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Abstract

In this paper, we prove the local well-posedness for the incompressible porous media
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1 Introduction

In this paper, we are concerned with the incompressible porous media equation (IPM) in
R? (d =2 or 3):

a 9 : V9 = O; 8 ;0 = 9 )
apm) {70 TH (x,0) = o (L.1)
u=-k(Vp+gyh0), divu =0,

where x € R?, ¢ > 0, 6 is the liquid temperature, « is the liquid discharge, p is the scalar
pressure, k is the matrix of position-independent medium permeabilities in the different
directions, respectively, divided by the viscosity, g is the acceleration due to gravity, and
y € R? is the last canonical vector ey. For simplicity, we only consider k = g = 1.

By rewriting Darcy’s law we obtain the expression of velocity u only in terms of temper-
ature 6 [1, 2]. In the 2D case, thanks to the incompressibility, taking the curl operator first

and the V+ := (-dy,, d,,) operator second on both sides of Darcy’ law, we have
—Au=V"(3,,0) = (-0 0x,0,06),

thus the velocity u can be recovered as

1 0%0 020
y0) = —— 1 - -—— W8, =— W, t) ) dy, R2.
o)== [ (=00, 5 0 )y, e
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Through integration by parts we finally get

u(x, t) = —%(O,Q(x, 1) + %PV /RZ H(x-y)0(y,t)dy, xeR? 1.2)

where the kernel H(-) is defined by

H(x) = (2’“1"2 M)

ol * 7l
Similarly, in 3D case, applying the curl operator twice to Darcy’s law, we get
—Au = (~0,030,-0,930, 976 + 030),

where 9; := %, thus
1

2 1
u(x,t) = -3 (0, 0,0(x, t)) + EPV /;{3 Kx -0t dy, xeR3 (1.3)

where

K(x) 3x1%3 3wpx3 2x3 — X7 — x5
X)= ) )
o> fal® />

We observe that, in general, each coefficient of u(-,t) (with ¢ as parameter) is only the
linear combination of the Calderon-Zygmund singular integral (with the definition see
the sequel) of 6 and 6 itself. We write the general version as

u:="T(0)=CO)+S), (1.4)

where T = (7x), C = (Cx), S = (Sk), 1 < k < N are all operators mapping scalar functions
to vector-valued functions and Cy equals a constant multiplication operator whereas Sk
means a Calderén-Zygmund singular integral operator. Especially the corresponding spe-
cific forms in 2D or 3D are shown as (1.2) or (1.3).

We observe that the system (IPM) is not more than a transport equation with non-local
divergence-free velocity field (the specific relationship between velocity and temperature
as (1.4) shows). It shares many similarities with another flow model - the 2D dissipative
quasi-geostrophic (QG) equation, which has been intensively studied by many authors
[3-8]. From a mathematical point of view, the system (IPM) is somewhat a generalization
of the (QG) equation. Very recently, the system (IPM) was introduced and investigated by
Coérdoba et al. In [2], they treated the (IMP) in 2D case and obtained the local existence
and uniqueness in Holder space C° for 0 < § <1 by the particle-trajectory method and
gave some blow-up criteria of smooth solutions. Recently, they proved non-uniqueness for
weak solutions of (IPM) in [9]. For the dissipative system related (IPM), in [1], the authors
obtained some results on strong solutions, weak solutions and attractors. For finite energy
they obtained global existence and uniqueness in the subcritical and critical cases. In the
supercritical case, they obtained local results in H*, s > (N — «)/2 + 1 and extended to
be global under a small condition ||8°||ys < cv, for s > N/2 + 1, where c is a small fixed
constant.
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Recently, Chae studied the local well-posedness and blow-up criterion for the incom-
pressible Euler equations [10, 11], and quasi-geostrophic equations [12] in Triebel-Lizorkin
spaces. As is well known, Triebel-Lizorkin spaces are the unification of several classical
function spaces such as Lebegue spaces L”(R?), Sobolev spaces H;(Rd), Lipschitz spaces
C*(R%), and so on. In [10], the author first used the Littlewood-Paley operator to localize
the Euler equation to the frequency annulus {|£| ~ 2/}, then obtained an integral represen-
tation of the frequency-localized solution on the Lagrangian coordinates by introducing
a family of particle-trajectory mappings {X;(c, )} defined by
i;’—txj(a, ) = (Sp-2)(X(at, 1), 1), L5

