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Abstract

In this paper, we investigate the initial value problem for the semilinear beam
equation. Under a small condition on the initial value, we prove the global existence
and optimal decay estimate of solutions. Moreover, we show that as time tends to
infinity, the solution is asymptotic to a diffusion wave, which is given explicitly in
terms of the solution of parabolic equation.

MSC: 350130; 35L75

Keywords: beam equation; decay estimate; asymptotic profile; diffusion wave

1 Introduction
We investigate the initial value problem for the following semilinear beam equation:

Ut — OUyy + U + Uxpxx =f(ux)x (11)
with the initial value
t=0: u=uyx), Uy = up(x). (1.2)

Here u = u(x, t) is the unknown function of x € Rand ¢ > 0, b > 0, and @ > 0 are constants.
The nonlinear term f(v) is a given smooth function of v € R. More precisely,

SW)=£0)+f'O)v+g(v),

where g(v) = O(v?) for v — 0.
This initial value problem was studied by [1, 2] when f satisfies

)i <Cpp, If'(v)| < ClyP,
(1) —f ()] < C(n P + [va P ) vy — 1), (1.3)
If' (1) —f ()| < C(In P2 + |v2|P72) vy = va

with p > 2, so that f'(0) = 0. Here C is independent of v, v, and v,. [1] proved that there
exists a global solution u € C([0, 00); H? N L!) to the problem (1.1), (1.2) under smallness
condition on the initial data #y € W>!' N H? and u; € L2 N L!. In particular, they showed
the decay estimates:

1 1
lulle <CA+8) 22, 1<g<oo (1.4)
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and
2ul  <Cl+ t)f%(k%)fl, 2 <g<oo. (1.5)
X L1

In addition to the above assumptions, suppose that the initial data u, u; € L1, Takeda and
Yoshikawa [2] established the following asymptotic profile of global solution:

|46 - MG (6) = (W1 + N)3,Go ()] ,y < CA+ 2207072, 1< g <00, (1.6)

M= /oo(uo +u1)(x) dx, Gu(x,2) = Fﬁl[efaszt], M= —/wx(uo +u1)(x) dx

and

N = /Om[:f(axu(x, t)) dxdt.

The main purpose of our present paper is two-fold: first, we try to recover all the results
about global existence and decay estimate of solution in Takeda and Yoshikawa [1] under
some assumptions on the initial data (u#o(x), #1(x)) and the nonlinear function f, which is
much weaker than those needed in Takeda and Yoshikawa’s arguments. More precisely,
the condition uy(x) € W' N H?, u;(x) € L?> N L' and (1.3) have been relaxed to uy(x) €
H*2N L, uy(x) € H* N L' (s > 0) and the nonlinear function f satisfies f'(0) > —« in this
paper. Second, we show that the solution is asymptotic to a diffusion wave, given explicitly
in terms of the solution of parabolic equation that is different from the one in [2]. For the
details, we refer to Theorem 4.1. Moreover, under some additional assumptions on the
initial data, we also prove that the convergence rates of our new asymptotic profile are
better than that obtained by [2]. For details, we refer to Theorem 4.2.

The study of the global existence and asymptotic behavior of solutions to hyperbolic-
type equations has a long history. We refer to [3, 4] for hyperbolic equations, [5-7] for the
damped wave equation and [8-16] for various aspects of dissipation of the plate equation.

The paper is organized as follows. In Section 2, we study the decay property of the so-
lution to the linear problem. Then, in Section 3, we prove the global existence and decay
estimate of the solutions. Finally, we prove that the solution is asymptotic to a diffusion
wave, which is given explicitly in terms of the solution of the parabolic equation in Sec-
tion 4.

Notations We give some notations which are used in this paper. Let ¥ [u] denote the
Fourier transform of u defined by

AE) = Flul = / e () d,

R

and we denote its inverse transform by F 1.,

For 1 < p < o0, I? = L’(R") denotes the usual Lebesgue space with the norm || - ||z».
The usual Sobolev space of s is defined by W*? = (I - 85)’%L1’ with the norm ||f||wsr =
I =) 2 Nl
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Finally, in this paper, we denote every positive constant by the same symbol C or ¢ which
will not lead to any confusion. [-] is the Gauss symbol.

