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1 Introduction

In this paper we investigate the following singular semilinear problem:

Lu—up =-pflx,u), x€, (1.1)
where
Lu =-Dy(p}”p}*ayDju) + bup, (1.2)

and  C RY is an open set (possibly unbounded).

In recent years, the existence and multiplicity of solutions for semilinear equations have
been extensively studied by many authors (see [1-11]).

In 2001, Shapiro [12] studied a series of eigenvalue problems of singular quasilinear el-
liptic and parabolic equations in weighted Sobolev spaces, he obtained many existence
results by using Galerkin method. Then Jia et al. continued to study the quasilinear el-
liptic equations (see [13—15]). However, their main results are only concerned with the
existence of solutions without considering multiplicity of solutions.

Motivated by previous work, the aim of this paper is to establish the existence of in-
finitely many solutions of the elliptic equations in weighted Sobolev spaces, by using the
Ekeland variation principle and the mountain-pass lemma.

We first assume that

(L-1) a;(x),b(x) € CO(Q) NLX(Q), pilx), px) € C°(Q), i,j=1,2,...,N.
(L-2) pi(x) >0, p(x) >0, Vx € 2, and there exists g9 > 0 such that b(x) > &g, Vx € Q.
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(L-3) [qpi<oo, [op<o0.
(L - 4) oli,«(x) = aﬂ(x), i,j =12,...,N.
(L-5) aj&&>aolg 2, a is a positive constant.

Let I' C 92 designate a fixed closed set (I" may be empty).
We introduce the pre-Hilbert space:
Cll,,p(Q,l") = {u e C'(Q)NCXHR) | u(x)=0,Yx F;f (|Diu|2p,» + sz) < oo},
Q
with the inner product

(U, V)pp = / (DiuD;vp; + uvp).
Q

Let H, ,(2,T') denote the Hilbert space completed by the norm |lul|,, = (u, u)}?ﬁ, L2(R)

denote the Hilbert space with the inner product (u,v), = fQ uvp.
Next, we define the two-form

L(u,v) = / }/2p}/2a,7DiuDjV +bpuv). (1.3)
Q

Definition 1.1 We say (£2,I") is a Vi -region if the following two facts obtain:

(VL —1) There exists a complete orthonormal system {¢,}32, in Lﬁ(Q), andm(fx e Q| ¢; =
0}) = 0. Also ¢, € H) ,(R2,T) N C*().

(VL —2) There exists a sequence of eigenvalues {1, }00; withO <23 <Xy <Az <+ <A, —
oo such that L(¢,,, v) = Ay (@, V), YV € H;,p(Q, ). Also ¢ >0 in Q.

Remark 1.1

hior = inf{L(w,u) | u € ViE, ull 2 = 1},

L(u,u) < Ak/ uw'p, ueVik>1,
Q

L(u,u) > k/(+1/ w*p, ue V,f‘,k >0,
Q

where Vi = span{g1, @2, ..., o}
Definition 1.2 We say (2,T") is a simple V-region if (2, ") is a V, -region and the follow-
ing four conditions are satisfied:

(SVE-1) Q=1 xQy x--+ X Q.

(SV1 - 2) Associated with each Q; there are positive functions p¥ and p} in C°(L) satisfying
Jo, Wi +p7) <00, fori=1,2,...,N.

(SVL=3) px)=pix)- - pyn) and

pi(x) = pf(x1) - - - pf g (im)p} ) pfq (i) - - - px(xN)

fori=1,...,N.
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(SVy —4) Foreach;(i=1,...,N),3h; CO(Q,-)ﬂLfﬁ(Q,-), for 2 < 6 < oo, with the property
that l

Y e CHR), W) <h©) IVl Vse s

where 4; is in L(;* (€2;) for 2 < 6, and also, to be quite explicit,

||W||127;f‘,p;* = /Q(P;k(&‘)hﬂ/(S)‘2 + p,-*lﬁz(S)).

In fact, there are many examples which use special functions to illustrate the V;-region
or the simple V -region (see [12]).