Xi(@,0) =a,

where v is a divergence-free velocity field and S;_, is a frequency projection to the ball
{I€] < 2/} (see Section 2). He also used the following equivalent relation:

(Z 2| A,v(x)|q> ’ ” = vllg,  (16)
LP(-dx)

JEZL

(T2 laptyeor)’|

iz 1P (-da) H
to estimate the frequency-localized solutions of the Euler equations or quasi-geostrophic
equations in Triebel-Lizorkin spaces. However, it seems difficult to give a strict proof for
the above equivalent relation (1.6) and its related counterpart due to the lack of a uni-
form change of the coordinates independent of j. To avoid this trouble, Chen et al. [13]
introduced a particle trajectory mapping X(«, t) independent of j defined by

2?—tX(ot, t) = v(X(a,t),t),
X(o,0) =,

and then established a new commutator estimate to obtain the local well-posedness of the
ideal MHD equations in the Triebel-Lizorkin spaces.

In this paper, we will adapt the method of Chen et al. [13] to establish the local well-
posedness for the incompressible porous media equation (1.1) and to obtain a blow-up
criterion of smooth solutions in the framework of Triebel-Lizorkin spaces.

Now we state our result as follows.

Theorem 1.1 (i) Local-in-time existence. Let s > % +1,1< p,q < oco. Assume that 6, €
Fzyq(Rd), then there exists T = T(|0ollg;,) such that (1.1) has a unique solution 6 €
C((0, T); F; ,(R) N Lip([0, T]; Fy  (RY)).

(ii) Blow-up criterion. The local-in-time solution 6 € C([0, T];F;,q) constructed in (i)
blowsup at T* > T in F;lq, ie.
=+00, T*<oo,

tim sup| 0]

if and only if

T*
/0 6], _de=+oc.
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2 Preliminaries

Let B={t eR%|g| < %} andC = {£ € Rd,% < €] < 8}. Choose two nonnegative smooth

radial functions x, ¢ supported, respectively, in B and C such that

XE)+Y ¢(278)=1, EeRY, ) p(278)=1, &eRU\{0}.

j=0 JEL

We denote ¢;(&) = p(27&), h = F'¢ and 1 = F~'. Then the dyadic blocks A; and S; can
be defined as follows:

Af = p(27D)f =2 /Rd h(2y)f (x - y) dy,

57= Y &= x(@7D) =2 [ h@fts- s

d
k<j-1 R

Formally, A; = S;,; - §; is a frequency projection to the annulus {|§| ~ 2/}, and §; is a fre-
quency projection to the ball {|£| < 2/}. One easily verifies that with our choice of ¢

AAf=0 if[j-kl>2 and A[(SifAxf)=0 if[j—k|>5. 2.1)

With the introduction of A; and S, let us recall the definition of the Triebel-Lizorkin
space. Let s € R, (p,q) € [1,00) x [1,00], the homogeneous Triebel-Lizorkin space F;_q is
defined by

By =f € 2 (B f I, <0,
where

. 1
Pl = |12 2 IAF 107, for1=q< o,
0| | supep (P IAf DI, forg = oo,

and Z’'(R%) denotes the dual space of Z(R%)={f € S(R%); 8“‘}(0) = 0; Voo € N multi-index)
and can be identified by the quotient space of &’/P with the polynomials space P.

For s > 0 and (p,q) € [1,00) x [1,00], we define the inhomogeneous Triebel-Lizorkin
space F,, ; as follows:

q
F, ={f € SRl llg, < oo},
where
|lf||F;,,q = fllr + |lf||1r;,,q-

We refer to [14] for more details.

