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Abstract

The aim of the present paper is to study the influence of initial stress and magnetic
field on the propagation of harmonic waves in a human long dry bone as transversely
isotropic material, subject to the boundary conditions that the outer and inner
surfaces are traction free. The equations of elastodynamics are solved in terms of
displacements. The natural frequency of plane vibrations in the case of harmonic
vibrations has been obtained. The frequencies and phase velocity are calculated
numerically, the effects of initial stress and magnetic field are discussed. Comparisons
are made with the result in the absence of initial stress and magnetic field.
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1 Introduction

The investigation of wave propagation over a continuous medium has very important ap-
plication in the fields of engineering, medicine and in bioengineering. Application of the
poroelastic materials in medicinal fields such as cardiovascular, dental and orthopedics
is well known. The dry bone is piezoelectric in the classical sense [1, 2], i.e., mechani-
cal stress results in electric polarization (the indirect effect); and an applied electric field
causes strain (the converse effect). Since that time, many others have confirmed the ca-
pacity of bones to produce piezoelectric potentials [3]. Electrical properties of bone are
relevant not only as a hypothesized feedback mechanism for bone adaptation and remod-
eling, but also in the context of external electrical stimulation of bone in order to aid its
healing and repair [4]. In orthopedics, the propagation of wave over bone is used in moni-
toring the rate of fracture healing. There are two types of osseous tissue such as trabecular
or cancellous and cortical or compact bone, which are of different materials with respect
to their mechanical behavior. In macroscopic terms, the porosity percentage in the com-
pact bone is 3-5%, whereas in the cancellous or trabecular the porosity percentage is up
to 90% [1].

Mahmoud [1, 5, 6] investigated the wave propagation under the effects of initial stress,
rotation and magnetic field in cylindrical poroelastic bones, a granular medium and a
porous medium. Theoretical analyses of bone piezoelectricity may be relevant to the is-
sue of bone remodeling. Recent thorough studies have explored electromechanical effects
in wet and dry bone [7, 8]. They suggest that two different mechanisms are responsible for
these effects: classical piezoelectricity mainly due to the molecular asymmetry of collagen
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in dry bone and streaming potentials found in moist or living bone and generated by the
flow of a liquid across charged surfaces. The second mechanism was argued by dielectric
measurements, and it was suggested that the electromechanical effect in wet (fluid satu-
rated) bone is not due to a piezoelectric effect [9]. Abd-Alla and Mahmoud [10, 11] solved
a magneto-thermoelastic problem in a rotating non-homogeneous orthotropic hollow
cylinder under the hyperbolic heat conduction model and investigated analytical solution
of wave propagation in non-homogeneous orthotropic rotating elastic media. Abd-Alla
et al. [12] studied the propagation of S-wave in a non-homogeneous anisotropic incom-
pressible and initially stressed medium under the influence of gravity field. Honarvarla et
al. [13], Ding et al. [14] studied the elasticity of transversely isotropic materials. Chen et al.
[15, 16] investigated the free vibration and general solution of non-homogeneous trans-
versely isotropic magneto-electroelastic hollow cylinders. Abd-Alla et al. [17, 18] stud-
ied the problem of transient coupled thermoelasticity of an annular fin and the problem
of radial vibrations in a non-homogeneous isotropic cylinder under the influence of ini-
tial stress and magnetic field. Mofakhami et al. [19] studied the finite cylinder vibrations
with different end boundary conditions. Abd-Alla et al. [20, 21] studied the effect of ro-
tation, magnetic field and initial stress on peristaltic motion of micropolar fluid and in-
vestigated the effect of rotation on a non-homogeneous infinite cylinder of orthotropic
material.

