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Abstract

In this paper, we investigate Abel-type nonlinear integral equations with weakly
singular kernels. Existence and uniqueness of nontrivial solution are presented in an
order interval of a cone by using fixed point methods. As a byproduct of our method,
we improve a gap in the proof of Theorem 5 in Buckwar (Nonlinear Anal. TMA
63:88-96, 2005). As an extension, solutions in closed form of some Erdélyi-Kober-type
fractional integral equations are given. Finally theoretical results with three illustrative
examples are presented.
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1 Introduction

Abel-type integral equations are associated with a wide range of physical problems such
as heat transfer [1], nonlinear diffusion [2], propagation of nonlinear waves [3], and they
can also be applied in the theory of neutron transport and in traffic theory. In the past 70
years, many researchers investigated the existence and uniqueness of nontrivial solutions
for a large number of Abel-type integral equations by using various analysis methods (see
[4-16] and references therein).

Fractional calculus provides a powerful tool for the description of hereditary proper-
ties of various materials and memory processes. In particular, integral equations involv-
ing fractional integral operators (which can be regarded as an extension of Abel integral
equations) appear naturally in the fields of biophysics, viscoelasticity, electrical circuits,
and etc. There are some remarkable monographs that provide the main theoretical tools
for the qualitative analysis of fractional order differential equations, and at the same time,
show the interconnection as well as the contrast between integer order differential models
and fractional order differential models [17-24].

It is remarkable that many researchers pay attention to the study of the existence and
attractiveness of solutions for fractional integral equations by using functional analy-
sis methods such as the contraction principle, the Schauder fixed point theorem and a
Darboux-type fixed point theorem involving a measure of noncompactness (see [25-33]
and references therein).

A completely different approach is given in Buckwar [13] to discussing the existence and
uniqueness of nontrivial solutions for Abel-type nonlinear integral equation with power-
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law nonlinearity on an order interval as follows:

1 rK(t,s)
P (t) = ds, te[0,T]. 1
©-7a /. [@_s)l—a]"‘s) 5 te[07] )
Many analysis techniques are used to construct the suitable order interval (see Lemma 2,
[13]) and the spaces with suitable weighted norms.

Motivated by [6, 11, 13, 33], we extend to study the following Abel-type nonlinear inte-
gral equation with weakly singular kernels:

B [ K(¢,s)s? !
h(x(t)) = r@) /0 [(tﬂ sy :|g(x(s)) ds, te[0,T], 2)

where /1,g € C([0, M), [0, +00)) are given functions for some M € (0, +o¢], 4 is increasing,
g is nondecreasing such that

a_x’- < hx) < a,x’, b x? <glx)<bx?, 0<x<M, (3)

for some positive constants a4, by, p1, g+, 0<a<l,y>>0,and 0< g, <qg_<p, <
p-, the function K(¢,s) is non-negative and it has either the form K(t,s) = k;(t# — s#) or
K(t,s) = ky(¢,s) for some function kj, ky specified later. I'(-) is the Gamma function. Of
course, we suppose

a_MP-P* <a,,  b_MP% <b,. (4)

It is obvious that equation (1) or

_,81“" T K(t,s)s? 1
(1) = r(a)/o I:(tﬂ_sﬂ)la]xq(s)ds, te[o,T], 5)

are special cases of equation (2), which of course all have trivial solutions.

Thus, the main purpose of this paper is to prove the existence and uniqueness of non-
trivial solutions for equation (2). The key difficult comes from the weakly singular kernels
(t# — s#)1% and nonlinear terms in equation (2). Although we are motivated by [13], we
have to introduce novel techniques and results to overcome the difficult from the weakly
singular kernels and nonlinear terms / and g. For example, the first important step is how
to construct a suitable order interval to help us to apply the fixed point theorem in such an
order interval. More details of the novel techniques and results will be found in the proof.
As a byproduct of our method, we improve a gap in the proof of [13, Theorem 5]. So even
for equation (1) (or (5)) we get a new result.