The weak solutions of (1.1) correspond to the critical points of the functional [, (u) :
H, ,(@,T) — R defined by

1 A
AWP—M%W——/%%+/FWWA weH' (@), (14)
2 2 Jo o 2

where F(x,5) € C}(Q x R,R) and F(x,s) = [, f (x,t) dt.
We define

i T* =liminf,_, .o F(x,s), St =limsup,_, ., F(x,5), (15)

T~ =liminf,_, _,, F(x,s), S™ =limsup,_, ., F(x,s).
Here, the above functions belong to L})(Q) and the limits are taken a.e. and uniformly in

x e Q.

As for f(x,s) and F(x,s), we make the assumptions as follows.

(F—1) There exists a function k(x) > 0, k(x) € L})(Q), such that
‘ |lim flx,5) =0, |F(x,s)| <k(x), aexeQVseR.
s|—+00

(F-2) There exists a constant b; > 0 such that

-1
F(x,s) > %()\1 - Ap)s +191(/Q P) .

(F-3) [,S'p<0and [,Sp=<O0.
(F—4) There exists ty € R such that for the first eigenfunction ¢;

/F(x,togol)p<min{/ T*p,/ Tp}.
Q Q Q

(F=5) There exists tli € R such that for the first eigenfunction ¢;

/F(x,tliq)l)p<min{/ T*,o,/ T‘p}.
Q Q Q
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(F—6) There exist a € (0,1) and § > 0 such that

l-«o
2

F(x,s) > s, VxeQand|s| <.

(F'=1) Letn>2,f(x,—s) =—f(xs)ae.xeRN,VseR and

1
0> —F(x,s) >f(x,5)s, aexe RN, VseR.
n

(F'—2) There exists 1< 6 < % such that

Lf(x,s){ < C|s|9, ae.xeRY VseR

for some positive constant C.

(Fr—1) fm{w>0} Stp + fm{w<0} S p <0, for every w € V(rg), where V(At) denotes the
eigenspace associated with the eigenvalue Ax.

(Fr—2) Thereexist y € (%’( - ’\2—1, %k) and § > 0 such that

F(x,s) > ys*, VxeQand|s| <.

Remark 1.2 We must find the function F(x,s) satisfying (F — 1)-(F — 6). Let Q = (0, 7),
A1, and A; be the first eigenvalue and second eigenvalue of Laplacian eigenvalue problem
of homogeneous boundary condition on €2, and the first eigenfunction be ¢; = sinx. Let
F(x,s) = i(kz - )»1)(26*2 —1). For b =0, p =1, by simple calculation, if £, is large enough,
we find that F(x, s) satisfies (F — 1)-(F — 6).

On the other hand, if we take f(x,s) = —|s|*"'s, where 1 < k < ]‘N[—j, then f(x,s) satisfies
(F'—1)and (F' -2).

The main results of our paper are given by the following theorems.

Theorem 1.1 Let Q C RN be a domain satisfying the requirements of being a V-region.
Let ) = Ay in (1.1). Assume that F(x,s) € C{(Q x R, R). Furthermore, if the conditions (F - 1),
(F - 3), and (F — 4) are satisfied, then the problem (1.1) has at least one nontrivial solution
in H, ,(,T).

Theorem 1.2 Let Q@ C RN be a domain satisfying Vi -region. And A = A, in (1.1). Assume
that F(x,s) € CY(Q x R,R). Furthermore, if the conditions (F —1)-(F — 3) and (F - 5) are
satisfied, then the problem (1.1) has at least two nontrivial solutions in H;‘ ,(2,1).

Theorem 1.3 Let Q@ € R be a domain satisfying simple Vi -region, (a;) = E, and A = 1.
Assume that F(x,s) € C1(Q x R,R). Furthermore, if the conditions (F — 1), (F - 3), (F — 4),
and (F — 6) are satisfied, then the problem (1.1) has at least two nontrivial solutions in
H} (2,T).