In this paper, the equations of elastodynamics for transversely isotropic material under
the effect of initial stress and magnetic field are solved in terms of displacement potentials.
Also, this paper is concerned with the determination of phase velocity and the eigenvalues
of natural frequency of plane vibrations of bones under the effect of initial stress and mag-
netic field for different boundary conditions in the cases of harmonic vibrations. The nu-
merical results of the frequency equation are discussed in detail for transversely isotropic
material and the effect of initial stress and magnetic field for different cases is indicated

by figures.

2 Formulation of the problem

Consider a homogeneous and transversely isotropic long bone as a hollow cylinder of
inner radius a and outer radius b taking the cylindrical polar coordinates (r,6,z) such
that the z-axis points vertically upward along the bone axis.

The equations of the elastodynamic medium in the presence of magnetic field are as

follows:

ot Ty 0T - - 8%u
St S o)+ (T x B)r= o (1a)
81’,«9 1 a‘Cg@ 8‘[92 1 — > 82M9

“an 2 B = a2 lb
o T g T T Tor +(J X B)g P (1b)
0T  10T9; 0Tz - - 8%u,
S - T, B). = , 1
3 +7 26 + % +1r 19, +(J] x B),=p op (1c)

where p is the density of bones, t,,, g9, 7., and 7,, are the stresses, u,, up and u, are
the displacement components and B = u.H, where 1, is the magnetic permeability, H =

(0,Hy,0) and Hy is the intensity of the uniform magnetic field parallel to 6-axes, <}T is
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<«
Lorentz’s body forces vector where F can take the following form:

— — = > =
B B).).

<F:(ﬂr 0> z):((] X—B))r:(] X )0:(] X (2)

The relations of stresses-displacement for homogeneous transversely isotropic bone in

two dimensions are in the form:

ou, , 0
Ty = (o + P*)a—b: +(c12 + P*)u? + (13 + P*) 81;, (3a)
Too = (c12 +P*)% + (cn + P*)ﬁ + (c13 + P*) auz, (3b)
ar r 0z

ou, U ou,
Ty =C3—— +C3— +C3——, (3¢)

ar r 0z

u, Ju,

rz = ) 3d
T C44(ar+az> (3d)

where cj1; c12; €22; €135 Co3; caq are the elastic constants of bone, ¢i; = ¢92, ¢13 = €23, and
P* is the initial stress compression. The electromagnetic field is governed by Maxwell’s
equations considering that the medium is a perfect electric conductor taking into account

the absence of the displacement current SI.

«— — <« oh . 5 s
curl h = J, curl E :—,ueg, div h =0, div E =0,

(4)
—h) = curl(% xﬁo), - (I-To+<h-, ﬁoz(O,Ho,O).

Maxwell’s stresses 7;; take the following form:
_ - — .
Ojj :Me[Hihj"'[—[jhi_ H . h)aii]’ l,]=1,2,3. (5)

Two-dimentional equations of elastodynamics are as follows:

00, aT, 1
- + = + _(trr - t&Q) + Hozll'«er_l
ar dz r

at,, 0do, 1 02 0%u, 0%u,
Tz +—GZ +—Trz+HgMe< - - )ZP 2 . (6b)
r

(6a)

du, ou, *u, ’u, 9%u,
—+—+r +r =
dz  or or oz or?

+
or 0z 0z2  0roz at?

Substituting equations (3a)-(3d) into equations (6a) and (6b), we obtain

2 T Tt Ty
ar ror r c1 0z cn1  ordz 2 0z

du, du, 0’u, azu,i| P (8%5,)
C11 '

3%u, Lo, 1 Casq 02U, €13 + Can 0%U, . IP*B(% - uz)

+r +r o (7a)

:
0z  or oroz or?
9%u, caq (3%u, 10u, ci3 +Caq [ 0%y, 10u,\ P* a(r(% —uy))

+— +- + + - y—_
0z2 ¢z \ 9r2  r or 33 ordz r 0z 2r 0z

u,  u, Ok
+H§ue( Yy ”):i( ”) (7b)

07> oroz ca3 \ 0t?

