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Abstract

This paper deals with the Cauchy problem for a generalized Camassa-Holm equation
with high-order nonlinearities,

Up = Usye + KUy 4+ au™uy = (0 + 2)U" UgUsy + U™ Use,

where k,a € R and m,n € Z*. This equation is a generalization of the famous
equation of Camassa-Holm and the Novikov equation. The local well-posedness of
strong solutions for this equation in Sobolev space H*(R) with s > % is obtained, and
persistence properties of the strong solutions are studied. Furthermore, under
appropriate hypotheses, the existence of its weak solutions in low order Sobolev
space H*(R) with 1 < s < % is established.
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1 Introduction

This work is concerned with the following one-dimensional nonlinear dispersive PDE:

Up — Uggy + kithy + A"ty = (0 + 2 Ul + W Uy, > 0,2 €R, (L)
u(x,0) = up(x), x€R, '
where k,a € R and m,n € Z*.
Obviously, if n =0, m =1, a = 3, equation (1.1) becomes the Camassa-Holm equation,

Uys — Ugyr + Kidy + 3Uthy — 2Ulyy — Uk = 0, (1.2)

where the variable u(t,x) represents the fluid velocity at time ¢ and in the spatial direc-
tion x, and k is a nonnegative parameter related to the critical shallow water speed [1].
The Camassa-Holm equation (1.2) is also a model for the propagation of axially symmet-
ric waves in hyperelastic rods (cf [2]). It is well known that equation (1.2) has also a bi-
Hamiltonian structure [3, 4] and is completely integrable (see [5, 6] and the in-depth dis-
cussion in [7, 8]). In [9], Qiao has shown that the Camassa-Holm spectral problem yields
two different integrable hierarchies of nonlinear evolution equations, one is of negative or-
der CH hierachy while the other one is of positive order CH hierarchy. Its solitary waves
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are smooth if k > 0 and peaked in the limiting case co = 0 (¢f. [1]). The orbital stability of
the peaked solitons is proved in [10], and the stability of the smooth solitons is considered
in [11]. It is worth pointing out that solutions of this type are not mere abstractions: the
peakons replicate a feature that is characteristic for the waves of great height - waves of
largest amplitude that are exact solutions of the governing equations for irrotational water
waves (c¢f. [12—14]). The explicit interaction of the peaked solitons is given in [15] and all
possible explicit single soliton solutions are shown in [16]. The Cauchy problem for the
Camassa-Holm equation (1.2) has been studied extensively. It has been shown that this
problem is locally well-posed for initial data uy € H*(R) with s > % [17-19]. Moreover, it
has global strong solutions and also admits finite time blow-up solutions [17, 18, 20, 21].
On the other hand, it also has global weak solutions in H!(R) [22-25]. The advantage of
the Camassa-Holm equation in comparison with the KdV equation (1.2) lies in the fact that
the Camassa-Holm equation has peaked solitons and models the peculiar wave breaking
phenomena [1, 21].

Forn=0,m € Z*,a € R, equation (1.1) becomes a generalized Camassa-Holm equation,
Uy — Ugyr + Kty + A" Uy = 2Uylhy + Ulhyys, (1.3)

Wazwaz [26, 27] studied the solitary wave solutions for the generalized Camassa-Holm
equation (1.3) with m = 2, a = 3, and the peakon wave solutions for this equation were
studied in [28-30], and the periodic blow-up solutions and limit forms for (1.3) were ob-
tained in [31]. In [30, 32], the authors have given the traveling waves solution, peaked
solitary wave solutions for (1.3).

On the other hand, taking m =1, a = 4, k = 0 in (1.1) we found the Novikov equation
[33]:

Uy — Ugy + 4020y = BUllylhy + Ullyry, t>0,x€R, (1.4)

The Novikov equation (1.4) possesses a matrix Lax pair, many conserved densities, a bi-
Hamiltonian structure as well as peakon solutions [34]. These apparently exotic waves
replicate a feature that is characteristic of the waves of great height-waves of largest am-
plitude that are exact solutions of the governing equations for water waves, as far as the de-
tails are concerned [13, 35, 36]. The Novikov equation possesses the explicit formulas for
multipeakon solutions [37]. It has been shown that the Cauchy problem for the Novikov
equation is locally well-posed in the Besov spaces and in Sobolev spaces and possesses the
persistence properties [38, 39]. In [40, 41], the authors showed that the data-to-solution
map for equation (1.4) is not uniformly continuous on bounded subsets of H* for s > 3/2.
Analogous to the Camassa-Holm equation, the Novikov equation shows the blow-up phe-
nomenon [42] and has global weak solutions [43]. Recently, Zhao and Zhou [44] discussed
the symbolic analysis and exact traveling wave solutions of a modified Novikov equation,

4

which is new in that it has a nonlinear term u*u, instead of u%u,.

