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Abstract

In this paper, we study the blow-up profiles for a coupled diffusion system with a
weighted source term involved in a product with local term. We prove that the
solutions have a global blow-up and the profile of the blow-up is precisely
determined in all compact subsets of the domain.
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1 Introduction
In this paper, we consider the following coupled diffusion system with a weighted nonlin-
ear localized sources:

u; — Au = a(x)u? (x,t)v*(0,1), x€B,0<t<TH
v — Av = bx)uf(0,)v1(x,t), x€B,0<t<T*
u(x,t) =v(x,t) =0, x€dB,t>0,

u(x,0) = up(x), v(x,0) =vo(x), x€B,

(1.1)

where B is an open ball of RV, N > 2 with radius R; «, f8, p, ¢ are nonnegative constants
and satisfya + p>0and 8 + ¢ > 0.

System (1.2) is usually used as a model to describe heat propagation in a two-component
combustible mixture [1]. In this case # and v represent the temperatures of the interacting
components, thermal conductivity is supposed constant and equal for both substances,
a volume energy release given by some powers of u and v is assumed.

The problem with a nonlinear reaction in a dynamical system taking place only at a
single site, of the form

u; — Au=uP(0,t)v%(0,1), xe€,0<t<TH
ve— Av=uP(0,017(0,1), x€Q,0<t<TH
u(x,t) =v(x,t) =0, x€09R,t>0,

u(x, 0) = up(x), v(x,0) = vo(x), x€,

(1.2)

was studied by Pao and Zheng [2] and they obtained the blow-up rates and boundary layer
profiles of the solutions.

As for problem (1.2), it is well known that problem (1.2) has a classical, maximal in time
solution and that the comparison principle is true (using the methods of [3]). A number of
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papers have studied problem (1.2) from the point of view of blow-up and global existence
(see [4, 5]).
In [6], Chen studied the following problem:

u;— Au=ulv*, xe€Q,0<t<TH
vi—Av=uPi, xeQ,0<t<T*
ulx, t) =v(x,t) =0, x€dt>0,
u(x, 0) = ug(x), v(x,0) = vo(x), x€,

(1.3)

assumingp >1,0rg > 1, or a8 > (1-p)(1-¢q), he proved that the solution blows up in finite
time if the initial data #o(x) and v, (x) are large enough.

In the case of a(x) = b(x) =1, Li and Wang [7] discussed the blow-up properties for this
system, and they proved that:

(i) If m,q <1, this system possesses uniform blow-up profiles.

(i) If m,q > 1, this system presents single point blow-up patterns.

Recently, Zhang and Yang [8] studied the problem of (1.1), but they only obtained the es-
timation of the blow-up rate, which is not precisely determined. In [9], the authors proved
there are initial data such that simultaneous and non-simultaneous blow-up occur for a
diffusion system with weighted localized sources, but they did not study the profile of
the blow-up solution. There are many known results concerning blow-up properties for
parabolic system equations, of which the reaction terms are of a nonlinear localized type.
For more details as regards a parabolic system with localized sources, see [10-14].

Our present work is partially motivated by [15-18]. The purpose of this paper is to de-
termine the blow-up rate of solutions for a nonlinear parabolic equation system with a
weighted localized source. That is, we prove that the solutions # and v blow up simultane-
ously and that the blow-up rate is uniform in all compact subsets of the domain. Moreover,
the blow-up profiles of the solutions are precisely determined.

In the following section, we will build the profile of the blow-up solution of (1.1).

2 Blow-up profile
Throughout this paper, we assume that the functions a(x), b(x), uo(x) and vo(x) satisfy the
following three conditions:
(A1) a(x), b(x), uo(x), vo(x) € C*(B); a(x), b(x), uo(x), vo(x) > 0 in B and
a(x) = b(x) = up(x) = vo(x) = 0 on 9B.
(A2) a(x), b(x), uo(x) and vy (x) are radially symmetric; a(r), b(r), uo(r) and vo(r) are
non-increasing for r € (0, R] (r = |x]).
(A3) uo(x) and vo(x) satisfy Aug(x) + a(x)ub(x)v*(0,t) > 0 and
Avp(x) + b(x)ug (x)v1(0,t) > 0 in B, respectively.

