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Abstract
This study is dedicated to some basic theorems in the thermoelastodynamics of
microstretch bodies. Our intention is to show that the presence of the microstretch
does not affect the main characteristics of the mixed initial boundary value problem
for thermoelastic bodies. The result regarding the uniqueness theorem is derived with
no definiteness assumptions on the elastic coefficients and in the absence of the
restriction that the conductivity tensor is positive definite. In the last part of the paper
we establish a basic relation which leads to the reciprocal theorem and to another
uniqueness result.
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1 Introduction
The theory of micromorphic elastic solids was first elaborated by Eringen (see, for in-
stance, []). Then Eringen has generalized [] this theory in order to cover the theory of
thermo-microstretch elastic materials. In short, this is a theory of thermoelasticity with
microstructure that includes intrinsic rotations and microstructural expansion and con-
tractions.
The micromorphic theory was introduced to describe adequately the behavior of mate-

rials such a liquid crystal, fluid suspensions, polycrystalline aggregates, and granular me-
dia. For this it is necessary to introduce into the continuum theory some terms reflecting
the microstructure of the materials. In the context of this theory, each material point has
three deformable directors.
A continuum body is a microstretch continuum if the directors are constrained to

have only breathing-type microdeformations. All points of a microstretch continuum can
stretch and contract independently of their translations and rotations.
This theory is expected to find applications in the treatment of composites materials

reinforced with chopped fibers. Also, this theory can be useful in applications which deal
with porous materials as geological materials, solid packed granular materials, and many
others.
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On the other hand, materials which operate at elevated temperatures will invariably be
subjected to heat flow at some time during normal use. Such heat flow will involve a non-
linear temperature distribution, which will inevitable give rise to thermal stresses. For
these reasons, the development, design, and selection of materials for high temperature
applications require a great deal of care. The role of the pertinent material properties and
other variables which can affect the magnitude of thermal stress must be considered.
The theory of microstretch elastic bodies is generalized from the micropolar theory

introduced by Cosserat. There are many papers which are concerned with this theory.
For instance, Ciarletta in [] has used the basic results deduced by Eringen in order to
investigate the isothermal bending of microstretch elastic plates. Ciarletta et al. dedicated
the paper [] to the study of some basic properties of wave numbers of the longitudinal
and transverse plane harmonic waves, in the context of thermoelasticity formaterials with
voids.
In the paper [] Iesan and Pompei have presented a solution of Boussinesq-Somigliana-

Galerkin type for the boundary value problem in this context.
In the paper [], Agarwal et al. presented new existence results for initial value problems.

The nonlinearity may be singular in its dependent variable and is allowed to change sign.
Also, the paper of Agarwal and O’Regan [] presents existence result for some bound-
ary value problems definite on infinite intervals, which, in particular, includes a problem
which arises in the theory of colloids. In the studies [–] we tackle some questions with
regards to the microstretch-thermoelastic materials. Thus, in the paper [], we use the
Lagrange identity to prove the uniqueness theorem and some continuous dependence the-
orems without recourse to any energy conservation law, or to any boundedness assump-
tions on the thermoelastic coefficients. Also, the paper [] is concernedwithmicrostretch-
thermoelastic materials. In this context, for the mixed initial boundary value problem, we
prove that the Cesaro means of the kinetic and strain energies of a solution with finite
energy become asymptotically equal as time tends to infinity. A model of microstretch-
thermoelastic body with two temperatures is presented in the paper [].
The study [] is dedicated to the study of propagation of shear waves in a non-

homogeneous anisotropic incompressible gravity field, and an initially stressed medium
is studied.
The paper [] investigates the longitudinal wave propagation in a perfectly conducting

elastic circular cylinder in the presence of an axial initial magnetic field. Other results
regarding generalized thermoelasticity can be found in the papers [, ].
The present paper must be considered as a first step toward a better understanding of

microstretch and thermal stress in the study of the above enumerated materials.
The reciprocity and representation relations that appear in our study constitute power-

ful theoretical tools in the assessment of the theory of seismic-sources mechanism, in the
studies connected with seismic wave propagation.
Also, we think that this paper is a good help to understanding the application of the

microstretch mechanism to earthquake problems.
There are many results regarding the mechanism of earthquakes, as, for instance, in the

papers [] and [] and in the references therein.
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2 Basic equations
For convenience the notations and terminology chosen are almost identical to those of
our studies [, ]. The present paper is concerned with an anisotropic and homogeneous
material.
Let the body occupy, at time t = , a properly regular region B of the three-dimensional