As an extension, we find general solutions in closed form of some Erdélyi-Kober-type
fractional integral equations (the special case of equation (5) if b = 0):

Bln-N) pm
" (x)=ax N (EKI‘(’)‘Hmn(pN)(x) +bx N, x>0, (6)

where o, 0,0 > 0, N #0, and n € R and the symbol EKIS’W’,](pN denotes the Erdélyi-Kober-
type fractional integrals [19] of the function ¢V, which is given by

, x>0.

i Z [0
EK"0+;0,n F(O{) 0 (xa _ ta)l—a
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The plan of this paper is as follows. In Section 2, some notation and preparation results
are given. Existence and uniqueness results of a nontrivial solution of equation (2) in an
order interval are given in Section 3. In Section 4, we find general solutions in closed form
of some Erdélyi-Kober-type fractional integral equations, and finally theoretical results
with three illustrate examples are presented in Section 5.

2 Preliminary
Let M be the set M := {f € C[0,T] : f(0) = 0} with the supremum-norm ||f| :=
supg<7{lf(¢)]}. Clearly, the set (M, || - ||.1) is a closed subspace of Banach space (C[0, T],
Il - lc). Thus, (M, || - ||.x) is a Banach space.

Let g be a continuous function on [0, T] with g(¢) > 0 for all £ > 0 and let M, be the set

- oup O
M= {feM'oi?fT 40 <°°}
with the weighted norm
- [101)
e = oo | G | 7

Remark 2.1 If ¢(0) > 0, then the set M, is the same as the set M, but with an equivalent
norm, and the constants can be determined in the following inequality:

llu—vig < llu—-viw <calu-vl

where ¢; = max;e[o,71{g(t)} and ¢, = min,co,1{g(¢)}. Note that the similar inequality (5) of
[13] is incorrect.

Consider the cone Py := {u € M : u(t) > 0,t € [0, T]} in M. The so-called partial or-
dering induced by the cone P, is given by u < v <= u(t) < v(¢) for all u#,v € M and all
t € [0, T]. In general [34, 35], aset [f,g] = {h € E:f < h < g} is called an order interval
where E is an ordered Banach space. We know that every order interval [f,g] is closed.
Moreover, if ||[f |z < |lgllg for all f,g € E with 0 < f < g, then every order interval [f,g] is
bounded.

We introduce some conditions on the functions K, k;, i = 1,2 as follows:

(i) k€ C™[0, T] where n € {0,1,2,...},and 0 # k, € C[0, T]>.

(ii) k1(¢) >0 forallt € (0,T] and ky(¢,s) >0 forall0 <s<t<T.
(i) k1(0) = kP(0) = - -- = k" ™(0) = 0, and k() > k" (0) > 0, for all £ € (0, T].
« For K(t,s) = k(¢ — s#) and n > 1, we set

(n) (n)
Kiow = kln (0), Kup = tg[l(i);]{kln (t)} (8)

« For K(t,s) = ky(t,s), we set n = 0 and

Kiow = Kuin := . min {kz(t, s)}, Kup = Kmax 1= max {kz(t, s)}. 9)

<s<t<T 0<s<t<T

Similarly for K(t,s) = k(¢ —s#) and n = 0.
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We note [34] an important estimate on the function K, which will be used in the sequel.

Lemma 2.2 The function K(-,-) has the following estimate:

l,(tﬁ ~5P) Kiow < K(t,5) < — (t# —=s")'Kyp, 0<s<t=<T. (10)

n:

Xl

Proof We only check the case of K(t,s) = k;(t# — s?) with n > 1, since the other cases are
trivial.

Integrating # times step-by-step all sides of the inequality

K7(0) < K7 (2) < Kyp

from 0 to ¢ and using k;(0) = kfl)(()) == k{"_l)(O) = 0 we immediately derive
tVl (n) t}’l
Ekl (0) = kl(t) = EKu[r
Replacing ¢ by (¢# — s#), we obtain the desired result. O

To end this section, we collect the following basic facts, which will be used several times
in the next section.

Lemma 2.3 Let A, ¥, u, and v be constants such that A > 0, Re(y) > 0, Re(u) > 0, and
Re(v) > 0. Then

t o1 tk(u—l)ﬂj, n
/ (£ =) s ds= B(—,v), t € [0, +00),
0

A A

and

t 1

f (" - sk)vf s (s* —a*)" ds
a
tx _ak v+%+p.—l
> ¥B 4 +u,v ), tela,+00),a>0,
A A

where

1
B(&,n) = /0 $H1-5)"ds (Re(é) > 0,Re(n) > O)

is the well-known Beta function.