Lemma 2.1 (Bernstein’s inequality) [15] Let k € N. There exists a constant C independent
of f and j such that, for all 1 < p < q < 0o, the following inequalities hold:

suppf C {IE1 S 2} = sup 9%, < C2 D If L,
la|=k

suppf C {IE|~2} = |lf||mSC‘Slllg(2_jk||3af||w'
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Lemma 2.2 [14] Forany k € N, there exists a constant Cy such that the following inequality
holds:

GV

k
i, = WFllgr < G|V

By
Proposition 2.1 [10] Let s > 0, (p,q) € (1,00) x (1,00], or p = q = 00, then there exists a
constant C such that

I2llzs,, = C e lglzs, + Igheof s, )

U2l < C(IF N liglles, + gl I s, ).

Proposition 2.2 [10] Let s > d/2 with p,q € [1,00]. Suppose f € F,, , then there exists a

.q’°
constant C such that the following inequality holds:

fllze < CA+ If g, . (log” f s, +1))-

Proposition 2.3 [13] Let (p,q) € (1,00) x (1,00], or p = g = 00, and f be a solenoidal vector
field. Then for s >0

120, A1 V)l oy 1o S (19 s gz, + 1V N I 5, ). (22)
orfors>-1
112U, Ak1- V) oy, < (197 e llgllzs,, + lIgllzoe 1VF s, )- (2.3)

The classical Calderén-Zygmund singular integrals are operators of the form

Q(y) . Q)
f(x—y)dy=1 (- y) dy,
|y|Nf(x y)dy = lim " Ilef(x y)dy

T..f(x):= PV /R .

where Q is defined on the unit sphere of R, SN7!, and is integrable with zero average
and where y' := Ii_\ € SN-1. Clearly, the definition is meaningful for Schwartz functions.
Moreover if Q € CY(SN™1), T, is L” bounded, 1 < p < cc.

The general version (1.4) of the relationship between u and 6 is in fact ensured by the
following result (see e.g. [16]).

Lemma 2.3 Let m € C*®(RN\{0}) be a homogeneous function of degree 0, and T,, be the
corresponding multiplier operator defined by (T,,f)" = mf , then there exist a € C and Q €
C>®(SNY) with zero average such that for any Schwartz function f,

Qx
Twf =af + PV @) *f.
|x|N
Remark 2.1 Since —Av = (3,0x0, ..., —On-10n0, 070 + - - + 3% _,0), the Fourier multiplier

of the operator 7 is rather clear. In fact, each component of its multiplier is the linear

%, i,j €{1,2,...,N},which of course belongs to C>*(RN\{0})

and is homogeneous of degree 0.

combination of the term like
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3 Proof of Theorem 1.1
We divide the proof of Theorem 1.1 into several steps.
Step 1. A priori estimates.
Taking the operation Ay on both sides of the first equation of (1.1), we have

A +1u- VA =1 VA - A(uVO) 2 [u, A] - V6. (3.1)

Let X(«, £) be the solution of the following ordinary differential equations:

e
Then it follows from (3.1) that

%Ake (X(a,2),8) = [, Al - VO (X (t,2), 2), (3.3)
which implies that

| A0 (X (e, 0),£)| < | Akbo(@)] + /Ot]([u, Al - V0)(X(a,T), )| dT. (3.4)

Multiplying 2%, taking the €9(Z) norm on both sides of (3.4), we get by using the
Minkowski inequality

(Z|2kSAk9 (X(a,),2) |q> !

k
< <Z|2k5Ak90(a){")q +/t(2|2k~*([u, Al - VQ)(X(a,r),r)|q)qdr. (3.5)
k 0 Nk

Next, taking the L? norm with respect to @ € R on both sides of (3.5), we get by using the
Minkowski inequality that

( f <Z|2kSAk9 (X(a,0),t) |q) ’ ‘p da) ’
REJ\TL

t
< 60l + | (/
0 R

Using the fact that « — X(«, ) is a volume-preserving diffeomorphism due to divu = 0,
we get from (3.6) that

Q=

Y
da) dr. (3.6)

(Z‘st([u, Ar]-V0)(X(a, 1), t)‘q)

k

lot

t
b0 =00l + [ 1200 81 96) | (7)