Euclidian space, bounded by the piece-wise smooth surface ∂B; and we denote the closure
of B by B̄. We refer the motion of the body to a fixed system of rectangular Cartesian axes
Oxi, i = , ,  and adopt the Cartesian tensor notation. Points in B are denoted by xj and
t ∈ [,∞) is the temporal variable. Throughout this work the Einstein summation con-
vention over repeated indices is used. The subscript j after a comma indicates partial dif-
ferentiation with respect to the spatial argument xj. All Latin subscripts are understood to
range over the integers (, , ), while the Greek indices have the range (, ). A superposed
dot denotes the derivatives with respect to the time variable t. Also, the spatial argument
and the time argument of a function will be omitted when there is no likely confusion.
Let us denote by ui the components of the displacement vector and byϕi the components

of the microrotation vector. Also, we denote by ω a scalar function that characterizes the
microstretch and by θ the temperature measured from the constant absolute temperature
T of the body in its reference state.
As usual, we denote by tij the components of the stress tensor and bymij the components

of the couple stress tensor over B. Also, we denote by λi the components of themicrostress
vector.
In the dynamic theory of the thermoelasticity of microstretch bodies the fundamental

system of field equations consists of:
- the equations of motion

tji,j + Fi = �üi,

mji,j + εijktjk +Gi = Iijϕ̈j;
()

- the balance of the equilibrated forces

λi,i + L = Jω̈; ()

- the energy equation

Tη̇ = qi,i + S. ()

For an anisotropic and homogeneous microstretch thermoelastic material, the consti-
tutive equations have the form

tij = Aijmnεmn + Bijmnμmn +Dijkγk + aijθ ,

mij = Bmnijεmn +Cijmnμmn + Eijkγk + bijθ ,

λi =Dmniεmn + Emniμmn + Fijγj + ciθ , ()

η = –aijεij – bijμij – ciγi + dθ ,

qi = kijθ,j,

http://www.boundaryvalueproblems.com/content/2014/1/129
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whereAijmn, Bijmn, Cijmn,Dijk , Eijk , Fij, aij, bij, ci, d, and kij are the characteristic constitutive
coefficients, and they obey the following symmetry relations:

Aijmn = Amnij, Cijmn = Cmnij, Fij = Fji, kij = kji. ()

In the above equations we have used the following notations:
- Fi the components of body force;
- Gi the components of body couple;
- L the generalized external body load;
- � is the reference constant mass density;
- J and Iij = Iji are the coefficients of microinertia;
- λi are the components of the internal hypertraction vector;
- η is the entropy per unit mass;
- S is the heat supply per unit mass;
- qi are the components of heat flux vector.

The components of the strain tensors εij, μij, and γi are defined bymeans of the geometric
equations:

εij = uj,i + εjikϕk , μij=ϕj,i, γi = ω,i,

where εijk is the alternating symbol.
The second law of thermodynamics implies that

kijξiξj ≥ , ∀ξi, ()

that is, the conductivity tensor k is positive semi-definite only.
In what follows we need the following regularity assumptions:
() the constitutive coefficients are continuously differentiable functions on B̄;
() � and d are continuous functions on B̄;
() Fi, Gi and L are continuous functions on B̄× I , where I = [,∞).

We denote by ti the components of surface traction,mi the components of surface couple,
λ the microsurface traction and q the heat flux. These quantities are defined by

ti = tjinj, mi =mjinj, λ = λini, q = qini,

at regular points of the surface ∂B.
Here, ni are the components of the outward unit normal of the surface ∂B.
Along with the system of field equations ()-() we consider the following initial condi-

tions:

ui(x, ) = ai (x), u̇i(x, ) = ai (x),

ϕi(x, ) = bi (x), ϕ̇i(x, ) = bi (x), x ∈ B̄,

ω(x, ) = ω(x), ω̇(x, ) = ω(x),

θ (x, ) = θ(x), η(x, ) = η(x)

()

http://www.boundaryvalueproblems.com/content/2014/1/129
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and the following prescribed boundary conditions:

ui = ūi on ∂B × I, ti = t̄i on ∂Bc
 × I,

ϕi = ϕ̄i on ∂B × I, mi = m̄i on ∂Bc
 × I,

ω = ω̄ on ∂B × I, λ = λ̄ on ∂Bc
 × I,

θ = θ̄ on ∂B × I, q = q̄ on ∂Bc
 × I,

()

where ∂B, ∂B, ∂B, and ∂B with respective complements ∂Bc
, ∂Bc

, ∂Bc
, and ∂Bc

 are
subsets of the surface ∂B such that

∂B ∩ ∂Bc
 = ∂B ∩ ∂Bc

 = ∂B ∩ ∂Bc
 = ∂B ∩ ∂Bc

 = ∅,
∂B ∪ ∂Bc

 = ∂B ∪ ∂Bc
 = ∂B ∪ ∂Bc

 = ∂B ∪ ∂Bc
 = ∂B.