2 Linear problem

2.1 Solution formula

The aim of this subsection is to derive the solution formula for the problem (1.1), (1.2). We
first investigate the linearized equation of (1.1):

Uy — ,Buxx t Up + Ugxnx = 0, (21)

with the initial data in (1.2), where 8 = « + f'(0) > 0. We apply the Fourier transform to
(2.1). This yields

iy + &0, + (BE* + &)= 0. (2.2)
The corresponding initial values are given as

t=0: u=1uy), i = (§). (2.3)
The characteristic equation of (2.2) is

AMrr+pE2+Et=0. (2.4)
Let A = A+ (&) be the corresponding eigenvalues of (2.4), we obtain

Py 1_;52(5%2). 2.5)

The solution to the problem (2.2), (2.3) in the Fourier space is then given explicitly in the

form

W&, t) = GE, O)( (&) + o (§)) + H(E, )it (£), (2.6)
where

; _ LeE)E _ ()

o maee ) 7
and

3 _ 1 @) ho(E)t

H(E ) = O @ (1) +1)e (A_(&) + 1)), (2.8)

We define G(x,t) and H(x,t) by
G(x,0) = F[GE, )] () (2.9)
and

H(x,t) = 3:'71 []:1(%-1 t)](x): (2.10)
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respectively, where & ! denotes the inverse Fourier transform. Then, applying £7! to
(2.6), we obtain

u(t) = G(t) * (u1 + ug) + H(t) * ug. (2.11)

By the Duhamel principle, we obtain the solution formula to (1.1), (1.2),
t
u(t) = G(t) * (u1 + ug) + H(t) x ug + / G(t — 1) * g(uy),(t) dr, (2.12)
0

where g(v) is a smooth function; it satisfies g(v) = O(1?).

2.2 Decay property
The aim of this subsection is to establish decay estimates of the solution operators G(t)
and H(t) appearing in (2.9) and (2.10), respectively.

Lemma 2.1 The solution of the problem (2.2), (2.3) satisfies

5, 0] + (1+8%)’ (&, O] = Ce O ([ @] + (1+8)[106)]) (213)
for& eRandt >0, where p(§) = %
Proof Multiplying (2.2) by i and taking the real part yields
22 il + BN 4 £ + i = 0. (214)
24t '
Multiplying (2.2) by i and taking the real part, we obtain
3 % {1 + 2Re(ini)} + BE2l® + €4 iuf* - |2 = 0. (2.15)

Multiplying both sides of (2.14) by 2 and summing up the resulting equation and (2.15)
yields

dE+F—O (2.16)
dt o ’

where
A2 1 2 g4\ a2 NI
E =i, |” + §+,3$ + &% ) ||” + Re(u,i2)
and
F=|* + BE> |0l + £ i),
A simple computation implies that

CEy < E < CE,, (2.17)
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Eo =il + (1+£%)*[af.
Note that
F > cp(§)Eo.
It follows from (2.17) that
F>cp(§)E. (2.18)

Using (2.16) and (2.18), we get

1E+ ()E<O
a P -

Thus
E(£,t) < e @ E(£,0),

which together with (2.17) proves the desired estimates (2.13). Then we have completed
the proof of the lemma. d

Lemma2.2 Let G(S ,t)and H (&,¢) be the fundamental solution of (2.1) in the Fourier space,
which are given in (2.7) and (2.8), respectively. Then we have the estimates

|G, 1) + (1+82)°|G(&,1)| < Cemr® (2.19)
and
6,07 + (1+ 82’ |HE D < C(1+£2) @ (2.20)

for& eRandt >0, where p(§) = %

Proof Firstly, we investigate the problem (2.1), (1.2) with #y(&) = 0, from (2.6), we obtain

wE,t) = GEDIME), D)= GiE D).

Substituting the equalities into (3.1) with i1 (£€) = 0, we get (2.19).
In what follows, we consider the problem (2.1), (1.2) with 7 (&) = 0; it follows from (2.6)
that

~

wE,t) = (G+H)E D), i ) = (G, + H)E )i ().

Substituting the equalities into (2.13) with #;(§) = 0, we get the desired estimate (2.20).
The lemma is proved. d
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Let
L 2
Go(x, 1) = F'[e P! (x) = e W
o(0) = F [0 = e

be the fundamental solution to u; — By, = 0.