Other integrable CH-type equations with cubic nonlinearity have been discovered:

my + (u? — u2)my + 2u,m® + yu, =0, M=u—thy,t>0,x€R,

1.5)
u(0,x) = up(x), xeR,
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where y is a constant. equation (1.5) was independently proposed by Fokas [45], by
Fuchssteiner [46], and Olver and Rosenau [47] as a new generalization of integrable sys-
tem by using the general method of tri-Hamiltonian duality to the bi-Hamiltonian rep-
resentation of the modified Korteweg-de Vries equation. Later, it was obtained by Qiao
[48, 49] from the two-dimensional Euler equations, where the variables u(t, x) and m(¢, x)
represent, respectively, the velocity of the fluid and its potential density. Ivanov and Lyons
[50] obtain a class of soliton solutions of the integrable hierarchy which has been put for-
ward in a series of woks by Qiao [48, 49]. It was shown that equation (1.5) admits the
Lax-pair and the Cauchy problem (1.5) may be solved by the inverse scattering transform
method. The formation of singularities and the existence of peaked traveling-wave solu-
tions for equation (1.5) was investigated in [51]. The well-posedness, blow-up mechanism,
and persistence properties are given in [52]. It was also found that equation (1.5) is related
to the short-pulse equation derived by Schifer and Wayne [53].

Applying the method of pseudoparabolic regularization, Lai and Wu [54] investigated
the local well-posedness and existence of weak solutions for the following generalized
Camassa-Holm equation with dissipative term:

Up — Ugyr + 2kt + au"u, = (gunlui + u”um> + ,Bax[(ux)w’l], (1.6)
X
where m,n, N € Z*, and a, k, B are constants. Hakkaev and Kirchev [55] studied the local
well-posedness and orbital stability of solitary wave solution for equation (1.6) with a =
7(’”*2)2(%1), n=mand B =0.
Motivated by the results mentioned above, the goal of this paper is to establish the well-
posedness of strong solutions and weak solutions for problem (1.1). First, we use Kato’s

theorem to obtain the existence and uniqueness of strong solutions for equation (1.1).

Theorem 1.1 Let uy € H*(R) with s > 3/2. Then there exists a maximal T = T(||luo || 1sw))
and a unique solution u(x, t) to the problem (1.1) such that

u=u(-,uo) € C([0, T); H*(R)) N C'([0, T); H* " (R)).

Moreover, the solution depends continuously on the initial data, i.e. the mapping
uo — u(-uo) : H'(R) — C([0, T); H*(R)) N C*([0, T); H*'(R))

is continuous.

In [38, 56, 57], the spatial decay rates for the strong solution to the Camassa-Holm
Novikov equation were established provided that the corresponding initial datum decays
at infinity. This kind of property is so-called the persistence property. Similarly, for equa-
tion (1.1), we also have the following persistence properties for the strong solution.

Theorem 1.2 Assume that ug € C([0, T); H*(R)) with s > 3/2 satisfies

|u0(x) u0x(x)| ~ O(e‘ex) asx 1 oo

’

(respectively, |uo(x)|, |uox(x)| ~ O((1 +x)™*) as x 1 00)

’
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for some 6 € (0,1) (respectively, o > max{ﬁ, %}), then the corresponding strong solution

u € C([0, T); H*(R)) to equation (1.1) satisfies for some T > 0

’u(x, t)

(%, t)’ ~ O(e_g") asx 1 oo

’

(respectively, u(x)| ~ O((l + x)_“) asx oo)
uniformly in the time interval [0, T.

Theorem 1.3 Assume that k =0, m = n, and uy € C([0, T); H*(R)) with s > 3/2 satisfies

’uo(x)’ ~ O(e‘x), ’u()x(x)’ ~ O(e_e") asx 1 oo

uo(x)| ~ O((l + x)‘“), !qu(x)| ~ O((l + x)_‘s) asx oo)

(respectively,

forsome0 € (1/(m+1),1) (respectively, o« > ﬁ, B € (55, @)), then the corresponding strong

solution u € C([0, T); H*(R)) to equation (1.1) satisfies for some T >0

|u(x, t)| ~ O(e_x) asx 4 oo

(respectively, |u(x)| ~ O((1 +x)™*) as x 1 c0)

uniformly in the time interval [0, T.

Remark 1.1 The notations mean that

Lf(x)| N O(e“gx) asx 1 oo if xlin;o% =L.

Finally, we have the following theorem for the existence of a weak solution for equation
(L.1).

Theorem 1.4 Suppose that uy(x) € H*(R) with1<s < % and ||uoyx |l w) < 00. Then there
exists a life span T > 0 such that problem (1.1) has a weak solution u(x, t) € L*([0, T], H*(R))
in the sense of a distribution and u, € L>°([0, T] x R).

The plan of this paper is as follows. In the next section, the local well-posedness and
persistence properties of strong solutions for the problem (1.1) are established, and The-
orems 1.1-1.3 are proved. The existence of weak solutions for the problem (1.1) is proved
in Section 3, and this proves Theorem 1.4.