Thanks to Proposition 2.3, the last term on the right side of (3.7) is dominated by

t
/0 IVl 161z, + IVl el ) d, (3.8)
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and thus

[EI6)

t
5, =< 10ollzs, + /0 (IVullz= + 1961119115, d. (3.9)

where we used (1.4) and the boundedness of the Calder6n-Zygmund singular integral op-
erator on F;’q.
Now from (1.1) we have immediately

[e@],, = 16ollzr (3.10)

forall 1 < p < oo, since div # = 0. Summing up (3.9) and (3.10) yields

lo@

t
5, = 60l + /0 (1l + 1V01l) 10115, d, (311)

which together with the Gronwall inequality gives

t
lo®) H% = 1100l g5, exp (C/O (IVullz + ||V9||Loo)df>. (312)

Step 2. Approximate solutions and uniform estimates.
We construct the approximate solutions of (1.1). Define the sequence {6, 4}y, -nujo)

by solving the following systems:

3,00+D) 4 40 . gD — o
um = C(H(")) + 5(9(:«)),
divu® =0,

07 D|,_o = Si26p.

(3.13)

We set (0, 4?) = (0,0) and let X" (a, £) be the solutions of the following ordinary differ-
ential equations:

(3.14)

X" (o0, £) = u™ (X (x, £), £),
X" (,0) =«

for each n € N. Then, following the same procedure of estimate leading to (3.11), we ob-

tain

(n+1)
[0 2@,
t ) 1
< 1Sus2bollzs, + /0 (|Va] o [ 600 . ||| Fg,q)dr
t
< ”'90“1:;;,(1 +/0 (” vy E5d ||9(n+1) £, + ||V9(n+1) E ||u(”) ng,q)dt
t
=< ll6oll£, +/0 ”9(;4) s, |9(n+1) B, dr, (3.15)
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where we used the fact that ||S,.2600] < ||60]l, Sobolev embedding theorem F;;; <
L*® for s — 1> d/p, (1.4) and the boundedness of the Calderén-Zygmund singular in-
tegral operator on F, .. Equation (3.15) together with the Gronwall inequality implies
that

||0(n+1)(t)

t
(m)
Fg’q§||90||F;,leP<C fo G ngqdr>, (3.16)

for some C > 0 independent of #n. Thus, if we choose T = Ty (||60 ”Ff,,q) > 0 such that

1
Tolfolizs, = 5~ 12,

we have, for any n € Ny,

sup H pi+D) (¥)

0<t<Ty

55, <2C100ll5y,, (3.17)

by the standard induction arguments. Then, 8"+ e C([0, To] ;F;,q(Rd)). Moreover, it fol-
lows from Proposition 2.1 that

[8:0% 1 (2)

. _ ”u(ﬂ) . vt

Fyqd
< ([ [ 705 oy + [ | 907D

(n+1)
P g,
by Sobolev embedding and the boundedness of the Calderén-Zygmund singular integral
operator on F,, ,, and then

sup [0 ()] 5 < Clioollzs (3.18)

0<t<Ty

which implies that 3,0V e C([0, To];F;,‘;(Rd)). This together with (3.17) gives the uni-
form estimate of ) (x, ¢) in 7.

Step 3. Existence.

We will show that there exists a positive time T; (< Ty) independent of # such that

-1

and " are Cauchy sequences in X5t £ (o, Tl];F;'q ). For this purpose, we set

59(n+1) - 9(n+1) _ e(n)’ 8u(n+1) _ u(n+l) _ u(n).
Then, it follows that §6"*V satisfies the equations

3,80+D 4 ) . 759U = _s,00 . (),

3.19
86U V|,_g = Ayii6o. (3.19)

Applying A to the first equation of (3.19), we get

9 D30 + U .V ASOY = [u, Ar] - V8O — Ar(su™ - V™). (3.20)

Page 8 of 11
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Exactly as in the proof of (3.7), we get