Lemma2.3 Let G(S, t) and I:[(S, t) be the fundamental solution of (2.1) in the Fourier space,
which are given in (2.6) and (2.7), respectively. Then there is a small positive number Ry
such that if |€| < Ry and t > 0, we have the following estimates:

(G - Go)(E, )| + |HH(E,0)| < CE> € + Ce™, (2.21)
| |+ !

|G.(&,0)| < CE% € 4 Ce (2.22)
and

10:(G - Go)(&,0)| + | Hi(,0)| < CE*e ™ 4 Ce®. (2.23)

Proof For sufficiently small &, using the Taylor formula, we get

A (E)=-pE*+O(EY),  A_(§)=-1+0(8%),

1 ~ ) .
@) @ - E O, (2.24)

We rewrite G(S, t)in (2.6) as

G T ) o (6)
0=+ (s 1)

Jo(E)e
T P R P €

a(E) - (§) 225

For sufficiently small &, from (2.24) and (2.25), we immediately obtain
(G- Go)(e,0)| < C&2e %" + Ce™.
For sufficiently small &, from (2.7) and (2.24), we immediately get
|AE,t)| < CE2e "t 4 Ce .

Thus we get (2.21). The other estimates are proved similarly and we omit the details. The

proof of Lemma 2.3 is completed. d

Lemma 2.4 Let G(x,t) and H(x,t) be the fundamental solutions of (2.1), which are given
in (2.9) and (2.10), respectively. Let 1 < p <2, and let k, j, and | be nonnegative integers.

Then we have

060 6], = v B3 DT ol |, + etk 2, (226)

Page 6 of 15
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ofH@® % 9] 2 = L+ B8 DT [alg |, + 0k g, (2:27)

for0 <j<k,wherek+1—-2>0 in (2.26). Similarly, we have
[5Gi0) @ < C+ 25 D55 g |, + Ce | 05190 (2.28)
(2.29)

[k H0) 9] < CL+ 26D |ajg ], + ceet o2,

for0<j<k+2in(228)and0<j<k+4in(2.29).

Proof We only prove (2.26). By the Plancherel theorem and (2.19), the Hausdorft-Young

inequality, we obtain

[9%G(e) % o, = / E124]GE, 0| (6)[* de + / £ 2+
[E1<1 [E1=1
<cC / 1% e " | p(€)[* dE + Ce f &1 (1+ 1£12) 7 |d(e)|” de
|&1=<1 [&1>1

=: =A>] + o“oz.

G, 1)|*|p(E)| dt

For the term #A, letting l% + }7 =1, we have

A =C / £ (&) de
£]1<1

= C||IE|’<13||Z,, (/léq |§|2(k7j)pe,cq§2t d$>p

<Ca+oy TN aig2,

where we used the Holder inequality with [% + é =1 and the Hausdorff-Young inequality
171,y < Clvli forv= Z)iqb. On the other hand, we can estimate the term A, simply as

Ay < Cet / £ %4 p(6)| de
[&]>1
< Ce / £ P36 | de
[£]=1
< Ce || ok 29 1,

where k+7-2>0.
Combining the above three inequalities yields (2.26). This completes the proof of Lem-
O

ma 2.4.

From Lemma 2.4, we immediately have the following corollary.

Corollary 2.1 Let G(x,t) and H(x,t) be the fundamental solution of (2.1), which are given
in (2.8) and (2.9), respectively. Let 1 < p <2, and let k, j, and | be nonnegative integers.

Then we have
(2.30)

[5G0 kg = €A+ 072D ajg)], + cot ok g
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forO<j<k+landk+1-1>0.Also we have

k+3-j A
|

|05Gu(e) # g o < CA+ 82072 aig |, + Ce k1], (2.31)

for0<j<k+3.
Lemma 2.5 Let G(x,t) be the fundamental solution of (2.1), given in (2.8) and let Gy (x,t)

be the fundamental solution of (2.1), given in (2.8). Let 1 < p <2, and let k, j, and | be
nonnegative integers. Then we have

Nl

|05(G = Go)(®) % ¢ ;o < CUL+£)” G-D-57 | 3lg |, +Ce k4, (2.32)

for 0 <j <k+2. Similarly,

k+4—j

|05(G = Go)u() ¥ 82 < CA+ ) 257D 3|, + Ce 020, (233)

for0<j<k+4.