+ Haper™ [
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System (7a)-(7b) can be simplified as follows:

1 du ou 0%u 3%u
— | —2cnuy + PH po— + 2(cn + Hi o) — + 7 —2p——" + (Caq + P) —"
2r2[ nir oMe 9z ( 1 o,U«e) ar o 32 (cas + P) 92

2 azuz 2 82Mr
+ (26]3 + C44 -P+ 2H0/,Le)m + 2(011 + HOI‘LE) W =0,

9%u,

1 3%u
2 922

ou ou
> [(2013 + Cqq +P)8_zr + (Caq —P)a—: + r<—2,0?z + 2(C33 +H§/Le)

0%u 0%u
+ (2013 +cag + P+ ZHS/LE)FBL + (Caa —P)ﬁ)] =0.

3 Solution of the problem

By Helmohltz’s theorem [22] the displacement vector i can be written as

<
W=Vh+VAVY,

(8a)

(8b)

)

where the two functions ¢; and V- (0,v1,0) are known in the theory of elasticity, by

Lame’s potentials irrotational and rotational parts of the displacement vector i, respec-

tively. The cylinder being bounded by the curved surface, the stress distribution includes

the effect of both ¢; and $ It is possible to take only one component of the vector <1/7to

be nonzero as follows: f/T: (0,91,0). From (9) we obtain

3o
"9 9z’
i, 98

u, + .
r 0z or

(10a)

(10b)

Substituting equations (10a) and (10b) into equations (8a) and (8b), we get two indepen-

dent equations for ¢; and v as follows:
1 ad d d 9?2 02
— | 2cn W - i} +r 2H§ue ﬂr‘l + e + id
2r2 0z  Or 0z 0z 0roz

2y 9% 3y 33
2 PP
+2(Cu +H°Me)<_8r8z " or? ) ’ r(2p(azat2 B 8r8t2>

3 3
+ (caa + P¥) (—8 14 + M) + (2c13 + caa — P* + 2H{ )

0z3  0roz?

L0y 0%y 33y 3%y
X |-r*—==+r + +
0z drdz 0rdz* 0r?oz

93 03
+ 2(011 +nge) <_8r;glz + aj?)))]’
3%y 32¢1)

i (2613 + Cq4 + P*) (—

+

2r 0z2  0roz

W, ¢
T —— 4
or ordz  or?

32% 1 83¢1 33% 2
+r<—2p< 2 T agant 8r8t2) +2(c33 + Hg pee)

+ (644 —P*) (—lﬁ1}"2 +

(11a)
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(321/’1 L ¢ P
x rls +

HE HE
) + (2613 +c4q + P+ 2H§ue) (— 4 + 2 )

922 923 0raz? droz?  9r’oz
1/fl 321/f1 5 ¢ Y

- 29 - 2r— =0. 11b

+(ons )(( & 872 T ez o (11b)

To study the propagation of harmonic waves in the z-direction, we assume a solution in
the form

D1 (r,2,t) = D(r)e’ 5", (12a)

Wi(r,2, ) = U ()=, (12b)

where y is the wave number, w is the angular frequency. Substituting equations (12a) and
(12b) into equations (11a) and (11b) and omitting the factor exponential throughout, we

have
1
—erl(zy_“‘%) |:—2iH§ry2ued>2(r) -y (2cn - 2c13 + P* + caa(-1+ r2y2)
,dPy dd,
VZ(P*yZ—prg))\Ilz(r) 2icyy — 2icizr*y? A 2icgar” yd—2
ity A9 o od®y o dW W, dw,
- 2iHjr T L 2ir P2 4 2oy —2 — 20137y —2 — Crar
)’Med ,05d ul/dr Bydr 14ydr
. P dv, o2 dv, )y d>®, DiEPy A’ o, - d> v,
r r + 2icr——— +2i + 2cnr
Y— dr YMe—— ar 11 a2 o'Me——— ar ury a2
d*w, 2y, d*w,
—2¢131? — cqar? + Pty —=
By ar? 447y ar? 4 ar?
d®d,
+2ir* (en + H2pe) —= | =0, 13a
ir (Cu oﬂe) a3 ] (132)
1, ‘
ﬁe‘(z"_t‘%) |:—21r3y(y2(033 + Hype) = pw?) (1) + (caa + caar®y?