We assume that:
() ai , ai , bi , bi , ω, ω, θ and η are continuous function on B̄;
() ūi, ϕ̄i, ω̄ and θ̄ are continuous function on their domains;
() t̄i, m̄i, λ̄ and q̄ are piecewise regular functions in their domains and continuous with

regards to the time variable t.
By a solution of themixed initial boundary value problem of the theory thermoelasticity

of microstretch bodies in the cylinder � = B × I we mean an ordered array (ui,ϕi,ω, θ )
which satisfies (), (), and () for all (x, t) ∈ �, the initial conditions () and the boundary
conditions ().

3 Main results
Let us consider the functions K and U defined on the interval [,∞) by the relations

K =



∫
B

(
�u̇iu̇i + Iijϕ̇iϕ̇j + Jω̇)dv,

U =



∫
B

(
Aijmnεijεmn + Bijmnεmnμij + Dijkεijγk ()

+Cijmnμmnμij + Eijkμijγk + Fijγiγj + dθ)dv.
In the next theorem we prove a relationship between the functions K and U .

Theorem  Assume that the symmetry relations () are satisfied. Then we have

U(t) –K (t) =



∫ t



[
G(t + s, t – s) –G(t – s, t + s)

]
ds

+



∫
B

{
Aijmn(x)εij(x, t)εmn(x, )

+ Bijmn(x)
[
εij(x, t)μmn(x, ) + εij(x, )μmn(x, t)

]
+Dijk(x)

[
εij(x, t)γk(x, ) + εij(x, )γk(x, t)

]
+Cijmn(x)μij(x, t)μmn(x, )

+ Eijk(x)
[
μij(x, t)γk(x, ) +μij(x, )γk(x, t)

]
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+ Fij(x)γi(x, t)γj(x, ) + d(x)θ (x, t)θ (x, )
}
dv

–



∫
B

[
�(x)u̇i(x, )u̇i(x, t) + Iijϕ̇i(x, )ϕ̇j(x, t)

+ Jω̇(x, )ω̇(x, t)
]
dv, ()

where we have denoted by G(α,β) the following expression:

G(α,β) =
∫
B

[
Fi(x,α)u̇i(x,β) +Gi(x,α)ϕ̇i(x,β) + L(x,α)ω̇(x,β) –


T

S(x,α)θ̇(x,β)
]
dv

+
∫

∂B

[
ti(x,α)u̇i(x,β) +mi(x,α)ϕ̇i(x,β) + λ(x,α)ω̇(x,β)

]
da ()

for all α,β ∈ I .

Proof Using the constitutive equations () and the symmetry relations (), we obtain

tij(t – s)ε̇ij(t + s) +mij(t – s)μ̇ij(t + s) + λi(t – s)γ̇i(t + s) + η̇(t + s)θ (t – s)

–
[
tij(t + s)ε̇ij(t – s) +mij(t + s)μ̇ij(t – s) + λi(t + s)γ̇i(t – s) + η̇(t – s)θ (t + s)

]
= Aijmn(t – s)εmn(t – s)ε̇ij(t + s) + Bijmn(t – s)μmn(t – s)ε̇ij(t + s)

+Dijk(t – s)γk(t – s)ε̇ij(t + s) + aij(t – s)θ (t – s)ε̇ij(t + s)

+ Bijmn(t – s)εmn(t – s)μ̇ij(t + s) +Cijmn(t – s)μmn(t – s)μ̇ij(t + s)

+ Eijk(t – s)γk(t – s)μ̇ij(t + s) + bij(t – s)θ (t – s)μ̇ij(t + s)

+Dmni(t – s)γ̇i(t + s)εmn(t – s) + Emni(t – s)γ̇i(t + s)μmn(t – s)

+ Fij(t – s)γj(t – s)γ̇i(t + s) + ci(t – s)θ (t – s)γ̇i(t + s)

– aij(t + s)ε̇ij(t + s)θ (t – s) – bij(t + s)μ̇ij(t + s)θ (t – s)

– ci(t + s)γ̇i(t + s)θ (t – s) + d(t + s)θ̇ (t + s)θ (t – s)

–Aijmn(t + s)εmn(t + s)ε̇ij(t + s)Bijmn(t + s)μmn(t + s)ε̇ij(t – s)

–Dijk(t + s)γk(t + s)ε̇ij(t – s) – aij(t + s)θ (t + s)ε̇ij(t – s)

– Bijmn(t + s)εmn(t + s)μ̇ij(t + s) –Cijmn(t + s)μmn(t + s)μ̇ij(t – s)

– Eijk(t + s)γk(t + s)μ̇ij(t – s) – bij(t + s)θ (t + s)μ̇ij(t – s)

–Dmni(t + s)γ̇i(t + s)εmn(t – s) + Emni(t + s)μmn(t + s)γ̇i(t – s)