Proof The proof of Lemma 2.5 is similar to the proof of Lemma 2.4. By employing (2.21)
and (2.23), we can prove Lemma 2.5. We omit the details. |

3 Global existence and asymptotic behavior of solutions to (1.1), (1.2)

The purpose of this section is to prove global existence and optimal decay estimate of
solutions to the initial value problem (1.1), (1.2). We need the following lemma, which
comes from [17] (see also [18]).

Lemma 3.1 Assume that f = f(v) is a smooth function. Suppose that f(v) = O([v|**?) (6 > 1

is an integer) when |v| < vq. Then for integer m > 0, ifv e W™4(R") N LP(R") N L*(R") and
[IVlle < vo, the following inequalities hold:

|a7f W)

o < Clvll |87y o VI, (3.)

1_ 1
where =t 5,1§p,q,r§ +00.

1
»
Theorem 3.1 Let s > 0. Suppose that f(v) is a smooth function and f'(0) > —«. Assume
that uy € H*> N L', u; € H* N LY. Put

Eo = lluollpgs2npr + a1 ll g

Then there exists a positive constant 81 such that if Ey < 8, and the initial value problem
(1.1), (1.2) has a unique global solution u(x, t) satisfying

u € C°([0,00); H**(R)) N C'([0, 00); H*(R)).

Moreover, the solution satisfies the decay estimate

k
2

|8ku(@)] > < CEo(1 +2)4 (3.2)
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and

|0ku ()] 2 < CEo(1+ 7873, (3.3)
where 0 <k <s+2in(3.2)and 0 <k <sin (3.3).
Proof The existence and uniqueness of small solutions can be proved by the contraction

mapping principle. Here we only show the decay estimates (3.2) and (3.3) for the solution
u of (2.12) satisfying ||u(t)| 10 < My with some Mj. To this end, we introduce the quantity

s+2
1,k
X(@) = 1+1)3*2 9k ) 3.4
0) kgoi‘iit( + )32 |3 u(r)| (3.4)
Here we note that
|uc@®)] o < CX(O@+1)T, (3.5)

provided that s > 0. This follows from the Gagliardo-Nirenberg inequality, [y~ <
1 1
Cllttzzll 2 1 uxll > and the definition of X(£) in (3.4).
Applying 3X to (2.12) and taking the L2 norm, we obtain

|0ku(®)| > < |95 G(E) * (uo + w)|| 2 + |95 H(8) % uo |

B

+ / ”G(t —T)* 3xg(”x(r)) ”L2 dr
0

L+ 1 +]. (36)

Firstly, we estimate I;. We apply (2.26) withp=1,j=0and /=0 (/=2 for k=0, /=1 for
k =1). This yields

L<CO+D7 ug+ mllpn + Ce |94 (ug + )| ;o < CEo(1+£)7573, 3.7)

where (k — 2), = max{k — 2, 0}. Similarly, applying (2.27) with p =1,j=0, and [ = 0 to the

term I, we have

k
2-

L < CA+074 % flugll s + Ce|¥uo |, < CEo(1 + )74 (3.8)

We estimate the nonlinear term J. We divide J into two parts and write J = J; + /5, where

J1 and J, are corresponding to the time intervals [0, £/2] and [¢/2,t], respectively. For the
term /i, we apply (2.30) with p =1, j = 0, and / = 0. This yields

t2 3
= [t o,

t/2
oc [ o) e
0

=Ju + /2. (39)

Page 9 of 15
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Here we see that ||g(u,)|p < C||u,c||i2 by Lemma 3.1. Thus we have ||g(u,)(t)|l;1 <
CX()*(1 + ‘C)_%. Therefore we can estimate the term /j; as