Theorem 2.1 Assume (Al), (A2), and (A3) hold. Let (u,v) be the blow-up solution of (1.1),
non-decreasing in time, and let the following limits hold uniformly in all compact subsets

of B:
(i) Ifp<l,gq<landaf >1-p)1-q), then

tim 14(x, )(T" ~ t)" = a(x) 0P Cy0° (o 10)P1eF-0-P1-a),
t—>T*

tim v(x, £)(T" - £)” = b(x)IP Cro (/o) *F-AP)0=0),
t—>T*
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where

O=(@+1-q)/(af-1-pA-9q), o=B+1-p)(af-1-p)1-7q)),

Ci = (a(0)b(0)) 7T (b(0)) 7, = ((0)b(0)) THET47 (a(0)) .

(i) Ifp<land q=1,then

1/p
0" = a9 (a (0))””1(—‘”’ 2) wey,

thTl* (e, (1" - 1+p
lim ve, 0)(T" 1) o0 = (a(0)) @0 (1) " H0 ( 1+ 8- p) L0y
T+ - B ab(0)
(iti) Ifp=1and q =1, then
_ L 1\
tl_l)nTl* u(x, t)(T - t) pa0) = (m> '
| w1\
(iv) Ifp=1and q <1, then
lim s, (T — 1) 50 = ((0)) 740 (1/cc) " eitd) (1 it q) Ead
s AT Ba(0) ’

1/
- t)lloz _ b(x)l/(l_q) (b(o))l/q—l( ,Bﬂ((i)q> (l/a)l/ﬁ.

li S OT
A s 0 Tva

Throughout this section, we denote

a® =00,  GiO)-= /0 a®)ds,  @O=0,0,  Galt)= /0 2(s)ds.

Lemma 2.1 Assume that (u,v) is the positive solution of (1.1), which blow up in finite

time T*. Let p <1 and q <1, then
lim g1(¢) = lim Gy(¢) = oo, lim g () = lim Ga(¢) =
t—>T* t—>T* t—>T* t—T*

Proof First we claim that lim,_, 7+ G2(£) = oo. Since u(0, t) = maxgq u(x, t), we have

1:(0,2) < a(0)u” (0, £)g2(2).

By integrating the above inequality over (0, t), we get

u'?(0,t) < (1 - p)a(0) / g(s)ds + u%)_p(O), ifp<l,
0

Inu(0,2) <a(0)Ga(t) + Inu(0), ifp=1
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From lim,, 7+ u(0,t) = oo, it follows that lim,_, 1+ Go(t) = co. Applying similar argu-
ments as above to the equation of v in system (1.2), it is reasonable that lim,_, 7+ g1(¢) =
lil’l’lt_>T* Gl(t) = 0Q. O

The following lemma will play a key role in proving Theorem 2.1, which will give the

relationships among u, v, G1(t), and G(t).

Lemma 2.2 Under the conditions of Theorem 2.1, the following statements hold uniformly
in any compact subsets of B:
(i) p<landq<]l,then

Ul (x, t) v (x, )
lim ———~ =(1- , i = (1-g)b(x).
dm @ U paw, lim e = (- 9bk)
(i) p=1andq<1, then
Inu(x,t) . V(x,t) _
v rexra a(x),  lim ACE (1 - q)b(x).
(iti) p=1and q=1, then
In u(x, t) B . Inv(x, 1) _
M ee S Mgy T
(iv) p<landq=1,then
uP(x,t) Inv(x, t)
AR TG DR im ey 2t

Proof (i) When p <1 and g < 1. A simple computation shows that

dul?

L;t =AUt + p(1 - pu™P|Vu* + (1 - plalx)g(t), x€Q,0<t< T, (2.1)
davi=r

e AV 4 g1 - v Vul* + (1 - 9)bx)gi(t), x€Q,0<t< T, (2.2)

and the initial and boundary conditions are given by

W P(x,t) =v"9(x,t) =0, xe€dB,t>0,
u?(x,0) = u})—p(x), v 4(x,0) = Vé_q(x), x € B.