Theorem 1.4 Let Q@ C RN be a domain satisfying simple Vi -region, (a;) = E, and X = Ay.
Assume that F(x,s) € C{(Q x R,R). Furthermore, if the conditions (F —1)-(F - 3), (F - 5),
and (F — 6) are satisfied, then the problem (1.1) has at least three nontrivial solutions in
H) (2,T).
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Theorem1.5 Let Q2 C RN be a domain satisfying simple Vi -region, ) < A and (a;) = E. As-
sume that F(x,s) € C'(Q x R, R). Furthermore, suppose the conditions (F' —1) and (F' - 2).
Then the problem (1.1) has infinitely many solutions in H;yp(Q, I).

Theorem 1.6 Let @ C RN be a domain satisfying simple V-region, (a;) = E. % = A
(k > 2). Assume that F(x,s) € CH(Q x R,R). Furthermore, suppose the conditions (F — 1),
(Fx — 1), and (Fy — 2). Then the problem (1.1) has two nontrivial solutions in H;,p(ﬂ, ).

The paper is organized as follows. In Section 2, we provide and establish some lemmas
which are necessary in the proof of our main theorems. In Section 3, we will prove Theo-
rem 1.1-Theorem 1.5. In the last section, we establish Lemma 4.1 and Lemma 4.2, and we
give the proof of Theorem 1.6.

2 Preliminary results
In this section, we prove some lemmas which will be used in the proof of our main theo-
rems. For simplicity, we denote I, (-) by I(-) in the following.

Lemma 2.1 Let L be defined as (1.2). Then

> L(u,u) > c1||ul|

2 2 1
CZHI/t”p,p = P’ Vuer,p(Q)F)

for some positive constants ci, c;.

To get Lemma 2.7 and Lemma 2.8, we first introduce a corollary of the Ekeland variation
principle (see [16], Theorem 2.4).

Lemma 2.2 Let X be a Banach space. Assume that E € C*(X,R) is bounded from below,
which satisfies the (PS). condition. Then c = inf,cx E(x) is a critical value.

Lemma 2.3 Assume that L is given by (1.2), and the assumptions (L — 1)-(L — 5) hold,
and that (2, 1) is a Vi -region. Then H;,p(Q, ") is compactly embedding in L/ZD. Moreover, if
(R,T) isasimple Vi -region and (a;) = E, then for N > 2, H;’p(Q, ') is compactly embedded
inlLh,2<0< 2

Proof See Lemma 2 and Theorem 9 in [12]. O

To establish the multiplicity of solutions for problem (1.1), we need to apply the following
fundamental theorem (see [17], Theorem 9.12).

Lemma 2.4 Let X be an infinite-dimensional Banach space and let E : X — R be contin-
uous, even and satisfying (PS). for every ¢ € R. Assume, also, that:
(1) There exist p >0, a > E(0), and a subspace V' C X of finite codimension such that

YueV: |ull=p = Eu) >«

(2) For every finite-dimensional subspace W,, C X, dim(W,,) = n, there exists R, > 0 such
that

VYue W, |ul=R, = E(u)<EQ).

Then there exists a sequence {h,} of critical values of E with h,, — +00c.
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Next, we describe some results under the geometry for functional 1.

Lemma 2.5 Under hypotheses (F — 1) and (F — 2), (,T") is a Vi -region, the functional 1
has the following saddle geometry for A = A;:

(1) I(u) = oo if |lullp,, — 00 with u € Vit.

(2) There is a € R such that I(u) < a, Vu € V7.

(3) I(u) > b, Vu € Vll, where by is given by (F - 2).

Proof (1) By Remark 1.1, we have

I(u) > %(1— i—;)L(u, u) + /QF(x,u)p

a M 2 1
> §<1— A—Z)Ilullp,p +/QF(x,u)p, ue V.

Using (F — 1), we have I(u) — oo, as ||ul|,, — oo.
(2) By a simple calculation, we get

I(u):/QF(x,u), ue V.

By using (F — 1) we have

I(u):/ﬂl—"(x,u)f/ﬂk(x)p.

So we choose a = [, k(x)p.
(3) By (F — 2) and Remark 1.1, we get

1 A
I(u)z—L(u,u)——z/u2p+b12b1, ‘v’ueVll,
2 2 Jq

the proof of this lemma is completed. d

Next, we will prove the Palais-Smale properties for the functional /. We recall that I :
E — R satisfies the Palais-Smale conditions at the level ¢ € R ((PS). in short). For any
sequence {/1,} C E such that

I(hy) — ¢, I'(h,)—0,

as n — 00, the sequence {/,} possesses a convergent subsequence in E. Moreover, we say
that I satisfies (PS) conditions when we have (PS), for all c € R (see [16]).