+ P* (—1 + 72)/2) +2r2 (}/2(C13 —c33 —Houe) + pws))\llz(r)

d®
+ V(2i(613 + c44)ry—2 + (P* + P r?y? + ey (—1 + r2y2)

dr
% 2dp
+2r° ((013 —ca)yl+ pa)g)) Q +r( 2iry (613 +Cqq + ngoe) d—22
dr ar
aw d>w
+ (s - P°) (2—0”2 dr;)))] _o. (13b)

Similar results were obtained by Elnagar and Abd-Alla [23], the former deriving the con-
stitutive equation for Rayleigh waves in an elastic medium under initial stress, and the
latter deriving the constitutive equation for thermoelastic problems in an infinite cylinder
under initial stress. From equations (13a) and (13b), we get equations (14a) and (14b) as
follows:

dd,
dr

A’ Ao
+7(cn +H§ue)< dr22 +r dr32)> =0, (14a)

2<—H§’"V2Me¢2('”) - (Cu +7 (J/2(013 + Cqq + Héue) /0605))
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(c44 + cqqr’y? + P (—1 + r2y2) +2r2 ()/Z(Clg —C33 — Hg,ue) + pwg))\l’z(r)

awv
+ r((P* +P'rty? tcag (<14 77y %) + 2 (e — eaa)y” + pwg))d—rz
A2V, 4w
n (C44 —P*)i"<2 dr22 +r dr32>> =0. (14b)

Equation (14a) represents the shear wave, and equation (14b) represents the longitudinal

wave. The solution of equations (14a) and (14b) can be written in the following form:

Wy = Ay, (dir) + Bir™Y,,, (dor), (15a)
®y = Ay, (err) + Ba Yy, (e27), (15b)
where

\/d() —4ciic4q + 4C13€44 + 624 + 4611P* - 4C13P* - 2C4,4P* +P?2 4 Hgﬂg

m= )
! 2611 — 2013 — C44 + pP*
7 2
g H2p, . lr\/c44y2 +Pry? - 2pw:
1= ) = - y
2Cll - 2C13 —C44 t p ? «/2611 - 2C13 — C44 + P
H2 HZ
e = oHe D) , d() = 4C%1 - 8C11C13 + 4C§3, Ny = okt 5 ,
2(c13 + caa + Hpte) 2(c13 + caa + HE pee)
2 2
\/033)/2 +Hyy2pe — pws
€y = .

/ 2
ci3 + cag + Hyp,

A1, Ay, By and B, are arbitrary constants, J, is the Bessel function of the first kind and of
order zero, Y. is the Bessel function of the second kind and of order zero. J, is the Bessel
function of the first kind and of order #, Y, is the Bessel function of the second kind and
of order n. From equations (12a), (12b) and (15a), (15b) we get

W, (r, z, 1) = '@ tes) (Alrdl],,1 (dir) + Bir®2Y,, (dar)), (16a)

Dy(r,2,t) = ei(zy_th)(Azfnz (err) + By Yy, (e21)). (16b)

Substituting equations (16a) and (16b) into equations (10a) and (10b), we obtain the final

solution of displacement components in the following form:

1. .
U, = ;e’“y-""s) [Aser) 1im, (e17) = Jisny (e17) = 2ir™ y AvJ,y, (dar) + By Yy (dar)

+ BresY 1my (€27) = Yiiny (€27)] (17a)