Denote 1, the first eigenvalue of —A in Hj(B) and by ¢(x) > 0 and ¢(x) > O the corre-
sponding eigenfunction, normalized by [, a(x)¢(x) dx =1 and [, b(x)¢(x) dx = 1.

Multiplying both sides of (2.1) and (2.2) by ¢ and ¢, respectively, and integrating over
B x (0,t), we have, for 0 <t < T*

t
/ul_pgodx—/uéfpwdx:—kgf /ul_pwdxds
B B o JB

t
+ / f p(L= PP [Vulp dxds + (1 - p)Gald),
0 B
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t
/vl‘pq&dx—/vé_pqﬁdx:—sz /Vl‘p¢>dxds
B B o JB

+/t/p(1—p)v1’1|Vv|2¢dxds+(1—p)G1(t).
o JB

We claim that lim;_, 7+ (0, £)/g5(£) = 0 and lim;_, 7+ v'~2(0, £)/g,(¢) = 0. In fact, we have
u:(0,1) < u?(0,£)v*(0, 1), for 0 < t < T* that is,
u?(0,t)

lim sup

Jm, T(t) < (1-p)a(0). (2.3)

Since g, (¢) is non-decreasing, it follows that for all ¢ > 0,

A O L
P10 B ()

’

and using lim;_, 7+ g () = 0o, we deduce that lim,_, 7« G, (t)/g2(¢) = 0, so that (2.3) implies
lim,_, 7+ u* (0, t)/g2(t) = 0. By a process analogous to above, we arrive at lim,_. 7+ v} 7(0, £)/
&) =0.

Analogous to the proof of Theorem 2.2 in Ref. [18], it can be inferred that

. foV e dx -

1-p d
Joweds | (-9 (2.4)

im m
=T Gy(?) =T G(2)
From (2.1) and (2.2), we know (!, v'79) is a sub-solution of the following problem:

D - Aw+(1-plax)g(t), xeB0<t< T
L - Az +(1-q)bX)g(t), x€B0<t<T*

(2.5)
w(x, t) = z(x,t) =0, x€dB,t>0,
w(x,0) = u(l)_p(x), z(x,0) = vé_q(x), x € B,
Equation (2.5) and Lemma 2.1 assert that
w(x, t) .z t)
=(1-plalx), =(1-¢g)b(x), (2.6)

1 Golf) 1 Gy(f)

uniformly in all compact subsets of B.
The rest of the proof of case (i) is similar to Lemma 2.2(i). Cases (ii), (iii), and (iv) can be
treated similarly. Now we prove Theorem 2.1 by using Lemma 2.2. O

Proof of Theorem 2.1 (i) If p <1 and g < 1. By Lemma 2.2(i), we know that for choosing
positive constants § < 1 < 7, there exists ¢y < T* such that

(31 -pa0G0)""? < G(1) < (r(1 - Pa(0)G: )", te[to, T?),

(31 - b(0)G )" < Gy(®) < (1 - PbO)GI(®) "™, t € [t0, T*).

Therefore,

(61 -pa0)G )P _dGi(t) _ (t(1-p)a(0)Ga(e)* "

(t(1 - g)b(0)G1())*/0-D = dG,(£) ~ (8(1 - @)b(0)Ga(8))*/1-0) 27
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From the right-hand side of (2.7),
a/(1-q) B/(1-p) *
(8(1-g)b(0)Gi(9)) dGy(t) < (v(1 - p)a(0)Ga(2)) dGy(t), te[to, T*).
Integrating the above inequality over [0, t) yields

(1-g)(8(1 - g)b(0))*/1-4) GlLre-al0-0) ) t
l+ta—-q !

to
- (1-p)(z(1 - p)b(0))P/1-P GUB-P)-p)
= 2

1+B8-p
- (1-p)(z(1 - p)b(0))/1-» GUHPI0P)
- 1+8-p 2 )

t

(t)

to

(2.8)