(n+1) || |
Js67 0],
t
= Clsuatollgy + [ T ([, ] -95600) 0o
0
t
+/0 H(Su(")-VQ(”)(t)”F;‘_r} dt

t
= ClAnaboligza +/ (| Vul| . |56+
’ 0

30 7

a | ) 7

t
o [ (a6
0

t
< CllApabolljs- +/ )
| A 0||1:p,ql A (“”

pa 4166 o [ VO

B ) ”LOO) dt

80(Vl+1

+ ||b‘u(”)

ie(n)

i 860 )T

s—1
Fp’q pq

t
< ClAnabolla +f0 (o ||F;,q |s6¢+V

(m)
.t |86

|9(Vl)

%) dr, (3.21)

s—1
5 pq

where we used Proposition 2.1, Proposition 2.3, the embedding F;;Il — L%, and the
boundedness of the Calderén-Zygmund singular integral operator on F, .. Thanks to the
Fourier support of A,,16y, we have

18nnbollzgs < C27"*Vli6oll s, - (3:22)

Now, we estimate the L” norm of §6"**), Multiplying |66V P~250""*D on both sides of
the first equation of (3.19), and integrating the resulting equations over R, we obtain

t
|86V @)| , < | Aibollr + / |sut” - Vo (x)| , dr
0

< 2—(n+1) ||Z(;

t
b5+ € [ 136,90

t
b+ [ 1561 o

which together with (3.21) and (3.22) gives

< 2—(n+1) ||Z(1)-

o dt
Bpg

t
o6y = 2l + € (167 g, 189
+ ”8'9(”) i |9(n) F;,,q)df
< C27 Vo |lpy, + CT S 16115, 186+ s

) ()
+ CTtes[lg,pT ] Jo¢ H% |86 Hpg',ql. (3.23)

Equation (3.23) together with (3.17) yields

H(SG(VH—I)

o1 < G274 G| 6
T

s—1
XT

+Ci T 56"

Jon (3.24)

Page 9 of 11
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where C; = C1(]|6o ||F;;,q)~ Thus, if C;T < i, then

|| 89(n+1)

o1 <C127+2C, T80
T

x5t
This implies that
(+1) ~(n+1)
|86 it £2G27

Thus, {(9(”)}”6N0 is a Cauchy sequence in XSTII. By the standard argument, for 7; <
min{ 7y, ﬁ}, the limit 6 € X7, solves (1.1) with the initial data 6. The fact that 6 €
Lip([0, T]; F;’q) follows from the uniform estimate (3.18).

Step 4. Uniqueness.

Consider 6 € C([0, T1]; (F;,q)) is another solution to (1.1) with the same initial data. Let
80 =0 — 0 and Su = u — u. Then §6 satisfies the following equation:

980 +u- V80 = —8u - Vo,
89|t=0 = 0.

In the same way as the derivation in (3.24), we obtain
80151 < CoT 186 |s
for sufficiently small T'. This implies that 86 = 0, i.e., 0 = 0.
Blow-up criterion.
For the a priori estimate (3.12), we only need to dominate || V|1~ and || V6| . From
Proposition 2.2 and the boundedness of the Calderén-Zygmund operator from Fgovoo into

itself, we have

IVullz < C(U+ I Vulzg(log" [ Vull e +1))

< C(1+101p, . (log" 101, +1)).
Similarly,
VOl < C(1+ 101z, (log” 191lg, + 1)).
Thus, the a priori estimate (3.12) gives
t
1611gs,, < Clléollz, exp(c /0 [0, . 0g" [0, +1) dr).

By the Gronwall inequality

t
10les, < Cleollss, eXp<CeXp< / 65, d1>).
i ,

Therefore, if limsup, 7+ ||9(t)”FISQ’q = 00, then fOT* ||9(t)||ﬁéooo dt = oo.
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On the other hand, it follows from the Sobolev embedding F;,, < W' < FL _ for
s>d/p +1 that

T*
/ 6@z de<T* sup [6()]p
0 g 0<t<T* ’

=7 swp [0,

sup
0<t<T*

<T* sup He(t)”ﬁi,q'

0<t<T*

Then f, 6(0)l1, _ dt = 0o implies limsup, »7- [16(¢)l|z, = oo.
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