Lemma 2.6 Assume the condition (F — 1) holds, A = A1, and (Q,T") is a Vi-region.
Then the functional I has the (PS). conditions whenever ¢ < min{fQ T’f/o,fQ T p} or
c>max{f, S p, [, S P}

Proof We only prove the lemma for ¢ < min{ [, T* p, [, T~ p}. For the case ¢ > max{ [, $*p,
fQ S~ p}, we can use similar methods.

Page 6 of 14
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1. The boundedness of (PS) sequence.

If this is not the case, there exists a (PS), unbounded sequence {u,} € H;, ,(§2,T") such
that ¢ < min{ [, T*p, [, T~ p}. Without loss of generality, we may assume that, as n — oo,
the following expressions hold:

2441l .0 — 00, I(u,) — ¢, I'(u,) — 0.

Un

Define u,, = Tinlo

Hence by Lemma 2.3, there is an u € H;,p(Q, I') with the following
properties:
U, —uin H;,p(Q, ),
i, — 7in LX(Q),
U, — ua.e. in Q.
For any ® € H;,p(Q, I), it is obvious that

(F —1), we have

I'(uy)®
[l llp,p

— 0. By the convergence of {u,} and

L(#, ®) = Ay / udp.
Q

According to the definition of 1;, we obtain u# = £¢;. So, we suppose initially that 7 = ¢;.
Because ¢ > 0, it is obvious that u#,, — +00, a.e. x € Q as n — 00.
Hence, taking u, = t,¢, + w,, {t,} C R, {w,} C Vit, by Remark 1.1, we have

L) = %(1 - %)L(wn,wn) . /Q Flx,un)p. 2.1)

Since I(u,) — ¢, it can easily be concluded that the sequence {w,} is bounded. Because of
|le£,]| = o0, on a subsequence |¢,| — oo, without loss of generality, we assume ¢, — +o0.

Now, by the Holder inequality and (F — 1), we have

= C(/{;V‘(x’ un)’2p>2'

Thus, by applying the dominated convergence theorem, we conclude that

[t

lim [ f(xu,)w,0 =0. (2.2)
Q

n—0o0
On the other hand,
I'(up)wy = L(wy, @) —M/ wip + /f(x, U)Wy 0,
Q Q

by (2.2) and Remark 1.1, we obtain

— 0,

A
(1 - )\‘_1>L(a)mwn) =< |1/(un)wn| +
2

/Q S5 tn)onp

as n — 00. Therefore, due to Remark 1.1, we have

L(wy, wp) —)»1/ w2p— 0, asn— oo.
Q

Page 7 of 14
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Consequently, by virtue of Fatou’s lemma and assumption (F — 1), we get

¢ = lim (L(wy,,a)n)—)q/ a)ﬁp+/ F(x,u,,),o)
n—00 Q Q

Z/ T p,
Q

which contradicts with the condition ¢ < min{ fQ T p, fQ T~ p}. Hence, the (PS), sequence
of the functional 7 is bounded.
2. Various convergences of {u,}.
Since {u,} is a bounded sequence, there is an u € H;’ (€2, ") with the following proper-
ties:
u, — uin H;,p(Q, ),
Uy — uin L2(Q),
U, — ua.e. in Q.
3. {u,,} converges to u in H;,p(Q’ ).
From the definition of (PS), sequence, we have, as n — o0,

I'(u,)u = L(u,, u) - kl/

U up + /f(x, u,)up — 0,
Q Q

F(”n)”n = L(umun) - Al/ M%UO + /f(xr Mn)un:o — 0.
Q Q

By Fatou’s lemma and the above convergence of {u,}, it is easy to show that

funupefuzp,
Q Q

[ sssn — [ 0,
[ [
/Qf(x, Up)Unp —> fﬂf(x, u)up,

as n — 00. Hence, we get
L(uy,, u) — Al/ up — /f(x, u)up, asmn— oo, (2.3)
Q Q

L(”n; un) - )\1 /

up - /f(x, u)up, asmn— oo. (2.4)
Q Q

By the weak convergence, it follows that

L(uy,u) = L(u,u), asn— oo. (2.5)
By using (2.3), (2.4), (2.5), and a simple calculation, we obtain

L(u, —u,u, —u) —> 0, asmn— oo.