Since lim,_, 7+ G;(¢) = 0o and g < 1, for any constant 0 < ¢ < 1, there exists £y : tp < < T*
such that G(11+a7q)/(17q)(t0) <(@1- s)Gﬁlqu)/(l*q)(t) for t € [£y, T*). Hence, from (2.8) it can
be deduced that for ¢ € [fy, T*),

S(Sb( ))a/l q(1+/3 p)((l q)Gl(t)) (1+a—q)/(1-q)

/(1- 1+8-p)/(1-
< (za(0)"" W+ 0 - @) (1 - p)Ga(e) TP (2.9)
By an argument similar to above, there exists fy < T* such that £, < £ < T*,

8(561(0))/3/(1_17)(1 +0— q)((l —p)Gz(t))(1+“"q)/(l‘q)

< (eb(0))"" (1 + B - p)((1 - )Gy () TV, (2.10)

Set t* = max{f, £y}, then (2.9) and (2.10) hold simultaneously for all ¢ € [t*, T*). Next we
choose {8;}75, {e:}25, {1}, satisfying 0 < §;,&; <1 and t; > 1 with §;,&;,7; — 1 as i — oo.
Let t* < T* such that (2.9) and (2.10) hold for ¢} <t < T*. From Lemma 2.2(i), it follows
that for such sequences {§;}5, and {7;}{5, there exists {£;} : t; < T* with ¢; — T, as

i — oo such that
(6:1 - p)a(0)Gx(1)"" ™ < G,(1) < (1 - Pa)Go0) 7, e[, T7).  (211)
Taking T; = max{¢/, t;}, in terms of (2.9), (2.10), and (2.11), we deduce that for T <t < T*

G,(t) > (8:(1 = p)a(0)Gy(8))" "7

> (8:6(0))° ”)(MES;) _puw(sia/e)%((l—q)Gl(t))%, 2.12)

2
6

/37
sz(0)> T-p)(+A—p) (o /gie)% ((1 ~9)G, (t)) %—q), (2.13)

610 = (b(o) 0 (120

where C = (a(0)/b(0))"" ™.
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Since 1—B60/(oc(1 —¢q)) = -1/(6(1 - ¢)) < 0 and lim,_, 7+ G, (¢) = oo, integrating (2.12) and
(2.13) over (t, T*) we have, for T < t < T*,

1/o(1-q

Do (016) T < (T — 1) (1 - pGi(0)“ Y < dlo (0 16) ™7, (2.14)

where

2

B/(1-p) ) _ﬂf
d; = a(0) (8:b(0)) s ((8:ib(0) | TPEF=P) (si)“g—P,
7;a(0)

ﬁZ

(0) Bl/(1-p) 80 :b(0)\ THTFH s
D, = <a_) (r,-b(O)) o(l-9) (;a(o)) (&) TF7.

Clearly,

2

8
a(0) B/(1-p) 50/ p(0) T-T+E-2)
d,,D; b(0)) 7D | — , H€LT — L
~ (o) o (5) ween

By plugging i — oo into (2.14) we get
((1-9)Gi(8) " ~ Co7 (0/0) 1B~ 0PI (T* _ 1), (2.15)

where C; = (a(0)) 7(1717)(1&1)7% (b(0)) % + 7(171»(1@)% .

Applying a similar proof to the one above, we can conclude that
(1= @G (0))""™ ~ Cy6° (5 10)PIeb-0-PN0-0 (T _ 1), (2.16)

where C, = (b(0)) = e (a(o))%"u—p)ua—m—aﬁ,
According to Lemma 2.2(i), (2.15), and (2.16), it follows that uniformly in all compact
subsets of B

tim 14(x, £)(T" ~ t)" = a(x) 0P Cy0° (o 10)P1eF-0-P1-a),
t—>T*

tim v(x, £)(T" - 1)” = b(x)" P Cio” (/o) /b~ 1P0=0),
t—T*

The arguments of cases (ii), (iii), and (iv) are very similar to the above, we omit the details.
Therefore, we have completed the proof of Theorem 2.1. O
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