– Fij(t + s)γj(t + s)γ̇i(t – s) – ci(t + s)θ (t + s)γ̇i(t – s)

+ aij(t – s)ε̇ij(t – s)θ (t + s) + bij(t – s)μ̇ij(t – s)θ (t + s)

+ ci(t – s)γ̇i(t – s)θ (t + s) – d(t – s)θ̇ (t – s)θ (t + s)

=
∂

∂s
[
Aijmnεij(t + s)εmn(t – s) + Bmnijμmn(t + s)εij(t – s)

+ Dijkγk(t + s)εij(t – s) +Cijmnμij(t + s)μmn(t – s)

+ Eijkγk(t + s)μij(t – s) + Fijγi(t + s)γj(t – s) + dθ (t + s)θ (t – s)
]
. ()
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Here we have suppressed, for convenience, the dependence of the functions on argu-
ment x, because there is no likely confusion.
By using the equations of motion (), the balance of equilibrated forces (), the energy

equation () and the geometric equations, we deduce

tij(t – s)ε̇ij(t + s) +mij(t – s)μ̇ij(t + s) + λi(t – s)γ̇i(t + s) + η̇(t + s)θ (t – s)

= tij(t – s)
[
u̇j,i(t + s) + εijkϕ̇k(t + s)

]
+mij(t – s)ϕ̇j,i(t + s)

+ λi(t – s)ω̇,i(t + s) +

T

qi,i(t + s)θ (t – s) +

T

S(t + s)θ (t – s)

=
[
tij(t – s)u̇i(t + s) +mij(t – s)ϕ̇i(t + s) + λj(t – s)γ̇ (t + s) +


T

qj(t + s)θ (t – s)
]
,j

+ εijktij(t – s)ϕ̇k(t + s) +

T

S(t + s)θ (t – s) – tij,j(t – s)u̇i(t + s)

–mij,j(t – s)ϕ̇i(t + s) – λj,j(t – s)ω̇(t + s) –

T

qj(t + s)θ,j(t – s)

=
[
tij(t – s)u̇i(t + s) +mij(t – s)ϕ̇i(t + s) + λj(t – s)γ̇ (t + s) +


T

qj(t + s)θ (t – s)
]
,j

+ εijktij(t – s)ϕ̇k(t + s) +

T

S(t + s)θ (t – s) +
[
Fi(t – s) – �üi(t – s)

]
u̇i(t + s)

+
[
εijktjk(t – s) +Gi(t – s) – Iijϕ̈j(t – s)

]
ϕ̇i(t + s)

+
[
L(t – s) – Jω̈(t – s)

]
ω̇(t + s) –


T

kij(t + s)θ,i(t + s)θ,j(t – s)

=
[
tij(t – s)u̇i(t + s) +mij(t – s)ϕ̇i(t + s) + λj(t – s)γ̇ (t + s) +


T

qj(t + s)θ (t – s)
]
,j

+ Fi(t – s)u̇i(t + s) +Gi(t – s)ϕ̇i(t + s) + L(t – s)ω̇(t + s)

+

T

S(t + s)θ (t – s) –

T

kij(t + s)θ,i(t + s)θ,j(t – s)

+
∂

∂s
[
�u̇i(t – s)u̇i(t + s) + Iijϕ̇i(t – s)ϕ̇j(t + s) + Jω̇(t – s)ω̇(t + s)

]

– �u̇i(t – s)üi(t + s) – Iijϕ̇j(t – s)ϕ̈i(t + s) – Jω̇(t – s)ω̈(t + s). ()

Similarly,

tij(t + s)ε̇ij(t – s) +mij(t + s)μ̇ij(t – s) + λi(t + s)γ̇i(t – s) + η̇(t – s)θ (t + s)

=
[
tij(t + s)u̇i(t – s) +mij(t + s)ϕ̇i(t – s) + λj(t + s)γ̇ (t – s) +


T

qj(t – s)θ (t + s)
]
,j

+ Fi(t + s)u̇i(t – s) +Gi(t + s)ϕ̇i(t – s) + L(t + s)ω̇(t – s)

+

T

S(t – s)θ (t + s) –

T

kij(t – s)θ,i(t – s)θ,j(t + s)

+
∂

∂s
[
�u̇i(t + s)u̇i(t – s) + Iijϕ̇i(t + s)ϕ̇j(t – s) + Jω̇(t + s)ω̇(t – s)

]

– �u̇i(t – s)üi(t + s) – Iijϕ̇j(t – s)ϕ̈i(t + s) – Jω̇(t – s)ω̈(t + s). ()
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Now, we integrate, over B, both sides of the equality () and then use (), (), (), and
the divergence theorem, and it follows that