Proof The first result have been reported in [36] or [37, Formula 3.251]. We only verify

the second inequality. In fact, for any ¢ € [4, +00), a > 0, we derive

t
/ (t)‘ - sk)v_ls”‘1 (s)‘ - ak)u ds

L‘)L
:%/‘ (tk—u)v_lu%(u—uk)“u%_ldu (setu:sk)
ak

Page 4 of 16
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t*—a
= %/ (tk—a’\—z)vfl(ak+z)%flz“ du (setu:a}‘+z)
0

(tA —a - z) kel gy
(tk _a)\)v+%+u—1B y
=—B|l -+ v .
A A

The proof is completed. d

3 Existence and uniqueness of nontrivial solution in an order interval
In this section, we will use the fixed point method to prove the existence and uniqueness
of nontrivial solution for equation (2) in an order interval.

For all ¢ € [0, T], we introduce the following functions:

F(H)=At™,  G(t) =Bt
_ b*:B_aKlow ﬂ(l’l+0€—1)qﬁ+yp+ ﬁ
A= ( a,l(a)n! B( By, —q.) WH“)) )
(DB Ky (Bn+a-1)g, +yp- =
B= <ﬂ_F(O[)I’l‘B< ,B(p_—qu) ,l’l+a>) ’
i P+ —q- , ’ pP-—4q+ ’

where Ko, and K, are defined in equation (8) or (9).

Remark 3.1 Note that 8(n+ o —1)qx + yp+ = Bla —1)gx + Bp+ = B+ —q%) + afgz >0
and S(n+a—-1)+y > B(a—-1)+ B =aB > 0. Next, t_ > 1,.

The following result is clear.

Lemma 3.2 If
AT <B<MT™ (11)

then F(t) < G(¢) < M for all t € [0, T]. Consequently, the order interval [F,G] C P is well
defined.

Remark 3.3 Ifp, =p_, q, = q_, and M = +oo then equation (11) reads

a+b+ Klow
>
ab_ 7 Ky

which is satisfied, since equation (3) implies a, > a_ > 0, b, > b_ > 0 (see equation (4))
and clearly Hﬂ(}f—x < 1. This case occurs for instance when A(x) = x#”/i(x) and g(x) = x9g(x)
with p > g and 0 < infg k(x) < supy h(x) < 00, 0 < infr g(x) < supy g(x) < co.
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From now on, we suppose that all above assumptions hold: equations (3), (4), (i)-(iii),

and (11).

Lemma 3.4 Any solution x € Py of equation (2), with M > x(t) > 0 for all t € (0, T], satis-
fies x € [F,G].

Proof Step 1: We prove that x < G for a solution x of equation (2).
Set x, (£) = max,e[o,; %(s) = x(s¢). Then we obtain

a_x"=(t) < h(x(t))

B [t K(t,s)s ™!
) /0 (tf‘ et (x(s)) ds

q /sf K(s, )87~ 1
< bt (¢
INGY) (s — Pyl

l—ozK t
<bar ol [y
C(a)n! Jo

13_ KU n+o—
= b.x{ (1) T f]B ﬁ,n+a bty

g,
< bw‘f*(t)ﬁ;( ) f’B(%,n + a)tﬁ(’”“‘”w,
a)n!

which implies that

1

b+,37aKup Y P—q+ ﬂ(n+o(7—l)+y
x(t)§x+(t)§ (WB<E’H+O[>> t pr-—a+ (12)

Next we set

1
t b, K, =
‘= sup 0 = (MB<Z,n+a))p ! .
te0,1] ™ a_T(a)n! B

Then we have

0]

a_xl-(t) < h(x(t))