From Lemma 2.1, the proof is completed. d
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Lemma 2.7 Suppose that (F — 1) and (F — 6) are satisfied, » = A and (Q,T") is a simple

Vi -region. Then the origin is a local minimum for the functional I.

Proof From (1.4), it is easy to see that I(0) = 0. By (F — 6), we can choose g € (2, %) and

a constant C > 0 such that

l-«

F(x,s) > st =Clsl?, V(x,s) e QxR

Consequently, by Remark 1.1 and Lemma 2.3, we have

1 1
16) = S (- aarlul]}, =~ Cllul, = 70 -l lul,, <7,

where r is small enough and 0 < r < £y, £, is provided by (F — 4). Therefore the proof is
completed. d

To complete the mountain-pass geometry, we also need the following result.

Lemma 2.8 Let the hypotheses (F — 1), (F — 3), (F — 4), and (F — 6) hold, . = », and let
(2,T) be a Vi -region. Then there exists ug € H;,p(Q, ') such that I(uo) < 0 and ||\ugll,, > 7,
where r is given by Lemma 2.7.

Proof By (F —1) and (F — 4), we take uy = tyg; where £ is provided by (F — 4). Thus, we

obtain
1(toer) <min{/ T*,o,/ T,o} <max{/ S*,o,/ Sp} <0,
Q Q Q Q
and ||y ®; || = to. By Lemma 2.7, we have 0 < r < £, then the conclusion follows. O

Lemma 2.9 [fhypotheses (F 1), (F—3), and (F —4) are satisfied, . = .y and (,T) isa V-
region. Then problem (1.1) has at least one nontrivial solution ug € H;'p(Q, I'). Moreover,
uo has negative energy, i.e. I1(ug) < 0.

Proof By (F —1) and Remark 1.1, we have

1) > fg Flr,u)p > - /Q k(@)p.

Therefore, the functional I is bounded below. In this case, we would like to mention that
the functional I satisfies the (PS). conditions with ¢ = inf{I(}): h € Hll,’ ,(£2,1)}. To see this,
by Lemma 2.6, we take ¢, € R provided by (F — 4), we obtain

cf[(togol):/F(x,t0<p1)<min{/ T*p,/ Tp} <0.
Q Q Q

Consequently, applying Lemma 2.2 we have one critical point u, € HI; ,(€2,T) such that
I(ug) =inf{I(h): h e H;,p(Q’ ')} < I(to¢1) < 0. The proof of this lemma is completed. [

To prove Theorem 1.3, we establish the following lemma.
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Lemma 2.10 Assume that the conditions (F — 1), (F — 2), (F — 3), and (F — 5) are satisfied,
A=A and (R, T)isa Vi-region. Then the problem (1.1) has at least two nontrivial solutions
with negative energy.

Proof Define
M ={tp+o,t>0,0eVi"}, M ={tp+o,t<0,0eV]'}

We have dM* = M~ = Vi-. Hence, we minimizer the functional I restrict to M* and M~.

Firstly, we consider the functionals I~ = I|;+. By the assumption (F — 4), we have

¢t = inf{I*,h e E} < I* (1) = / F(xt@1)p
Q

<min{/ T*p,/ Tp} <0.
Q Q

By Lemma 2.6, I satisfy the (PS), conditions whenever ¢ < min{ fQ T*p, fQ T~ p}. There-
fore, we find that I* satisfy the (PS). conditions with ¢* = inf{I*(k): h € E}.

In this way, by using Lemma 2.2 for the functionals I* and I~, we obtain two critical
points denoted by 1§ and ug, respectively. Thus, we have ¢* = I (1) = infyepr+ {I(h)} and
¢ =1 (upy) = infep-{I(h)}.