2 Well-posedness and persistence properties of strong solutions

Notation The space of all infinitely differentiable functions f(x, ) with compact support
in R x [0, +00) is denoted by C§°. Let p be any constant with 1 < p < 0o and denote L =
L?(R) to be the space of all measurable functions f such that |[f||’Zp = fR If )P dx < oo.
The space L = L°(R) with the standard norm ||f|| o = inf,,)=0 SUP,cr/e [f (x)|. For any
real number s, let H* = H*(R) denote the Sobolev space with the norm defined by

I lles = (/R(l + I%‘IZ)S[]?(E,t)Vd%)7 <00,
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where f (&0 = f]R e ™ f(x,t) dx. Let C([0, T]; H*(R)) denote the class of continuous func-
tions from [0, 7] to H*(R) and A = (1 — 83)%.

Proof of Theorem 1.1 To prove well-posedness we apply Kato’s semigroup approach [58].
For this, we rewrite the Cauchy problem of equation (1.1) as follows for the transport equa-

tion:

{ut +u™y, + F(u) =0, 1)

u(x, 0) = uo (%),

where F(u) := P x E(u). E(u) = 2k, + au™u, — u" ™, + 2520, (u"u?) + $u"u and Plx) =
se ™ Let A(u) == w9, Y =H, X =H'and Q= A = (1 - 83)%. Following closely the
considerations made in [17, 54, 59], we obtain the statement of Theorem 1.1. O

Proof of Theorem 1.2 We introduce the notation M = sup,(o 7 [|24(£) || s The first step we
will give estimates on ||u(x, £) | ;. Integrating the both sides with respect to x variable by

2p-1

multiplying the first equation of (2.1) by #*”~" with p € Z*, we get

f uw? lu, dx + f u¥! (u”*lux) dx + [ w1 (P * E(u)) dx =0. (2.2)
R R R

Note that the estimates

1d 1 d
s = o w0 = [t 0y G 0y

and

< et O] o e 0 15"

‘/ u2p—l(un+lux) dx
R

are true. Moreover, using Holder’s inequality

2p-1

= [Jute 0]l 2

’/ u??™ (P * E(u)) dx
R

[P+ E@)]| -

From equation (2.2) we can obtain

n+l

d
E””(x’ £) ||L217 = H”x(x’ £) ||L°° ||u(x, ) ||L217 + ||P*E(u) ||L217'

Since ||f]lzr — ||f |l as p — oo forany f € L> N L%, From the above inequality we deduce
that

d
2114600 oo = M [t )] o+ [P B s

where we use

n+l

Juts 0]y, = fute D50 < M7,

e, O] o [0 ) o = s 0] b

1
H2'
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Because of Gronwall’s inequality, we get

”u(x, t)HLOQ < exp(M”*lt)(Huo(x) ”Loo +/0 ” (P*E(u))(x,r)HLw dr).

Next, we will give estimates on ||u,(x,t)|| . Differentiating (2.1) with respect to the
x-variable produces the equation

Uy + W ey + (n+ D" 2 + 3,(P % E(u)) = 0. (2.3)

Multiplying this equation by (u,)%~! with p € Z*, integrating the result in the x-variable,
and using integration by parts:

_ 1 1 d
[ s = o S 0 = Lo 0

|f(u )2"’1 dx

‘/(u )Zp 1 n+1uxx) dx| =

= PIC] A AC] P NC]

1
n / u"u?P* dx
217 R

=5 IIM(x, 2l PN RG] PN RG] e

From the above inequalities, we also can get the following inequality:
d n+1\
0] = (0 1 S0 a0 + 32 E0)

where we use |1, (%, )|| 1o |u(2) || /o < M™. Then passing to the limit in this inequality and

using Gronwall’s inequality one can obtain

”ux(x, t) ”Loo < exp((n + 1)M"+1t) <”uo,¢(x)HLoc + /0 || Bx(P *E(u))(x, r)HLoo d‘L’).

We shall now repeat the arguments using the weight

1, x<0,
on(x)=1e%, 0<x<N,
e, x>N,

where N € Z. Observe that for all N we have
0 <gy(x) <gn(x), forallxeRR. (2.4)
Using the notation E(x), from (2.1) we get
3 (uon) + (" on )1t + on (P * E(u)) = 0
and from (2.3), we also obtain

3 (ondett) + " o2 u + (1 + 1)U (o Dxta) Dyt + on O (P * E(u)) =0

Page 6 of 20
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We need to eliminate the second derivatives in the second term in the above equality.