1.
U, = ;el(z%mS)[A1d271+d1]—1+n1 (dyr) + A1+ dy — m)r ], (dor) + iAary ], (err)

+Bidor™ MY 1, (dor) + Bi(L + dy — m)r'Y,,, (daor) + iBary Yy, (e27)]. (17b)
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Substituting equations (17a) and (17b) into equations (3a)-(3d), we obtain the final solution

of the stress components of solid in the following form:

T =

1
Tgg = —
00 = 7

Tz =

Tz =

1 .
Eel(zyft%)[Azcuefl”]fzﬂqz (err) + 2Asc12€1] 11y (€17) — 2AsC11€77T,5, (€17)

— 4Asc131y Ty (@17) = 2A2¢10€1)14my (€17) + Asc1€] T2y (€17)

— 4irdyy (Al(Cu = c13)dat) 1im (dar) + Al(Cl2 +cn(dy —m)

+e(-1-di + ”1))]n1 (dar) + Bi(cu1 — ¢13)darY_1.n, (dar)

+Bi(c12 + cudi —m) + ci3(-1—dy + nl)) Yy, (dar)) + Bacii€3rY_am, (€27)
+2Byc1262Y 11y (€27) — 2Bacri€srYy, (exr) — 4Bycisry Yy, (ear)

—2B5c1262 Y14y (€27) + BacniesrYun, (621”)]; (18a)

rei(zy_t(%)[A2C126%V]-2+n2 (e17) + 2Ascn1e1] 11y (€17) — 2A5¢12€3 7], (e17)

—4Asci3ry Ty (e1r) — 2A5¢1181 )1y (€17) + AoC12€2 Ty (€17)

— 4irdyy (A1(cr2 — c13)dat) 11 (dor) + A (cn1 + c1a(dy — 1)

+es(-1-di + nl))]nl (dar) + Bi(c12 — €13)darY_11n, (dar)

+B; (Cn +cpp(di —m) +ciz(-1—di + 1’11)) Y, (dzr)) + Bac1n€arY g, (€27)
+2Byci1e2Y 14my (€27) — 2Byc12€3rY, (€27) — 4Bycisry? Yy, (ear)

—2Bscniexfiin, (€27) + Bac1aesrYam, (ear)], (18b)
%ei(zy_“%) [—i(613 —c33)rdry (A1d27]-1+n1 (dar) + A1(1 + di — m1)], (dar)

+ BidorY _1ym (dor) + Bi(1 + dy — m) Y, (dzr))

+ 17 (A2 (c13(my — err)(ma + err) — c331”y *) Ty (e17)

+By(c13(ny — exr)(ma + ex7) — c33r’y?) Yoy (e27)) ], (18¢)

%CMBI.W*M)[—ANM (-1+ (di = m)* + 7 (=d3 + ) -21m (dar)

2
+ 240 N (A2 (<1 + m) + dy (<2(=1 + my)my + d3r?)

+ (=1 + m) (-1 + 1] + 17 (=d3 + ¥°)))oram (dar)dy + 2iAzerr*y ] _14n, (€17)
—2iAanyry ], (er) — Birds (—1 +(dy-m)?+r? (—d% + yz)) Y o (dar)

+ 2B 1t (d%(—l +m)+d; (—2(—1 +m)m + d%rz)

+ (=1 +m)(-1+n} + 1 (=d5 + ¥?))) Yorin, (dor)ds + 2iBresr®y Yoy, (e27)

—2iBynyry Yy, (1)) (18d)

where J; and Y7 are the Bessel functions of the first order. In the following section, solutions