B [t K(t,s)s”
B ') Jo (tﬂ_sﬁ)l_ag( (s)) ds

l—aK t
S b+ Eq+ IB P / (tﬁ —Sﬁ)n+a7153’_1sq+f+ dS
I'(a)n!
= b, B+ ﬁ_aKup v+ q+f+,n o | PlreDry i,
I'(a)n! B
< b5t ﬁ“KupB<ﬂ(H ta-Dg typ- a)tp-n’
F(ot)n! ,3([), - q+)
and so
x(t)SE bﬁaKupB ﬂ(n+a—1)q++yp_’n+a p%’
L a_T(a)n! Bp-—-q+)

Page 6 of 16
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hence

1]

=

[I]

(b B ]KupB(,B(n+ot—l)q++yp nw));
a_T(a)n! Blv--q.) ’ ’

thus

1

g < (th‘ KUPE<ﬁ(VI+(X -1)g, + yp_,nﬂx))p-—m,

a_T'(a)n! Bp-—q.)
consequently
b Ky (Bl +a—1)q, +yp- = _
x(t) < ( 2 Tl IB%( 5o —q)) 1+ oz>) t™ = G(t). (13)

: Bnra-l)qi+yp- _ v - : Bnta-1)q.+yp- Y : :
Since “ho—a) B implies IB%(—ﬂ(p__%) A+ ) < B(ﬂ,n + ), estimate (13) is an
improvement of equation (12).

Step 2: We prove that x > F. Fix a € (0, T') and set

x(t)
Y,:= inff ————>
7 @) (tP —ah)®

for ® := % > 0. Then like above, for ¢ € (a, T], we get

a2 (1) = h(x(2))

IBl—a tl((t,s)sy_l
= T )y @ = spyad)ds

K(t,s)s"~ -1 &)
Tq ﬁ _ q-
zb- a)/ tﬂ—s/‘““ af)"" ds

l-a
>b_YI- Ll"(aﬂ){;l:'w / (tﬁ - sﬂ)nﬂ)‘_ls”_1 (sﬂ - aﬂ)q'e) ds

a

Ko wlsl 0 G
Eb,TZ*'B low Z+q,®,n+oz (t# —al)"™ Mo
(a)n! B

:B_aKlow ,3(”1+05—1)q7+)/19+ B ﬂp+@)
C(a)n! ( B, —q.) ’"”)(t <y

= bTe

which implies

x() O\ b B Kiow , (B(n+a—1)g_ +yp,
((tf‘—aﬁ)@> =Ta a,T(a)n! B( B —q-) ’nw)’

Hence

T§*>Tq-b_’3 ]KlowB(ﬁ(n+a )q- +yp. n+a),

“ a,T'(a)n! Bps —q-)
and so

b_ B~ Kiow . (Bn+a -1)q_ +yp. -
Y, > < 2. T B( 50— n+a>> .

Page 7 of 16
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Consequently, we arrive at
B _ ah\®
x(t) = Yo (" - a”)

b_BKiow  (Bn+a-1)q_+yp. s B _ 48)®
= < a,T(a)n! B( Bp.—q-) ’n+a)> (=)

Since a € (0, T) is arbitrarily, we have

b B Koy, (Bln+a-1)g_+yp, e
x(t)2<a+r(a>nz 2 e "’“")) -,

Hence we can complete the proof. d

To solve equation (2), we introduce an operator Sy, : [F, G] C Py — C[0, T] by

Sng®) (@) =h" ( p t[ K(t,s)s' ™!

(o) Jo | (¢ —sB)1- ]g(x(s)) ds), te|0,T]. (14)

Lemma 3.5 The operator Sy, 4 maps the order interval [F, G] into itself.

Proof To achieve our aim, we only need to verify that SF > F and SG < G:

l-a t K , y-1

(E(®) < ﬁ(a) /0 [(tﬁ(t_ Z);)l_a]g(l-"(s))ds, te0,T], (15)
l-a t K , y-1

n(G(®) = ?(a) /0 [(tﬂ(t_ i):)la}g(G(s))ds, te0,T. (16)

First we show equation (15):