Thus, combining integration by parts and equation (2.4) we find

/ u" N 02 u(dxupn) !
R

/ W Do PP (0, (o D) — D ipl) e
R

1
/ — "9, ((xun) ) — " (Dxun) 2~ Osup), dx
R 2P

< (lallzoe + 10uell o) el oo || Do |15,
Hence, as in the weightless case, we have
lugnllzs + ety 1o
< exp((n+ DM t) (|uo ®)pn || oo + || 0 @)on | o)

t
renp((r+ DM12) [ (Jowa(EG)] o + Low(E @) )
0
A simple calculation shows that there exists C > 0, depending only on 6 € (0,1) such that
forany N € Z*,

1 4

dy<C=——.
N L onm) @ 1-6

Thus, we have

N =

(-0 @ 020) = 3o [ 320000
R

—_

—|x—y| 1 n-1q2 ’
N /R e (pN(y)(wNaxu)(u 92u)(y)dy

\®)

1 1
=3 (“’N /R e o) ® ) londuul e [ 3u] oo
< cllondsullp |u"0%u .

and

ON /R sgn(x —y)e ™ (w03 u) () dy’

. 1
Jon (1= 82) " 0 (" 000) | = 5

n-1 82
X

< cllondyullzoo || u i oo

Using the same method, we can estimate the other terms:

n+l

lon (1= 92) ™ (2Kkat + an™ e — 1) | < c(1+ el + N2l 72) o stz

’@N (1 - 8?)718x (2kux +auu, — u”*lux)‘

- 1
= ‘@\,(1 -32) 192 (2ku P——— u'”z)‘

m+1 2
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=

a 1
ON 2ku + um+1 _ Mn+2
m+1 n+2

- 1
+ |on(1-32) 1(2ku + mi u™t u’“z)‘

1
<c(l+ ullfee + 1l 7) lonulle,

and

lon (1= 82) "0, ("u?) | < cllonuellio | " 02u])
lon(1-02) " 02 ("12)| < |owu"u2] + [ on (1 - 92) 7 (u"2s2) |

< cllonulli | " 02ul) .

Thus, it follows that there exists a constant C > 0 which depends only on M, m, n, k, a,
and T, such that

lugn ||z + 10xugnlzoe

< C(lluopn iz + lluoxenlliz>)
t
+ C/ ((+ Naell e + lloell 75+ ”M"JaquLoc)(||<PN3xM||L°° + lonul)) dr
0
t
< (Il + lowpli=) + C [ (ol + vl dr.
0
Hence, for any n € Z and any ¢ € [0, T] we have

lugn oo + |1 9:upn N0 < C(lluo@nllzoe + lsoxpnllz<)

< C(|| o max (1, €| o + || 0x max(1,e™) || ).
Finally, taking the limit as N goes to infinity we find that for any ¢ € [0, T,
e | + e’ < (0 max(1,6) | . + [1tocmax(1,¢%)] ),
which completes the proof of Theorem 1.2. O

Next, we give a simple proof for Theorem 1.3.

Proof of Theorem 1.3 We should use Theorem 1.3 to prove this theorem.
For any ¢; € [0, T], integrating equation (2.1) over the time interval [0, #;] we get

5} t
ulx, t) — u(x,0) +/ (") (%, 7) dT +/ (P * E(u))(x,7)dT = 0. (2.5)
0 0
From Theorem 1.2, it follows that

51
/ (") (x, T) dT ~ O(e™ %) asx 4 o0
0
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and so

n
/ (u"*lux)(x, T)dt ~ O(e_x) asx 1 oo.
0

We shall show that the last term in equation (2.5) is O(e™); thus we have

i

ftl (P*E(u))(x, 7)dt = P(x) */ (E(u))(x, 7)dt = P(x) * p(x).
0 0

From the given condition and Theorem 1.2. we know p(x) ~ O(e™) as x 1 oo. Since

PMHPM=%A&“MMw@=%“/‘4Mﬁ@+%f/ e p(y)dy

we have
X

e~ /x epWy) dy = O(l)e"‘/ e? dy ~ O(1)e™ ~ O(e‘x) asx 1 0o,

—00

e’ /00 e‘y‘p(y) dy = 0(1)e* /00 e dy~0Q1)e™ ~ O(e_x) asx 1 oo.

X

Thus
5]
/ (P * E(u))(x, T)dt ~ O(e_x) asx 1 0o.
0

From equation (2.5) and |ug(x)| ~ O(e™®) as x 1 0o, we know

’u(x, t1)| ~ O(e’x) as x 1 oo.
By the arbitrariness of #; € [0, T], we get

|u(x, t)! ~ O(e_x) asx 1 00
uniformly in the time interval [0, T']. This completes the proof of Theorem 1.3. O
3 Existence of solution of the regularized equation
In order to prove Theorem 1.4, we consider the regularized problem for equation (1.1) in

the following form:

a 1 1 a3 2
Ut — Uyt + EUxxxt = 8x(—2kl/l - muer ) + max (MnJr )

- 2400, (w'u?) - 2u Ml (3.1)

x?

u(x, 0) = uo (%),

where 0 < € < i, m >1,n>1and a, k are constants. One can easily check that when € = 0,
equation (3.1) is equivalent to the IVP (1.1).

Before giving the proof of Theorem 1.4, we give several lemmas.
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Lemma 3.1 (See [54]) Let p and q be real numbers such that —p < q < p. Then

BT
Wfgllma < clfllueliglme,  ifp> 2’

. 1
|lfg||Hp+q_l <clfllurligllma, ifp< >

Lemma 3.2 Let uy(x) € H*(R) with s > 3/2. Then the Cauchy problem (3.1) has a unique
solution u(x,t) € C([0, T]; H*(R)) where T > 0 depends on ||uo || sy If s > 2, the solution
u(x,t) € C([0, T); H (R)) exists for all time. In particular, when s > 4, the corresponding
solution is a classical globally defined solution of problem (3.1).