of hollow circular cylinders with three different boundary conditions are performed.
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4 Boundary conditions and frequency equation
In this case, we are going to obtain the frequency equation for the boundary conditions.
Plane vibrations cylindrical bone free surface traction. In this case, we have
T (r) + 0(r) = 0, T.(r)=0, atr=a, (19a)
T (r) + 0,(r) = 0, T,,(r)=0, atr=>b, (19b)
which correspond to free inner and outer surfaces, respectively. From equations (18a)-
(18d), (5) and (19a)-(19b) we obtain four homogeneous linear equations in A;, By, Ay
and B,
Ascrie}r] i (€1a) + 2As¢12€1] 14ny (€10) — 2A5¢11€ ), (€101)
—4Asci3ay?),(@1a) — 2Asc12e1)1imy (€1a) + Agcrielaly (1)
— diadyy (Ay(cn — ¢13)d2a] 1., (daa) + A1 (c12 + e (dh — m1)
+ci3(-1-di + nl))]n1 (daa) + Bi(cn1 — c13)draY 1.4, (d2a)
+ B (clz +en(dy—m)+ez(-1-dp + nl)) Y (dza)) + BycniesaY ., (e2a)
+2Byc12€2Y 11y (€20) — 2BaciiesaYy, (e2a) — 4Bacizay Yy, (e2a)
—2Byc1282 Y14y (€20) + BaciiesaYa,, (€2a) = 0, (20a)
~A1a® (-1 + (dy — m)* + @ (~d + ¥*))]2em (d2a) + 24107 (d} (<1 + )
+dy (<2(-1+m)m + d3a®) + (<1 + m) (=1 + 1} + a*(=d5 + ¥*))) 11, (daa)d
+2iAre10> Y J_14my (€10) — 2iAsnray ], (e1a) — Brady (-1 + (dy — m)?
+a’ (—d% + yz)) Y oim (daa) + 2Bja 1t (df(—l +m) +d; (—2(—1 +ny)n + d%az)
+(=L+m)(-1+nf +a*(~d5 +v?)))Yo14m (dra)d,
+2iBrera’y Y _14n,(€2a) — 2iBynyay Yy, (exa) = 0, (20b)
Azcuefb]_zﬂ,z (e1b) + 2Az¢12e1) 141y (€1D) — 2A2c11efb],,2 (e1b) — 4A2c13by2]y,2 (e1h)
— 2As¢121)1my (€1D) + Agcr1€1 by (€1D) — 4ibdyy (Aicnt = c13)dob]_1am, (d2b)
+Ai(c2 +enld —m) +a3(-1-dy + 1’11))]n1 (d2b) + Bi(ci1 — ¢13)dabY 14, (d2 D)
+B; (clz +cenldi —m) +ci3(-1—dy + nl)) Y, (dzb)) + Bzcue%b)’,zm2 (e2b)
+2Bycrpes Y 1.n, (€2b) — 2Bzcue§an2 (exb) — 4Bzc13by2 Yy, (e2b)
—2B5¢12€2Y1.4my (€2D) + Bacri€sbYs.s, (€2b) = 0, (20c)
~A1b" (<1 + (dy = m)* + b (~=d3 + ¥?))aum (dab) + 241674 (dF (-1 + my)
+dy (—2(—1 + ) + d%bz) +(-1+m)(-1+ 2+ b? (—d% + )/2)))],1”,1 (dab)dy
+2iAre10> Y ]_11n, (1) — 2iAsn3by ]y (1) — Bibdy (-1 + (dy — my)?
+b? (—d% + y2)) Y oim (dab) + 2B p 1+ (dlz(—l +m)+d; (—2(—1 + 1)+ d%bZ)
+(-1+ nl)(—l + nf +b? (—d% + yz)))Y_lml (d2b)d,

+2iByesb®y Y 1,y (€2b) — 2iBanaby Yy, (e2b) = 0. (20d)
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These are a set of four homogeneous algebraic equations involving four unknown inte-
gration constants A, B, A, and B,. For a nontrivial solution of these equations, the de-
terminant of the coefficient matrix must vanish. The zero determinant of the coefficient
matrix will give the frequency equation for the surface waves. Thus, elimination of these

unknowns would give us the frequency equation as follows:

By Biz Biz Bu

B B B B
A |Bn Bn B Buj (1)
B3 Bz Bsz Bsg

By By By By

The roots of equation (21) give the values of natural frequency for the free surfaces of

the cylinder.