∫
B

∂

∂s
[
Aijmnεij(t + s)εmn(t – s) + Bmnijμij(t + s)εmn(t – s)

+ Dijkγk(t + s)εij(t – s) +Cijmnμij(t + s)μmn(t – s)

+ Eijkγk(t + s)εij(t – s) + Fijγi(t + s)γj(t – s)

+ dθ (t + s)θ (t – s)
]
dv

=G(t – s, t + s) –G(t + s, t – s)

+
∫
B

∂

∂s
[
�u̇i(t – s)u̇i(t + s) + Iijϕ̇j(t – s)ϕ̇i(t + s) + Jω̇(t – s)ω̇(t + s)

]
dv. ()

Finally, we integrate the equality () from  to t and arrive at the desired result () so
that the theorem is demonstrated. �

In the next lemma we prove another relation between the functions U and K defined
by ().

Lemma  Assume that the symmetry relations () are satisfied.Then we have the following
relations:

U(t) =U() +K () +



∫
B

{
Aijmnεij(t)εmn() + Bmnij

[
εmn(t)μij() + εmn()μij(t)

]

+Dijk
[
γk(t)εij() + γk()εij(t)

]
+Cijmnμij(t)μmn()

+ Eijk
[
γk(t)μij() + γk()μij(t)

]
+ Fijγi(t)γj() + dθ (t)θ ()

}
dv ()

–



∫
B

[
�u̇i(t)u̇i() + Iijϕ̇j(t)ϕ̇i() + Jω̇(t)ω̇()

]
dv

+



∫ t



[
G(t + s, t – s) –G(t – s, t + s) + P(s)

]
ds –


T

∫ t



∫
B
kijθ,jθ,i dvds,

K (t) =U() +K () –



∫
B

{
Aijmnεij(t)εmn() + Bmnij

[
εmn(t)μij() + εmn()μij(t)

]

+Dijk
[
γk(t)εij() + γk()εij(t)

]
+Cijmnμij(t)μmn()

+ Eijk
[
γk(t)μij() + γk()μij(t)

]
+ Fijγi(t)γj() + dθ (t)θ ()

}
dv ()

–



∫
B

[
�u̇i(t)u̇i() + Iijϕ̇j(t)ϕ̇i() + Jω̇(t)ω̇()

]
dv

–



∫ t



[
G(t + s, t – s) –G(t – s, t + s) – P(s)

]
ds –


T

∫ t



∫
B
kijθ,jθ,i dvds

for all t ∈ [,∞).
The function P is defined by

P(t) =
∫
B

(
Fiu̇i +Giϕ̇i + Lω̇ +


T

Sθ
)
dv

+
∫

∂B

(
tiu̇i +miϕ̇i + λω̇ +


T

qθ
)
da. ()

http://www.boundaryvalueproblems.com/content/2014/1/129
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Proof Taking into account the equations of motion (), the balance of equilibrated forces
(), the energy equation (), and the constitutive equations (), we obtain

Aijmnεmnε̇ij + Bijmn(μmnε̇ij + μ̇mnεij) +Dijk(γk ε̇ij + γ̇kεij)

+Cijmnμmnμ̇ij + Eijk(γkμ̇ij + γ̇kμij) + Fijγiγ̇j + dθ θ̇

= tijε̇ij +mijμ̇ij + λiγ̇i + η̇θ

=
(
tiju̇i +mijϕ̇i + λjω̇ +


T

qjθ
)
,j

+ Fiu̇i +Giϕ̇i + Lω̇ +

T

Sθ

– �u̇iüi – Iijϕ̇jϕ̈i – Jω̇ω̈ –

T

kijθ,jθ,i.

From this equality it is easy to deduce that

U̇ + K̇ = P –

T

∫
B
kijθ,jθ,i dv.

By integrating this relation over the interval [, t] we obtain

U(t) +K(t) = U() +K () +
∫ t


P(s)ds

–

T

∫ t



∫
B
kijθ,jθ,i dvds, ∀t ∈ [,∞). ()

If we add () and (), term by term, () follows.
If we subtract () from (), term by term, () follows and this concludes Lemma .

�

The uniqueness result from the next theorem is based on the results from Theorem 
and Lemma .

Theorem  Assume that:
(i) the symmetry relations () are satisfied;
(ii) �, Iij and J are strictly positive;
(iii) d is strictly positive or strictly negative;
(iv) the conductivity tensor kij is positive semi-definite.
Then the mixed initial boundary value problem of thermoelasticity of microstretch ma-

terials consisting of ()-(), the initial condition (), and the boundary condition () has at
most one solution.