Proof First, we note that, for any 0 < € < i and any s, the integral operator
D=(1-92+ed")" :H — H™*
defines a bounded linear operator on the indicated Sobolev spaces.
To prove the existence of a solution to the problem (3.1), we apply the operator D to

both sides of equation (3.1) and then integrate the resulting equations with regard to t.

This leads to the following equations:

t
1
u(x,t) = uo(x) + / D[Bx (—2/(u —— u”‘”) + a2 (u"?)
0 m+1

n+2”

2n+1

8x(u”u§) - ;l u't 3:| dr. (3.2)

Suppose that A is the operator in the right-hand side of equation (3.2). For fixed ¢ € [0, T,

we get

t 2n+1
/ D] oy| —2ku — L) 4 92 (" uy) — nr (') - Eu"_lui drt
0 m+1 2 2

¢ a
- /0 D|:8x <—2kv - 11/””) + ajj (v””vx)

2n+1 n
- ax(v”vz) 2”13]611

X

HS
< CT( sup ||u—v|gs + sup ||u”‘*1—
0<

m+1
s Vit sup [

n+2 Vn+2 ||
HS

+ sup ||D8x[u”ufc—v”v§]||Hs + sup ||D[u”‘1ui Yl 3]”1{8)
0<t<T 0<t<T

Since H* is an algebra for sy > 2 , we have the inequalities

(u—v)z V)

m+1 m+1
! v ”HS =

HS

m
m=j i
q(nu—vnﬁsZnunm ||v||Hs>.

j=0
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Since s > 3/2, by Lemma 3.1, we get

||D3 [u u, —v”v2]|

HS

||Da [0 (") s — 0, (V') 0v]

Tn+1
< C([ D00 (") et = )] | s + [ D[ 3 (™ = v 2ev] | )
< C([0: (")t = V) s + [0 (6™ = V") s-2)
S C(Hun*—l‘]{s”u - V”HS + ||un+1 - Vn+1‘ HS ”V”HS)
<C (IIMIIZ,SIIIM Vs + (IIu Vllks Z [ )”VHHS)x
j=0
and
| Dl e = v 2] e
< [ Dlw" (g = v) ]| s + IID[(M”‘I =V )]s
=l (g = v) [ o + [ (" = v ) 2]
< Ll o o2 = V2l e + ™ =Vt [ 2] 2]
n-2
<G [nun Mot = vl Z el 7 171y + (uu vl Y ||u||,‘f,:2"||v||’,,s> ||v||i,s}
j=0 j=0

where C;, C; only depend on #. Suppose that both # and v are in the closed ball Bg(0) of
radius R about the zero function in C([0, T]; H*(R)); by the above inequalities, we obtain

lAu — Avlico, sy < Ollu = vcqo,rim5),

where 0 = TC(R™ + R™*') and C only depend on a, k, m, n. Choosing T sufficiently small
such that 6 <1, we know that A is a contraction. Applying the above inequality yields

lAullcqo,rims) < luollms + 0 lullcqo, r;ms)-

Taking T sufficiently small so that OR + |lug || s < R, we deduce that A maps Bg(0) to itself.
It follows from the contraction-mapping principle that the mapping A has a unique fixed
point u in Br(0).

For s > 2, multiplying the first equation of the system (3.1) by 2, integrating with respect
to x, one derives

d
yr / (u2 + u + eu )dx / 2u(—2kux —auuy + (1 + 2)u" uythy, + u”*luxxx) dx
R

= / (2(n + )™ g, + 2u”*2uxxx) dx =0,
R
from which we have the conservation law

/(u + UL+ eul,) dx = /(ué + UG, + €ug,,) dx. (3.3)
R

R
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The global existence result follows from the integral from equation (3.2) and equation
(3.3). O

Now we study the norms of solutions of equation (3.1) using energy estimates. First,
recall the following two lemmas.

Lemma 3.3 (See [58]) Ifr>0, then H" N L™ is an algebra, and

W2l < c(Iflzoellgller + lIglze 1Fllr),
here ¢ is a constant depending only on r.
Lemma 3.4 (See [58]) Ifr >0, then
[[a7f1el 2 = clliof e A g 2 + [ AF | 2 lgle),

where [A, B] denotes the commutator of the linear operators A and B, and c is a constant

depending only onr.