B [ K(t,s)s"™!
o) /0 I:(tﬁ —sﬁ)l—a ]g(F(s)) ds
b_ﬂll:v(ta#IKlow /t(tﬂ _Sﬂ)nﬂ){flsq,t,-ﬂ/fl ds
: 0

b B AT Kiow  (q-T-+¥
= B
I'(a)n! B

S+ a) (Blnva—1)eq_T_+y
= 61+Ap+ tp+‘L Z h(F(t))
Secondly we derive equation (16):
B /‘ K(t,s)s" !
G(s))d
L) Jo [ (#F —sf)l ¢(G(s)) ds

b, BB K,

¢
/ (tﬂ _Sﬂ)”+“‘lsq+r++y—1 ds,
0

'(a)n!
_ b+:37an+KUPB q+b +Yy M+ tﬁ(n+oc—1)+q+z++y
I'(a)n! B

=a_B’-"-" < h(G(2)).


http://www.boundaryvalueproblems.com/content/2014/1/20

Wang et al. Boundary Value Problems 2014, 2014:20 Page9of 16
http://www.boundaryvalueproblems.com/content/2014/1/20

Since obviously, the operator S is strictly increasing in [F, G] and if x € [F, G] then F(t) <
x(t) < G(t) <M, t €[0,T]. Hence

ﬁl—a tr I<(t,S)SV*1 -
WE®) = 5 o | [ e (Fs) ds
ﬁl—ot tr 1<(t,S)SV_] -
= F(O() ./(; _(tﬁ — 5/3)1—(1 _g(x(s)) ds
ﬂl—a tr I((t,s)sy_l -
= INGY) /0 | (P —sPyle _g(G(S)) ds
< h(G(®),

SO

ﬂl—u t I((t,S)Sy_l
@) /0 @ —sPya |8 (x(s)) ds € [0,1(G())] = h([0,G(®)]).
Consequently, Sy, is well defined and S,,([F, G]) C [F, G]. The proof is completed. O

From the Arzela-Ascoli theorem and since Sy, : [F, G] — [F, G] is nondecreasing, it fol-
lows that Sy, is compact, so the Schauder fixed point theorem implies the following exis-
tence result [35, 38, 39].

Theorem 3.6 Equation (2) has a solution in [F, G]. Moreover,
: n _ . n _
nll)ngoSh,g(F) =x_ and nll)ngoSh,g(G) =x,
are fixed points of Sy,g with
F<x_<x,<G.

Now we are ready to state the following uniqueness result. But first we note that the
above considerations can be repeated for any 0 < T; < T, so we get Ko (71), Kyp(T1),
A(Ty), B(Th), Fry, and Gp, as continuous functions of T;. Note Koy (71) is nonincreasing,
Kup(T1) is nondecreasing, and Kiow(71), Kyp(T1) can be continuously extended to T = 0.
Then Kioy (0) = Kyp(0). We still keep the notation Koy = Kiow(T), Kup = Kyp(T), F = Fr,
and G = Gr.

Theorem 3.7 If there are constants \, x and continuous functions ag(t) > 0 and a;(t) >0
on [0, T] such that

an(T)EV |x(t) - ()| < |h(x(8)) = h(y(D))
lg(x(®)) - g(y®))| < ag(T1)t* |x(2) - y(2)

' (17)

’

forall Ty € (0,T], t € (0, T1], x,y € [Fr,, Gr,] then equation (2) has a unique solution in
[F, G] provided we have

Bn+t+a-1)+x+y =1, (18)
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and

o ag(o)ﬂaKup(O)B<X +Y + T

i+ | 0P Dy =y 19
ay(0)I"(a)n! B ) 19

where we set 0° = 1.

Proof For any x,y € [F, G] we set %) = S, 4(x) and y1 = Sj,4(y). Clearly, we have

x(@) —y(@)|
ll=yllg:= sup — —~ <2B
teo,1) £ (1 + 1£7)

for q(t) = t™ (1 + 1t™) with @ > 0 and ¢ > 0 specified below, so [F, G] C M. Then for any
t € (0, T], we derive

an(®)t” |%1(8) - 1 (8)] < |h(1(0)) — h(31 (D))