12
Ju = CX(t)z_/ A+t-7)i31+1) 3 de
0

s 1 [U2 s
§CX(t)2(1+t)_T7/ Q+1)2dr
0
< CX@)*(+1) 15,

On the other hand, we have ||8,(¢k_1)*g(ux)||Lz < Clltty]| 10 ||8fu||L2 by Lemma 3.1. There-

fore, using (3.5), we find that || B,Ekfl)*g(ux)HLz < CX()*(1 + r)’%’g. Consequently, we can

estimate the term Jj5 as
2 -
Jia < CX(2)? / e 1+ 1) 472 dr < CX(8)%e ™.
0

Finally, we estimate the term J, on the time interval [£/2,¢]. Applying (2.30) with p = 2,
5 k

j=k,and [ =0, and using ||8,(Ck_1)*g(ux)(r)||Lz < CX(t)*(1 + T)"1"2, we obtain
t t
hL<C / (1 +t-7) [ a% P g(u,)(7)] , dr + C / e 9% Vg (u)(x) | > dr
t2 t2
t
<cx@0)? | Q+t-o)ta+1)itar
L2
< CX(O*(1+ )55+, (3.10)
Thus we have shown that
J < CX(£)*(1+ 015,
Substituting all these estimates into (3.6), we obtain

k
2

L+ 885 |04 u(t) |, < CEo + CX(2)*

for 0 < k < s+ 2. Consequently, we have X(t) < CEq + CX(¢)?, from which we can deduce
X(t) < CEy, provided that Ej is suitably small. This proves the decay estimate (3.2).
In what follows, we prove the decay estimate (3.3) for the time derivative u;. For this

purpose we differentiate (2.12) with respect to ¢ to obtain
t
u(t) = G(t) * (uo + ug) + He(£) * up + / Gyt — 1) * 0,g(uy)(t) dr. (3.11)
0

Applying 3% to (3.11) and taking the L% norm, we have
|05 2 < [07Gu() % a0 + )| 2 + 95 HD) 5 1 ]

t
. / [04Gu(t - ) % g w)(@)] o d
0

=1 +I,+], (3.12)
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where 0 < k <s. For the term I, we apply (2.28) with p =1, j =0, and [ = 0 to get

[ < CO+ 8y 45 lug + mllpn + e |0 (s + o) | o < CEo(1+2) 7575,

Also, for the term I, applying (2.29) with p =1, j = 0 and / = 0, we have

k
< C+ 6y 45 flugll o + e 05 %uo | ,, < CEo(1+ 57475,

To estimate the nonlinear term J’, we rewrite J' = J{ + J;, where J; and J; correspond to the
time intervals [0, £/2] and [£/2, £], respectively. For the term J, we apply (2.31) with p =1,
j=0,and /= 0. This yields

k

12 ,
p=c [t o

t/2
N C/ e~<(t=1) ” 3;<+1g(ux)(f)”L2 dv
0

=i + /12
Since ||g(u,) (7)1 < CX(£)*(1 + r)‘% as before, we can estimate the term Jj; as

k

t/2
i, < CX(t)Zf A+t-1) 551 +1)2de
0
< CX(0)X(1+1) 55,

Also, the term J, is estimated similarly as before and we have J;, < CX(£)?e™“. Finally, we
estimate the term J; by applying (2.31) with p =2, j =k + 2, and [ = 0 and obtain

t t
Jy<C / L+t 1) 8k g(u)(1) | o dT + C / e 98 g ) (x) | o de
t/2 t/2
t
<CX@? | Q+t-v)'Q+0)F 5 de
t/2

< CX@X(1+ 0571,

where we used the estimate || Bf”g(ux)(r) 2 < CX()*(1 + r)‘%‘g. Consequently we have
shown that

J < CX()2(1+1) %5,

Substituting all these estimates together with the previous estimate X(¢) < CEj into (3.12),
we arrive at the desired estimate (3.3) for 0 < k < s. This completes the proof of Theo-
rem 3.1. O

The above proof of Theorem 3.1 shows that the solution u to the integral equation (2.12)
is asymptotic to the linear solution u;, given by the formula u; (¢) := G(£) * (ts0 + 111) + H(£) *
up in (2.11) as t — oo. This result is stated as follows.

Page 11 of 15
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Corollary 3.1 Assume the same conditions of Theorem 3.1. Then the solution u of the prob-
lem (1.1), (1.2), which is constructed in Theorem 3.1, can be approximated by the solution
uy to the linearized problem (2.1), (1.2) as t — 0o0. More precisely, we have the following
asymptotic relations:

|0k - u)(®)|;» < CE31+ 07478,

|05 = wn) (@), < CEZL+ )52

for0 <k <s+2and0 <k <s, respectively, where ur(t) := G(t) * (uo + u1) + H(t) * ug is the

linear solution.