Theorem 3.1 Suppose that, for some s > 4, the functions u(t,x) are a solution of equation
(3.1) corresponding to the initial data uy € H*(R). Then the following inequality holds:

llull7n < c/ (4 +ul +eul,)dx = c/ (ug + ugy + €, ) . (3.4)
R R

For any real number q € (0,s — 1], there exists a constant c depending only on q such that

/(Aq*lu)2dx
R
t
2 2 _
S/[(Aq+luo) + (AT Ugy) ]dx+c/ l2a Fya 2211152 281130 T
R 0
t
+ C/ et ll oo (el Fra (117" + ol oo ) + 20 2ll oo ll26]1 7,000 ) AT (3.5)
0

For q € (0,5 — 1], there is a constant ¢ independent of € such that
(1= 2€) el g < clloall gt (1 + (llell 75" + Nuallfoo ) Naell o + ||M||23c1||ux||ioo)~ (3.6)

Proof Using ||ul?,; < c [(4® + u3)dx and (3.3) derives (3.4).
Since 82 = —A? + 1 and the Parseval equality gives rise to

[ (wmariiraz-- [

(AT u) AT dx + / (ATu) A dx.
R

R

For any g € (0,s—1], applying (A%u) A? to both sides of the first equation of (3.1), respec-
tively, and integrating with regard to x again,using integration by parts, one obtains

1d
24t Ja

:_a/R(Aqu)Aq(u’”ux) dx

((Aqu)2 + (A‘i’ux)2 + e(Aquxx)z) dx

Page 12 of 20
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- / (AT ) AT (" uy) dix + 2n+1 / (A%u) A (u"ul) dx
R R

. / (A0 A (") / (ATu) (") dx. (3.7)
R R

We will estimate the terms on the right-hand side of (3.7) separately. For the first term, by
using the Cauchy-Schwartz inequality and Lemmas 3.3 and 3.4, we have

(Aqu) [Aq(umux) - u’”Aqux] dx + / (Aqu) u”" Ny, dx
R

A;{(A‘M)Aq(umux) dx = /

R

-1 -1

< clluallzza (mllall 5" ot ll oo Nl e+ Neall o ot oo 1ot e )
m 1 2
+ ol el | A%

-1 2
< cllulloe Nl oo el o (3.8)

Using the above estimate to the second term on the right-hand side of equation (3.7) yields
/ (AT ) AT (1" 1) e = oo it o 120] 2 (39)
R

For the fourth term on the right-hand side of equation (3.7), using the Cauchy-Schwartz
inequality and Lemma 3.3, we obtain

[ (i) s < A7)

< cllulgasn (|0 sc | o Mot + ot llzoo "0 1)

2
< cllul oo llttll oo el g - (3.10)

For the last term on the right-hand side of equation (3.7), using Lemma 3.3 repeatedly

results in
/R (A1) AT (" 03) die < il |63 gy = ot 2 N2 e e (3.11)

It follows from equations (3.7)-(3.11) that there exists a constant ¢ depending only on 4,
m, n, s such that
1d

2 L (A7) + (M%) + e(ATue)") d

2 -1 2 2 -2 3
< cllatallzoe (Haelzga (l2ell 7" + el oo ) + 20l oo 28l 7rqen ) + 126l N2 752 ot N 7
Integrating both sides of the above inequality with respect to ¢ results in inequality (3.5).

To estimate the norm of u;, we apply the operator (1 — 32)™" to both sides of the first
equation of the system (3.1) to obtain the equation

- €)uy — €ty = (1 87%)71 |:—eut — 9, (2ku + 2 u’”*l)
m+1

1 2n+1
+ m&? (Mn+2) -

X

Bx(u”ui) - gu”_lu?’]. (3.12)

Page 13 of 20
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Applying (A7u;) A? to both sides of equation (3.12) for g € (0,s — 1] gives rise to

(1-¢) /}R(A‘i’ut)2 dx + € ‘/]R(A‘i’u,ct)2 dx

:/(Aqut)Aq_Z[—eut+Lag(u’”z)
R

n+2 %

- 8x<2kl/l + 9 x

2n+1
lu””l) _re Bx(u”ux) - gu”1u3i| dx. (3.13)
m+

For the right-hand of equation (3.13), we have

/ (ATue) N> (—€uty — 2kun) do < €[t || Frq + 2K 14 | g 1122 14, (3.14)
R
and
] a 2n+1
A(Aqut) (1-02)" A9, (—m 1 ml_ 5 u"ui) dx

EC”ut”Hq{/R(1+€2)q_1|:/R(_m6j-luAm(£ —n)u(n)

1

2 2
P - n)@(n)> dn} }

-1
< clluellpa llall Nl o (el 7" + el 7o )- (3.15)

Since
A(Aqut) (1-02)" A%92 (u" u?) dix

- / (ATu) AT (") i + / (A%,) (1= 32) A9 (" 2) dlx. (3.16)
R R

Using Lemma 3.3, ||t/ u,||ge < c||(e" V)| ge < cllullfoo llttll yant and Jlullzoe < clluellpp, we

have

/R(Aqut)Aq(u””ux) dx < cl|ue|lpa |t 1y ”Hq

< clluell allellfoo ot s 1l 1, (3.17)

and

/R(Aqut)(l - 33)_1Aq(14”+1u,2¢) dx < cllu || allullfoo 122l s ll26]] 1. (3.18)
By the Cauchy-Schwartz inequality and Lemma 3.3, we get

fR (ATu) (1= 02) 7 AT (" 2a2) de < eclltlaa e oo 2652 128 g (319)
Substituting equations (3.14)-(3.19) into equation (3.13) yields the inequality

