A,u) eR?2:60(1;0,0,Aa, ub) = knp},

WY (a,b) = WY (b,a) = {(» 1) € R*:6(1;0,0, ub, ra) = k7, },
and hence

L eWl@b) < (1) e W (ba).
Moreover, for any set W} (a,b), k > 0, one has

o) e Wl(a,b) = (1) e W (-a,b), (4.1)
() e Wi(a,b) <= (-h—p) € WN(-a,-b), (4.2)

o) e WN@b) < (h-p) € WN(a,-b). (4.3)
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By the relations (4.1)-(4.3), we need only to consider W}'(a, b), \TV(I)V (a,b) and

I'Y(a,b):= WP(a,b)N (R, xR,), k>1,

N(a,b):= WP(a,b)N (R, xR,), k=1

Theorem 4.2 The set W) (a,b) is made up of two vertical lines 0 x R and A (a) x R. And
\776\[(01, b) is made up of two horizontal lines R x 0 and R x AY (b). If \) (a) or XY (b) does
not exist, the corresponding straight line 1Y (a) x R or R x AY(b) should be understood as
an empty set.

Theorem 4.3 If T\ (a,b) # ¥, k > 1, then 'Y (a, ) is a continuous, strictly decreasing, hy-

perbolic like curve

8k - (O[k, +OO) > (,3/0 +OO),

A = ge(A),

with the horizontal asymptotic line u = By and the vertical asymptotic line A = o. More-
over, the lower bound of ayx and By can be estimated as follows:

k=2n n>1 = o>1(a), Br = 22 (b);

k=2n-1, n>1 = a>1"P), Br = 2N (b).

Theorem 4.4 Let k > 1. Then:
(i) FkN(a, b) # 0 if and only z'fAkN(a, b) exists. And I’,I(V(a, b) is either an empty set or a
éyperbolic like curve emanating from (Af (a, b)LAf:’ (a,b)).
(ii) FkN(a, b) # 0 if and only z'fAI,:[(b, a) exists. And FkN(a, b) is either an empty set or a
hyperbolic like curve emanating from (Af (b,a), AQ’ (b, a)).

From the relation between Af (a,b) and Af (b, a) as stated in Property 3.2, we obtain the

following spectral structure of l'[ﬁ’ (a,b).

Theorem 4.5 One of the following three cases must occur.
(i) TN(a,b) = ¥ and T (a,b) = 0 for any k > 1.
(ii) F,ﬁ‘[(a, b) 0 and Flf(‘[(a, b) # 0 for any k > 1.
(iii) There exist ko > 1 such that either

Y (a, b) #0, 1<k <ko, N (a,b) #0, 1<k<ko-1,
=0, k>k(), =0, /(Zk()
or
FkN(a,b) 40, 1<k<ky-1, i:,f’(a,b) Z0, 1<k<ko,
=0, kao, ={, k>k0.

From the relations (4.1)-(4.3) and the above theorems, the structure of the Neumann

Fucik spectrum Hﬁ’ (a, b) becomes clear.


http://www.boundaryvalueproblems.com/content/2014/1/10

Chen et al. Boundary Value Problems 2014, 2014:10 Page 33 of 34
http://www.boundaryvalueproblems.com/content/2014/1/10

Theorem 4.6 Let a,b € L'[0,1]. Then 1'12[ (a,b) is composed of (at most) four trivial lines
0 x R, AY(a) x R, R x 0, R x AY (D) (if one of the involved principal eigenvalues does not
exist, the corresponding straight line is understood as an empty set), and in each quadrant

of R? zero, a finite odd number of, or a double sequence of hyperbolic like curves.

Finally, if the weights a and b are positive, then neither )»f)‘[ (a) nor Af)" (b) exists, and we
have the following results.

Theorem 4.7 Let a,b € L'[0,1], a >0 and b > 0. Then Hg(a, b) is made up of one ver-
tical line, one horizontal line and a double sequence of differentiable, strictly decreasing,
hyperbolic like curves in the quadrant R* x R*:

M2(a,b) = (0 x R)U (R x 0)|_J(I'¥(a,b) UTY (a, b)).
k>1

Ifk =2n, n > 1, the hyperbolic like curve T'Y (a, b) has the asymptotic lines
A=a@),  w=rD0).
Ifk =2n-1, n>1, the hyperbolic like curve 'y (a, b) has the asymptotic lines

r=mP@), =0
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