B [ K(¢,s)s" !
*T@ /0 [(tﬁ _Ss;)l-a]|g(x(5)) -g((s)| ds
- BOF " Kup(®
'(a)n!
a (t)ﬁl_aKu (t) t o e
SgF(T!P[/O (£ - sP) Loy ata-l g

t
+ / (e =) gy ds] Il = yllg
0

_ ﬂg(t)ﬁliaKup(t) |:]B(X +y+Ts
- '(o)n! B

. LB(X +yY +T7,+ T+ Ol) tﬁ(n+a—1)+x+y+r++w:| ”x_y”q»

t
/ (tﬁ —sﬂ)n-m_lSXer_l |x(s) —y(5)| ds
0

o+ O[) tﬁ(n+a—1)+x+y+r+

B

which implies

(8 =@ a)B ™ Kup(®) [IB%(X ty+T
1+ @) — ap(OT(a)n!(1 + 1t7) B

Y+t
+L]B(X 14 ; + yn+a)ﬂ§(n+u—1)+x+y+tﬂ—1/fi|”x_y”q,

a4+ a)tﬂ(n+a—1)+x+y—¢

consequently, we obtain
[She@®) = SueW)|, <Llx=yll; Va.y € [F,G] (20)
with

L:= sup L(t), L(t)=Li(t)+La(2),

te(0,T]
L(0) = () Kop (2) XY AT\ gplsacgsyt
an(OT (a)n!(1 + 1t?) B
L) = a1y (£) Ko (£) X+Y+To+ LAPUR W —
a, ()T (a)n!(1 + 1£@) B
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Since (note equation (18))

w 1-a
2( ) < t “g(t)ﬂ Kup (X Tyt o T+ O[) Tﬁ(n+a—1)+x+y—1//

~ ap(OT ()n!(1 + 1) B
l-a
< dg(t)ﬁ KUP X+ry+o+ w,l’l +a Tﬁ(n+a—1)+x+y—x//
a,(H)T (a)n! B

and B(W,n +a) — 0as @ — +00, we see that

sup Ly(f) <
te(0,7T]

for any @ > 0 sufficiently large uniformly for any ¢ > 0. So we take and fix such a @ . Next,
by equation (19) there is a ty € (0, 7] so that

Li(t) <

ag(t),Bl‘“Kup(t)B XAV +T N v 1+A -1
an()T (a)n! B ’

for any ¢ € (0, ¢]. Furthermore, for ¢ € [to, T'], we have (note equation (18))

L (If) < maXe(t,T) ﬂg(t)ﬂliaKup Xty +1T, p+a ThlmraDoxey=y
n = a, ()T (a)n! ’ 1+uf
1+A
< <1

for any ¢ > 0 sufficiently large, so we fix such ¢ > 0. Consequently we get

1+A
sup Li(¢) < .
£€(0,T] 2

Summarizing we see that there is @ > 0 and ¢ > 0 so that

1+A 1-A 3+A
L< + = <1

2 4 4
This shows that Sy,4 : [F, G] — [F, G] is a contraction with respect to the norm || - ||, with a
constant L. By the contraction mapping principle, one can obtain the result immediately.

O

Remark 3.8 Consider equation (5). Of course, we can suppose p > 1 =g. Then p. = p,

Blra—l)vy Noreover, Remark 3.3 can be applied to get
p-1

g+ =1l,ar=by=1,and 14 =7 :=
an existence result. If in addition K}, > 0 then B > A > 0, and it is not difficult to see that

¥ =p-1)1, x =0,a,(T1)=1,and

an(Th) = pAP™(Ty) =Pl3_aKIOW(T])IB3<ﬁ(n ta-D+ Vp’n + oz).

T(a)n! Bp-1)

Then B(n+a —1) + x +y = ¥, so equation (18) holds. Next, we derive

C Kyp(0)  BUFmra) K0 1

B pKlOW(O) B(W,Vl + Ol) - pKlow(O) - V4
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Hence condition (19) is satisfied and then we get a uniqueness result by Theorem 3.7. Note

there is gap in the proof of [13, Theorem 5]. So here we give its correct proof.