(1= 2€) 1l raa < clluallpgaer (1+ (NeellZc" + llaell oo ) laellppr + Naall 7 Nl 7o ) (3.20)

with a constant ¢ > 0. This completes the proof of Theorem 3.1. d
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For a real number s with s > 0, suppose that the function u((x) is in H*(R), and let u,¢
be the convolution . = ¢ g of the function ¢, (x) = e‘%«p(e‘%x) and g, be such that the
Fourier transform ¢ of ¢ satisfies ¢ € (O q?(g) >0 and q)/(-g) =1for any & € (-1,1). Thus
we have u.o(x) € C*. It follows from Theorem 3.1 that for each € satisfying 0 < € < i, the

Cauchy problem
Up = Unnt + €Uy = 0p(—2ku — 22 u™) + L33 (u"+2)
- 2”2” Op(u"u?) — gu”’lui, (3.21)

u(x,0) = ueo(x)

has a unique solution u, € C*([0, T.), H*(R)), in which T, may depend on €.
For an arbitrary positive Sobolev exponent s > 0, we give the following lemma.

Lemma 3.5 For ug € H*(R) with s > 0 and uco = ¢pe * uo, the following estimates hold for
1,

any e with0 <e < g

lteoxllzoe < cllttoxllioe, if g <s, (3.22)
lucolla < ce ™, ifg>s, (3.23)
ltreo — tiollpia < ce T, ifq<s, (3.24)
|l 4eo — uollms = o(1), (3.25)

where c is a constant independent of €.

Proof This proof is similar to that of Lemma 5 in [60] and Lemma 4.5 in [61], we omit it
here. O

Remark 3.1 For s > 1, using ||ucllzo < clluclm, luell2, < ¢ [ (u? + uZ,) dx, equations
(3.4), (3.22), and (3.23), we obtain

2 2 2 2
[l ”Loo = cllttell g < C/R(ueo T Ux T uerx) dx

2 2 52
<c(llucollzp + €llueoll;2) < cc+ce x €2 ) <co, (3.26)

where ¢ is independent of .

Theorem 3.2 Ifuy(x) € H*(R) with s € [1, 3] such that 20, |l oo () < 00. Let ueq be defined
as in the system (3.21). Then there exist two constants, ¢ and T > 0, which are independent
of €, such that u. of problem (3.21) satisfies ||tex 10wy < c for any t € [0, T).

Proof Using the notation u = u, and differentiating equation (3.21) or equation (3.12) with
respect to x give rise to

2n+1 9

(L= €)thyy — €Uy — ——u"

1
2 n+2
S L

n+2 *

m+1 un+2

a 1
=2ku + u” —
m+1 n+2
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un+2

- a 1
(=027 €utny + 2ku + il
(1-2:) |:Mxt I n+2

2n+1 n
t— u”u§+§8x(u”1uf;)],

Letting p > 0 be an integer and multiplying the above equality by (z,)%*!, then integrat-
ing the resulting equation with respect to x, and using

1
/af(umz)(ux)Zml dx = /((rl+1)u i+ u" uxx)(ux)ZpH dx
n+2 Jr
1
— (l’l +1)/ 2P+3 dx + / un+lax(ux)2p+2 dx
2p+2 Jr

1(2p+1
_ (n+1)2p +1) u”uip"s dx,
2p +2 R
we find the equality

d l-¢ .
E2p+2 /R(ux)zm2 dx—eA(ux)2p+1uxxxtdx+ ZHZ /D;u u2p+3 dx

1 _
— /(ux)2p+1 2ku + a Mm+1 _ un+2 dx — / (ux)2p+l (1 _ 8’?) 1
R m+1 n+2 R

a 1 2n+1 n
) [euxt + 2ku + unl - u"? 4 W'u? + Eax(u” 1 3)] dx. (3.27)

m+1 n+2 2 *

Applying Holder’s inequality, we get

1 2p+2
)P d
2p+2dt/( ) *

1

s s e
< {e(/ | Ut |22 dx) + 2|/<|(/ |u| P+ dx) + (/ |G|#+? dx)
R R R
s 1 s
a P+ r
i / |um+1|2p+2 dx n / |un+2|217*2 dx
m+1\Jgr n+2\Jr
2p+l
2p+2 —-n
(fwrra) ™ s L i i [
R 2p+2 R
where G = (1-02) " [euy + 2ku+ ZAqu™ ™ — Loy 4 200m2 1 29, (u"~'13)]. Furthermore
1 d s
—€ D+
- /(Mx)2p+2 a’x
2p +2dt \ Jr
1 1
o o)
< e( [ s> dx) + 2|k|( [ e dx)
R R
T 1 TS
a P o
+ /|um+1|2p+2 dx n /|un+2|2p+2 dx
m+1 R n+2 R
2 | | T
P+ —-n P+
+ / |G+ dx + 2 [l || Lo [[2£]| oo /(ux)2p+2 dx .
R 2p+2 R
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Since ||f||z» — ||f ]Iz as p — oo for any f € L N L?, integrating the above inequality with

respect to ¢ and taking the limit as p — oo result in the estimate

t
1
2
(A= &)luxllzoe =< llttoxllzoo +/ |:€”uxxxt”L°° + 5 Motllzoe el zoc Nt ll7oo
0