Proof Suppose, to the contrary, that our mixed problem has two solutions,

(
ui ,ϕ


i ,ω

, θ ), (
ui ,ϕ


i ,ω

, θ).
Let us denote by

(ui,ϕi,ω, θ )
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Marin et al. Boundary Value Problems 2014, 2014:129 Page 10 of 16
http://www.boundaryvalueproblems.com/content/2014/1/129

the difference of two solutions, where

ui = ui – ui , ϕi = ϕ
i – ϕ

i , ω = ω –ω, θ = θ  – θ.

Because of linearity, this difference is also a solution of our problem, but it corresponds
to null data.
Thus, from () we obtain

∫
B

[
�u̇i(t)u̇i(t) + Iijϕ̇j(t)ϕ̇i(t) + Jω̇(t)

]
dv

+

T

∫ t



∫
B
kijθ,jθ,i dvds = , ∀t ∈ [,∞). ()

By using the hypotheses (ii) and (iv) of the theorem, () implies that

u̇i = , ϕ̇i = , ω̇ =  on B× I ()

and

∫ t



∫
B
kijθ,jθ,i dvds = , ∀t ∈ [,∞). ()

But ui, ϕi, and ω vanish initially, so that from () we deduce

ui = , ϕi = , ω =  on B× I. ()

Taking into account () and (), () reduces to

∫
B
dθ dv = .

Since d >  or d < , this relation yields

θ =  on B× I. ()

From () and () we deduce that the difference of the two solutions is null, i.e., we
have the uniqueness of solution and Theorem  is demonstrated. �

Consider two scalar functions u and v which are defined on B× I and continuous with
respect to time.
As is well known, the convolution product of the function u and v is defined by the inte-

gral

(u ∗ v)(x, t) =
∫ t


u(x, t – s)v(x, s)ds, (x, t) ∈ B× I.

Also, let us consider the functions l(t) and g(t) defined by

l(t) = , g(t) = (l ∗ l)(t) = t, t ∈ I. ()

http://www.boundaryvalueproblems.com/content/2014/1/129
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For a continuous function h defined on B× I , we denote by h̄(x, t) the convolution prod-
uct l ∗ h, i.e.

h̄(x, t) =
∫ t


h(x, s)ds. ()

Using these considerations, we can write the energy equation () and the initial condition

η(x, ) = η(x)

in the equivalent form

Tη = q̄i,i +W , ()

where

W = S̄ + Tη. ()

Consider two external data systems L(α), which act on the thermoelastic-microstretch
material, defined by

L(α) =
{
F (α)
i ,G(α)

i ,L(α),S(α), ũ(α)i , ϕ̃(α)
i , ω̃(α), t̃(α)i , m̃(α)

i , λ̃(α), θ̃ (α), q̃(α),

a(α)i ,a(α)i ,b(α)i ,b(α)i ,ω(α),ω(α), θ(α),η(α)


}
, α = , ,

and denote by p(α) a solution of the mixed problem which corresponds to L(α)

p(α) =
{
u(α)i ,ϕ(α)

i ,ω(α), θ (α)}.
Also, we use the following notations:

t(α)i = t(α)ij nj, m(α)
i =m(α)

ij nj, λ(α) = λ
(α)
i ni,

q(α) = q(α)i nj, W (α) = l ∗ S(α) + Tη
(α)
 .

()

Lemma  Assume that the symmetry relations () are satisfied. Consider the functions
Eαβ (t, τ ) defined by

Eαβ (t, τ ) =
∫

∂B

[
t(α)i (t)u(β)i (τ ) +m(α)

i (t)ϕ(β)
i (τ ) + λ(α)(t)ω(β)(τ ) –


T

q̄(α)(t)θ (β)(τ )
]
da

+
∫
B

[
F (α)
i (t)u(β)i (τ ) +G(α)

i (t)ϕ(β)
i (τ ) + L(α)(t)ω(β)(τ )

–

T

W (α)(t)θ (β)(τ )
]
dv

–
∫
B

[
�ü(α)i (t)u̇(β)i (τ ) + Iijϕ̈(α)

j (t)ϕ̇(β)
i (τ ) + Jω̈(α)(t)ω̇(β)(τ )

]
dv

+

T

∫
B
q̄(α)i (t)θ (β)

,i (τ )dv, ∀t, τ ∈ I. ()
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Then we have

Eαβ (t, τ ) = Eβα(t, τ ) ()

for all t, τ ∈ I .