By = —4iadyy ((cn — c13)daa) 14m (daa) + (12 + cuu(dy — my)
+ci3(-1-d; + nl))],,1 (dza)),
Bia = ci1€1] 24m, (€18) + 2¢10€1] 11y (€10) — 2c11€1a] s (€10) — Ac130y %]y (€12)
—2c1e1f1iny (€10) + Cr1€} W21y (€10),
Bis = —4iadyy (+Bi(cn — ¢13)doaY 1. (doa) + By (c1a + cun(dy — my)
+a3(-1—di +m))Y,, (dya)),
Bis = cnnesaY_s.n, (€2a) + 2c12€2Y 14, (€20) — 2c11€5a Yy (€20) — dci3ay Yy, (e2a)
— 201262 Y11y (€20) + C1130Y 3.1 (€20),
By = —a® (—1 +(d-m)+a® (—d% + 3/2))]_24,,11 (dya) + 2a~ 1+ (dlz(—l +n1)
+d; (—2(—1 + 1) + d%az) +(-1+ nl)(—l + n% +a’ (—d% + )/2)))]_1”,1 (dyra)d,,
By, =2ie1a’yJ-1.m, (€1a) — 2inyay ], (e1a),
By = —ady (-1 + (dy — m)* + a*(~dj + y*)) Yoz (doa) + 2a74 (dF (-1 + my)
+di (=2(=1+ m)m + dsa®) + (<1 + m) (=1 + 1} + a*(=dj + y*))) Yorsn, (dra)da,
Bys =2iera®y Y1,y (€20) — 2imaay Yy, (e2a),
By = —4ibdyy ((c11 — ¢13)d2b] 14m (d2b) + (c12 + c11(dy — my)
b ers(-1 = dy + m))o (b)),
B3, = cuefr]_ZMZ (e1b) + 2c12e1) 11, (€16) — ZCuefb]n2 (e1b) — 4c13by2]n2 (e1b)
—2c12e1 )14, (€10) + cuefbfzmz (e1D),
Bz = —4ibdyy (+Bi(cu1 — c13)dobY 11, (d2b) + By (c1a + enn(dy — m)
+ci3(-1 = dy + m))Y,, (dab)),
B3y = cueng,ZM2 (e2b) + 2c12€2Y 141, (€20) — ZCuengn2 (e2b) — 4ci3by? Y, (exb)

—2¢12€2Y14my (€2D) + C11€3bY 24y (€2D),
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Figure 1 Variation of phase velocity with respect to initial stress P* for different values of magnetic
field Hy for inner and outer free surfaces.

Buy = —b" (=1 + (dy — m)* + b*(=d + ¥*))]m, (do]) + 267 (A3 (-1 + )

+d (—2(—1 +m)n; + d%bz) +(-1+ nl)(—l + n% +b? (—d% + )/2)))]_14,,,1 (dyb)d,,
By = 2ie1b*y ] _14my (€1b) — 2inaby I, (e1D),
Bz = —bdy (-1 + (dy — m)* + b*(=d + ¥*)) Ygun, (dob) + 2674 (d (-1 + my)

+d; (—2(—1 +n)n + d%bz) +(-1+ nl)(—l + n% +b? (—d% + yz))) Y 1im (dab)ds,

Buy = 2iexb’y Y_11, (€2b) — 2inzby Yy, (€2b).

5 Numerical results and discussion

For the numerical calculation of dimensionless frequency and phase velocity under the
effect of initial stress P* and magnetic field Hy, one shall investigate the frequency equa-
tions given by (21) numerically for a particular model. Since these equations are an implicit
function relation of dimensionless frequency, one can proceed with finding the variation
of frequency with ratio 4. Once the frequency has been computed, the corresponding ef-
fect of initial stress P* and magnetic field Hy on the frequency equations for dimensionless
frequency (the eigenvalues) can be studied by taking values of ratio /. As an illustrative
purpose of the foregoing solutions, the cylinder has the following geometric and mate-
rial constants which are used in the computations given by [1, 2, 14]: ¢;; = 2.33 x 108,
c12 = 0.85 x 108, ¢33 = 1.3 x 108, c4q = 0.62 x 108, ¢33 = 4.981 x 108, p = 3.986 x 10°.