4 Asymptotic profile
In this section, our aim is to establish an asymptotic profile to our global solution that is
constructed in Theorem 4.1. In the previous section, we have shown that the solution u«
to the problem (1.1), (1.2) can be approximated by the linear solution #; . In what follows,
we shall derive a simpler asymptotic profile of the linear solution ;.

Let v be the solution to the initial data problem

Vi— BV =0, t=0: v=_(uo+u)x). (4.1)
Then
v =Golx, t) * (1o + up)(x) (4.2)

gives a asymptotic profile of the linear solution ;. In fact we have the following.

Lemma 4.1 Let s > 0. Assume that ug, u; € H*> N L' and put Ey = || (1o, u1)|| yse21. Let
uy be the linear solution and let v be defined by (4.2). Then we have

|0k (s = v)®)| 2 < CEo(1+£)7% (4.3)
forO<k<s+2.

Proof Note that (u; — v)(t) = (G — Go)(£) * (te0 + u1) + H(t) * ug, so for the proof of (4.3), it
suffices to show the following estimates:

|05(G - Go) (@) ] o < CA+ ) Tl + Ce |08 .

|05 H @) % ¢, < CA+ O F Il + Ce 0k o0

where 0 < k < s+ 2. These estimates can be obtained by (2.27) and (2.32). Here we omit
the details. O

When Mo = [5 (o + u1)(x) dx # 0, we call

V(x, t) = MoGo(x, t +1) (4.4)
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the diffusion wave with the amount M. Obviously, v(x, t) satisfies the following problem:

vy — ﬁ\'/x,_c =0, 45)
t=0: VZM()GQ(?C,I).
Therefore, v — v satisfies
(V—l_/)[—,B(_V—l_/)xsz, (4-6)
t=0: v—v=uy+u —MyGp(x1).
It is not difficult to prove the following lemma.
Lemma 4.2 Assume that f_xoo(uo &) + w1 (y) = MoGo(y,1)) dy € L, then
|k -9®)] . < Ca+0)i5, (4.7)

Combining Corollary 3.1, Lemma 4.1, and Lemma 4.2, we immediately have the follow-
ing.

Theorem 4.1 Under the same assumption as Theorem 3.1, and also assuming that My =
fR(uo + uy)(x)dx # 0 and f_xoo(uo(y) +u1(y) — MoGo(y,1)) dy € L, we let u be the global
solution to the problem (1.1), (1.2), which is constructed in Theorem 3.1 and we let v be the
diffusion wave defined by (4.4). Then we have

|ok -] . < ca+oi5, (4.8)

We have My = [ (uo + u1)(x)dx = 0 and M, = [° Ug(x)dx # 0, where Uy(x) :=
ffoo(uo + u1)(y) dy. We consider the initial value problem

{ tpt:_oligpx; z (1)«,10 (%) (4.9)
and

i ft:_o/;gﬁx;sc :10\;1160 (x,1). (4.10)
When f_xoo(l,[o (y) = MoGo(y,1)) dy € L', by applying Lemma 4.2, we have

|00~ £)0)] < Ca+ )75 (411)
We call

V(x, ) = M1 Goy(x, t +1) (4.12)
the diffusion wave with the amount M;. Obviously, v — v satisfies

V—V=0,0 — 0xp. (4.13)

From (4.11) and (4.13), we immediately obtain the following lemma.
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Lemma 4.3 Assume that [~_(Uo(y) — M1Go(y,1)) dy € L, then

k
2,

kv -9)@®)|,, <ca+ £)i- (4.14)

Corollary 3.1, Lemma 4.1, and Lemma 4.3 immediately give the following result.

Theorem 4.2 Under the same assumption as Theorem 3.1, also assuming that My =
Je(to + w)(x)dx = 0, My = [, Uo(x)dx # 0, and [*_(Uos(y) = Mi1Go(y,1))dy € L', where
Uy(x) := f_xoo(uo + u1)(y) dy, we let u be the global solution to the problem (1.1), (1.2), which
is constructed in Theorem 3.1 and we let v be the diffusion wave defined by (4.12). Then we
have

|0k - )(0)] o < CO+ 1) 35, (4.15)
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