Proof We introduce the notation

Iαβ (t, τ ) = t(α)ij (t)ε(β)ij (τ ) +m(α)
ij (t)μ(β)

ij (τ ) + λ
(α)
i (t)γ (β)

i (τ ) – η(α)(t)θ (β)(τ ). ()

From () and the constitutive equations () we deduce

Iαβ (t, τ ) = Aijmnε
(α)
mn(t)ε

(β)
ij (τ ) + Bmnij

[
μ(α)
mn(t)ε

(β)
ij (τ ) +μ(β)

mn(t)ε
(α)
ij (τ )

]
+Dijk

[
γ
(α)
k (t)ε(β)ij (τ ) + γ

(β)
k (t)ε(α)ij (τ )

]
+Cijmnμ

(α)
mn(t)μ

(β)
ij (τ )

+ Eijk
[
γ
(α)
k (t)μ(β)

ij (τ ) + γ
(β)
k (t)μ(α)

ij (τ )
]

+ Fijγ (α)
i (t)γ (β)

j (τ ) – dθ (α)(t)θ (β)(τ ). ()

Using the symmetry relations (), from () we obtain

Iαβ (t, τ ) = Iβα(t, τ ). ()

On the other hand, using the equations of motion (), the balance of equilibrated forces
(), and the energy equation () in () and (), we are lead to the following expression
of Iαβ(t, τ ):

Iαβ (t, τ ) =
[
t(α)ij (t)u(β)i (τ ) +m(α)

ij (t)ϕ(β)
i (τ ) + λ

(α)
j (t)ω(β)(τ ) –


T

q̄(α)j (t)θ (β)(τ )
]
,j

+ F (α)
i (t)u(β)i (τ ) +G(α)

i (t)ϕ(β)
i (τ ) + L(α)(t)ω(β)(τ ) –


T

W (α)(t)θ (β)(τ )

– �ü(α)i (t)u(β)i (τ ) – Iijϕ̈(α)
j (t)ϕ(β)

i (τ ) – Jω̈(α)(t)ω(β)(τ ) +

T

q̄(α)i (t)θ (β)
,i (τ ). ()

Now, we integrate () over B, then we use the symmetry relations () and the divergence
theorem so that we obtain the desired result () and Lemma  is proved. �

Based on the result of Lemma  we can prove the reciprocal result from the next theo-
rem.

Theorem  Assume that the symmetry relations () are satisfied. Let p(α) be a solution
corresponding to the external data L(α), α = , . Then the following reciprocal relation is
valid:

∫
∂B
g ∗

[
t()i ∗ u()i +m()

i ∗ ϕ
()
i + λ() ∗ ω() –


T

l ∗ q() ∗ θ ()
]
da

+
∫
B

[
F ()

i ∗ u()i + G()
i ∗ ϕ

()
i +L() ∗ ω() –


T

g ∗W () ∗ θ ()
]
dv

http://www.boundaryvalueproblems.com/content/2014/1/129
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=
∫

∂B
g ∗

[
t()i ∗ u()i +m()

i ∗ ϕ
()
i + λ() ∗ ω() –


T

l ∗ q() ∗ θ ()
]
da

+
∫
B

[
F ()

i ∗ u()i + G()
i ∗ ϕ

()
i +L() ∗ ω() –


T

g ∗W () ∗ θ ()
]
dv, ()

where we have used the notations

F (α)
i = g ∗ F (α)

i + �
(
ta(α)i + a(α)i

)
,

G(α)
i = g ∗G(α)

i + Iij
(
tb(α)j + b(α)j

)
, ()

L(α)
i = g ∗ L(α) + J

(
tw(α) +w(α)).

Proof We use the substitution t = s and τ = r– s in () and integrate the resulting relation
on the interval [, s] such that, by using the symmetry relations (), we obtain

∫
∂B

[
t()i ∗ u()i +m()

i ∗ ϕ
()
i + λ() ∗ ω() –


T

l ∗ q() ∗ θ ()
]
da

+
∫
B

[
F ()
i ∗ u()i +G()

i ∗ ϕ
()
i + L() ∗ ω() –


T

W () ∗ θ ()
]
dv

–
∫
B

[
�ü()i u()i + Iijϕ̈()

i ϕ
()
j + Jω̈()ω()]dv

=
∫

∂B

[
t()i ∗ u()i +m()

i ∗ ϕ
()
i + λ() ∗ ω() –


T

l ∗ q() ∗ θ ()
]
da

+
∫
B

[
F ()
i ∗ u()i +G()

i ∗ ϕ
()
i + L() ∗ ω() –


T

W () ∗ θ ()
]
dv

–
∫
B

[
�ü()i u()i + Iijϕ̈()

i ϕ
()
j + Jω̈()ω()]dv. ()

It is easy to prove that

g ∗ ü(α)i = u(α)i – ta(α)i – a(α)i ,

g ∗ ϕ̈
(α)
i = ϕ

(α)
i – tb(α)i – b(α)i , ()

g ∗ ω̈(α) = ω(α) – tw(α) –w(α).