For various values of dimensionless frequency, the phase velocity is obtained from fre-
quency equation flexural modes (n = 1). Here, we explain graphically our results of the
previous applications. The dimensionless frequency and phase velocity were calculated
with the aid of an electronic computer by using the half-interval method. Figure 1 shows
the variation of phase velocity with respect to initial stress P* for different values of mag-
netic field Hy for inner and outer free surfaces. The phase velocity decreases with the in-
crease in initial stress, but the phase velocity increases when the values of magnetic field
H) increase. Figure 2 shows variation of the dimensionless frequency with respect to ini-
tial stress P* for different values of magnetic field H, for inner and outer free surfaces. The


http://www.boundaryvalueproblems.com/content/2014/1/135

Mahmoud et al. Boundary Value Problems 2014, 2014:135
http://www.boundaryvalueproblems.com/content/2014/1/135

2.0 . ! : '

1.9

1.8 —H,=0.1x10°

1.7 4 3

6] ----H=0.4x10

1.‘51-_ ----- H, =0.8x10° :

1.4 ] - .
13 - H=1.2x10° T
12 n=1,h=05 P ]

Non-dimensional frequency

0.2 - T T T

2 3
Initial stress

Figure 2 Variation of the dimensionless frequency with respect to initial stress P* for different values
of magnetic field Hy for inner and outer free surfaces.

200 L | L | L 1 " 1

Phase velocity

Figure 3 Variation of phase velocity with respect to the ratio (h) of inner and outer free surfaces for
different values of initial stress P* when magnetic field Hp = 0.8 x 103.

dimensionless frequency increases with the increase in initial stress, and the dimension-
less frequency increases when the values of magnetic field Hy increase. Figure 3 shows
variation of phase velocity with respect to the ratio () of inner and outer free surfaces for
different values of initial stress P* when magnetic field Hy = 0.8 x 103. The phase velocity
decreases with the increase in the ratio (%) of inner and outer free surfaces, and the phase
velocity increases when the values of initial stress increase. Figure 4 shows variation of
non-dimensional frequency with respect to the ratio (%) of inner and outer free surfaces
for different values of initial stress P* when magnetic field Hy = 0.8 x 103. The dimension-
less frequency increases with the increase in the ratio (/) of inner and outer free surfaces,
and the dimensionless frequency increases when the values of initial stress P* decrease. It
should be noticed that the effects of initial stress P* and magnetic field Hy on the dimen-

sionless frequency tend to be the increasing dimensionless frequency. These results are
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Figure 4 Variation of non-dimensional frequency with respect to the ratio (h) of inner and outer free
surfaces for different values of initial stress P* when magnetic field Hp = 0.8 x 103.

specific for the case considered, but other cases may have different trends because of the
dependences of the results on the mechanical and constants of the material [24—26]. The
results indicate that the effect of initial stress P* and magnetic field Hj is very pronouced.

6 Conclusion

This study has presented the effect of initial stress P* and magnetic field H, on surface
wave dispersion in bone. The phase velocity and the dimensionless frequency for this
problem are obtained from the dimensionless frequency equation. A numerical method
has been presented for obtaining the estimates of phase velocity and dimensionless fre-
quencies of vibration of transversely isotropic bone using the half-interval method. The
eigenvalues are calculated for different cases and compared with those reported in the
absence of initial stress P* and magnetic field Hy. The effects of initial stress P* and mag-
netic field Hy on the dimensionless frequencies and the phase velocity were indicated by

figures.
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