+c(llullzoe + [ | oo + "] oo + ||G||Loo)} dr. (3.28)

Using the algebraic property of H*(R) with s > % and the inequality (3.26) leads to

[ 1o < el g0 < el < clullii® <, (3.29)

1.
and

L !!A_Zax(u”‘lui) || 1 ) +c

[A7ual, g+ A"

[t |l 2 + ||Mn”‘92c ”HO + ||”n71”z ||H0) tc

where c¢ is a constant independent of €. Using (3.6), (3.29), and the above inequality, we

get

t t
/ Gl dT <ct + c/ (1 + llotallzoo + Nuxlloo ) d, (3.30)
0 0

where c is independent of €. Furthermore, for any fixed r € (%, 1), there exists a constant

¢, such that ||t |10 < ¢ |thunne | < |l tte || gr+3- By (3.6) and (3.26), one has
thsext oo < clltall e (1 + [|1a 1 7o) (3.31)

Making use of the Gronwall inequality with equation (3.5), with ¢ = s + 3, u = u,, and

equation (3.26), yields

2]l 00 < </ (A" o) + G(Ar+3u0xx)2dx>
R
t
x exp{c / (lletxllpoe + ||ux||%m)dr}. (3.32)
0
From equations (3.22)-(3.23) and (3.31)-(3.32), we have

—r—4

t
lnnnell oo < ce™ % (1+ ||ux||im)exp{c / (ol oo + ||ux||%oo)dr}. (3.33)
0

Page 17 of 20
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For € < %, applying equations (3.28), (3.30), and (3.33), we obtain

t T
T 2 2
ltxlloo < |l tox [l oo +C/ {6 4 (1+ ”ux”Loo)eXp<C/ (”Mx”Loo + ||”x||Loo)dé>
0 0

2 3
+ 1+ (gl oo + [|taxll o + ||ux||LOO}dT~

It follows from the contraction-mapping principle that there isa T > 0 such that the equa-

tion

t T
||W||Loo=||u0x||po+c/{ 4(1+||W||Loo)exp( / (||W||Loc+||W||%oo)ds)
0 0

+ 14| Wl + | W][7e + ||W||im}dr

has a unique solution W € C[0, T']. From the above inequality, we know that the variable
T only depends on ¢ and ||z o, || . Using the theorem present on p.51 in [28] or Theo-
rem I in Section 1.1 in [62] one derives that there are constants T > 0 and ¢ > 0 indepen-
dent of € such that ||u,||10 < W(t) for arbitrary ¢ € [0, T], which leads to the conclusion
of Theorem 3.2. O

Using equations (3.5)-(3.6) in Theorem 3.1 and Theorem 3.2, with the notation u,. = u

and with Gronwall’s inequality, results in the inequalities

t
llote Nl ary < Nlote |l iy < ceXp{C/ @+ Nl ooy + okl Foo ) dr} <o
0
and

ey < e(1+ sl Fooy) <,

where g € (0,s], r € (0,s — 1] and ¢ € [0, T'). It follows from Aubin’s compactness theorem
that there is a subsequence of {u.}, denoted by {u,}, such that {u.,} and their tempo-
ral derivatives {u,} are weakly convergent to a function u(x,¢) and its derivative u, in
L2([0, T],H*) and L?([0, T], H*™!), respectively. Moreover, for any real number R; > 0, {u,, }
is convergent to the function u strongly in the space L2([0, T, H1(—Ry, R,)) for g € (0,s] and
{tte,:} converges to u, strongly in the space L%([0, T], H"(-Ry, R,)) for r € (0,s — 1]. Thus,
we can prove the existence of a weak solution to equation (1.1).

Proof of Theorem 1.4 From Theorem 3.2, we know that {u}(¢, — 0) is bounded in
the space L. Thus, the sequences u.,, u.,, are weakly convergent to u, u, in the space
L*([0, T], H"(—Ry, Ry)) for any r € (0,s — 1], separately. Hence, u satisfies the equation

2n+1
/ /“(gt = Gxxt dxdt_/ /[(2ku+ iazn n2+ u" 2>gx

u" :|dxdt

n+2 gxxx 2
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with u(x,0) = up(x) and g € C{°. Since X = L!([0,T] x R) is a separable Banach space
and u,,, is a bounded sequence in the dual space X* = L*([0, T] x R) of X, there ex-
ists a subsequence of u,,, still denoted by ., weakly star convergent to a function v in
L>°([0, T] x R). As u,,, weakly converges to u, in L([0, T] x R), as a result u, = v almost
everywhere. Thus, we obtain u, € L>([0, T] x R). O
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