4 General solutions of Erdélyi-Kober-type integral equations
This section is devoted to a derivation of explicit solutions of some Erdélyi-Kober-type

integral equations. In order to establish this, we introduce the following useful result.
Lemma 4.1 Leton+ B >—0 and a,0 >0. Then

rip+1+£)

B )= —1 )
(e f5vi0.”) F(n+1+a+§)

Proof Set t = xy. By using Lemma 2.3, we have
x—a(a+r]) x tan+o—ltﬂ dt
(P ntﬁ)(x) =2
” L) Jo (7 —27)
_oxf IE<on+o +/3,oz)

N F(a)g o

F(n+1+§) p

—ﬁx.
Fn+1l+a+’)

This completes the proof. d
Now we are ready to present our main result of this section.

Theorem 4.2 Leta>0,0 >0, 2 +n+1>0,mb, B € R, and a,N,m #0. Then equation

a

(6) is solvable and its solution ¢(x) can be written as

2=

o) = CNxN, (21)
where the constant C satisfies the following equation:

B
Ftlrg) (22)

CN=aC—————— 24 b,
F(n+1+a+§)

Proof With the help of Lemma 4.1, substituting equation (21) into (6), we find that C sat-
isfies equation (22) which completes the proof. |

5 lllustrative examples

In this section, we pay our attention to show three numerical performance results.

Example 5.1 We consider the problem

]x(s) ds, te][0,1]. (23)
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0.6 F

05F

03F
02F

0.1

0.2 0.4 0.6 0.8 1.0

Figure 1 Solution of equation (23) and the boundaries F and G for Example 5.1 coincide with the
unique solution.

19
First, Theorem 4.2 gives the exact solution x(t) = 881798 1 9.596211¢2375 of equation

262,144
(23). Next, by changing x(t) = z(£)t we get
1 % t %
22(8) = (4)1 [ - 5 - 1]z(s)ds, te[0,1]. (24)
I'(3) Jo L@tz —s4)2
%
Of course, we get a solution z(t) = %. In equation (5) for (24), we set K(¢,s) =1,
o= %, y = %, B= i, n=0,T =1, p=2,and g = 1. After some computation, we find that
1
2 23 1 88,179./mt®
F(H)=G(t) = —B( =2, = )¢¥ _ 88.179mEs
rgy "\ 272 262,144

Obviously, all the assumptions in Theorem 3.7 are satisfied. Numerical result is given in
Figure 1.

Example 5.2 In equation (5), we set K(t,s) = e*, o = %, B=y= %, n=0,T=1,p=2,and
q = 1. Now, we turn to consider the following homogeneous Abel-type integral equation

with weakly singular kernels and power-law nonlinearity:

2(t) = f t[ el ]x(s)ds, te[0,1]. (25)
0 2

3 /73 423r(Z
F(t) = (3) 133(_, _)L% - Jt% £ 1.16274£9375,
W

eyt (3 a2t et
G(t) = (2) IB%(I, _)t§ = . t% 299.9092£%375,
4 SF(E)

Obviously, all the assumptions in Theorem 3.7 are satisfied. Then, the problem (5.2) has a
unique solution in [F, G]. Numerical results are given in Figure 2.
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100

80 b

70 b

40} 1

301 b

Figure 2 Solution (black line) of equation (25) and the boundaries F (red line) and G (blue line) for
Example 5.2.

200

180

160

140

120

=< 100

80

60

40

20

Figure 3 Solution (black line) of equation (26) and the boundaries F (red line) and G (blue line) for
Example 5.3.

Example 5.3 In equation (2), we set K(¢,s) = e¥, a = %, B=y= %, n=0,T=1,py=2,
g+ =1, h(x) =x*(1- ﬁx), g(x) =, and M = 200. Now, we turn to considering the follow-

ing homogeneous Abel-type integral equation with weakly singular kernels and polyno-

mial law nonlinearity:
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,and b =1, so equation (4) holds. After some computa-

It is clear thatnow a, =1,a_ = %

tion, we find that
i /73 42i1(Z
F(t) = (2) E<_, _>tg = Jt% - 1.162741’0'375,
3T

*%B 7 3\ 2 42ie'(2)
s

£8 £190.45¢°375,

Since now A =1.16274 < 190.45 = B < M = 200, obviously, all the assumptions in Theo-
rem 3.6 are satisfied. Then, the problem (5.3) has a solution in [F, G]. Numerical results
are given in Figure 3.
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