Taking the convolution of () with g and using (), we obtain the reciprocal relation
() and the proof of Theorem  is complete. �

Remark In the case of null boundary data, from () we deduce that the operator of the
thermoelastodynamics of microstretch bodies is symmetric with regard to the convolu-
tion.
Based on this symmetry, we can obtain some variational theorems of Gurtin type in

classical thermoelasticity.
Also, based on the symmetry relations () we can obtain a minimum principle similar

to those obtained by Reiss [] in the classical isothermal case.
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Theorem  Assume that the symmetry relations () are satisfied. Let us consider the func-
tion

H(r, s) =
∫
B

[
Fi(r)ui(s) +Gi(r)ϕi(s) + L(r)w(s) –


T

w(r)θ (s)
]
dv

+
∫

∂B

[
ti(r)ui(s) +mi(r)ϕi(s) + λ(r)w(s) –


T

q̄(r)θ (s)
]
da ()

for all r, s ∈ I .
Then we have

d
dt

[∫
B

(
�uiui + Iijϕiϕj + Jω)dv + 

T

∫ t



∫
B
kijθ,jθ,i dvds

]

=
∫ t



[
H(t – s, t + s) –H(t + s, t – s)

]
ds

+
∫
B

{
�
[
u̇i(t)ui() + u̇i()ui(t)

]
+ Iij

[
ϕ̇i(t)ϕj() + ϕ̇i()ϕj(t)

]

+ J
[
ω̇(t)ωj() + ω̇()ω(t)

]}
dv. ()

Proof Using the result on Eαβ from Lemma , we obtain
∫ t


E(t + s, t – s)ds =

∫ t


E(t – s, t + s)ds. ()

Let us apply () to the process

(ui,ϕi,ω, θ , timi,λ,η,q).

From () and (), we obtain the equality
∫ t


E(t + s, t – s)ds

=
∫ t


H(t + s, t – s)ds

–
∫ t



∫
B

[
�üi(t + s)ui(t – s) + Iijϕ̈i(t + s)ϕj(t – s) + Jω̈(t + s)ω(t – s)

]
dvds

+

T

∫ t



∫
B
kijθ,j(t + s)θ,i(t – s)dvds. ()

Similarly,
∫ t


E(t – s, t + s)ds

=
∫ t


H(t – s, t + s)ds

–
∫ t



∫
B

[
�üi(t – s)ui(t + s) + Iijϕ̈i(t – s)ϕj(t + s) + Jω̈(t – s)ω(t + s)

]
dvds

+

T

∫ t



∫
B
kijθ,j(t – s)θ,i(t + s)dvds. ()
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It is easy to prove the relations

∫ t


f̈ (t + s)h(t – s)ds = ḟ (t)h() – ḟ (t)h(t) +

∫ t


ḣ(t – s)ḟ (t + s)ds,

∫ t


ḧ(t – s)f (t + s)ds = ḣ(t)f (t) – ḣ()f (t) +

∫ t


ḣ(t – s)ḟ (t + s)ds, ()

∫ t


f (t + s)ḣ(t – s)ds = –h()f (t) + f (t)h(t) +

∫ t


ḟ (t + s)h(t – s)ds.

Using the symmetry relations () and (), from (), (), and () we obtain the de-
sired result () and the proof of Theorem  is complete. �

A similar reciprocal result has been obtained in [], but using some strong hypotheses
on the thermoelastic coefficients.
If the conductivity tensor kij is assumed be positive definite, then the result of Theorem

can be used to obtain the uniqueness result established in [].
Now, our intention is to give another proof of Theorem  by using the result of Theo-

rem . Let us consider that the mixed problem formulated above has two solutions,

(
ui ,ϕ


i ,ω

, θ ), (
ui ,ϕ


i ,ω

, θ).
Let us denote by

(ui,ϕi,ω, θ )

the difference of two solutions, where

ui = ui – ui , ϕi = ϕ
i – ϕ

i , ω = ω –ω, θ = θ  – θ.

If we apply () for the difference, we are lead to

∫
B

(
�uiui + Iijϕiϕj + Jω)dv + 

T

∫ t



∫
B
kijθ,jθ,i dvds = .

From this equality, by using the hypotheses (ii) and (iv) of Theorem , we obtain

ui = , ϕi = , ω = .

Then, from (), (), and hypothesis (iii) of Theorem , we obtain

θ =  on B× I,

which proves Theorem .

Remark Using a similar procedure as in [] and [], we can use (), (), and () to
obtain some continuous dependence results.
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4 Concluding remarks
The intrinsic rotations, microstructural expansion, and contractions do not affect the ex-
istence nor the uniqueness and continuous dependence of the solution of themixed initial
boundary value problem for thermoelastic bodies.
Also, it is not necessary to constrain the conductivity tensor to be positive definite to

obtain the basic results of the theory of thermoelasticity of microstretch materials. It is
sufficient for this tensor to be positive semi-defined as results from the Clausius-Duhem
inequality.
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