Moreover, we affirm that u#§ and u, are nonzero critical points. Based on (F — 3) and
(F - 5), we obtain

Ii(uoi) §Ii(t1ig01) <min{f T*,o,/ T’p} <0,
Q Q

and [ is restricted to Vj- being nonnegative. More specifically, given w € Vi and (3) in
Lemma 2.5, we have

I(w) > b, > 0. (2.6)

Next, we prove that u§ and u; are distinct. The proof of this affirmation is by contra-
diction. If u§ = ug, then ug = uy € Vi-. By (2.6), we obtain (1) < 0 < I(u}). Therefore,
we have a contradiction. Consequently, we get u{ # u;. Thus the problem (1.1) has at least
two nontrivial solutions. Moreover, these solutions have negative energy. O

To prove Theorem 1.5, we need the following lemma. The proof is similar to that of
Lemma 2.6.

Lemma 2.11 Assume that the conditions (F' — 1) and (F' — 2) hold, ) < Ay, (a;) = E and
(2,T) is a simple Vi -region. Then functional I satisfies the (PS). conditions.

3 Proofs of Theorem 1.1-Theorem 1.5
In this section, we prove Theorems 1.1,1.2,1.3, 1.4, and 1.5.

Proofof Theorem1.1 ByLemma 2.9, we geta solution u, which satisfies () < 0. It follows
that the problem (1.1) has at least one nontrivial solution. The proof is completed. d
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Proof of Theorem 1.2 Using Lemma 2.10, we obtain two distinct critical points u§ and u;
such that I(u) < 0 and I(u;) < 0. Therefore, the problem (1.1) has at least two nontrivial
solutions. The proof is completed. d

Proof of Theorem 1.3 From Lemma 2.7 and Lemma 2.8, we know that the functional /
satisfies the geometric conditions of the mountain-pass theorem. Moreover, the functional
1 satisfies the (PS), conditions for all ¢ > 0. Thus, we have a solution u, € H;, ,(€2,T) given
by the mountain-pass theorem. Obviously, the solution u; satisfies I(u5) > 0.

On the other hand, by Lemma 2.9, we get another solution u, satisfying I(u) < 0. It
follows that the problem (1.1) has at least two nontrivial solutions. O

Proof of Theorem 1.4 The conditions (F — 1), (F — 3), (F —5), and (F — 6) imply that Lem-
ma 2.7 and Lemma 2.8 hold. Thus, we have one solution u, which satisfies I(u,) > 0.

On the other hand, using Lemma 2.10, we obtain two distinct critical points uoi such
that I (uoi) < 0. In other words, the problem (1.1) has at least three nontrivial solutions.
The proof is completed. d

Proof of Theorem 1.5 1Tt is easy to see that functional I is continuous and even. Moreover,
by Lemma 2.11, I satisfies (PS). condition for every ¢ € R. To prove Theorem 1.6, we only
need to test and verify the conditions (1) and (2) in Lemma 2.4.

1. By (F’ — 1) and Remark 1.1, we have

1 A
1w = - (1 - A—)qnun;p — Cllull%
1

Hence there exist 7 > 0 small enough and é > 0 such that /() > §, for |u||,, = r. That s to
say the condition (1) in Lemma 2.4 holds with V = H;, ,(82,T).

2. We verify the condition (2) in Lemma 2.4. Let W be a finite-dimensional subspace of
H}g,p(Q, I'). Let u € W such that I(x) > 0, i.e.

%L(u,u)—%/ﬂuzp +/QF(x,u),o > 0. (3.1)

By (F' —1), there exist m(x) € L*°(2) satisfying m(x) > 0 a.e. x €  and a positive constant
¢ such that

F(x,s) < —m(x)|s|" + cs®>, a.e.xec QandVseR.

The inequality (3.1) implies
orllul2, > f m)lul"p - ¢ / 2p. (32)
Q Q

Since (f, m(x)|u|”)% is a norm on W and W is finite-dimensional, then, by (3.2), there
exists ¢ > 0 such that ||u|,, < c||u||127,p. Since 1 > 2, we deduce that the set {u € W, 1(u) > 0}
is bounded in H;, ,(£2,T") and the condition (2) in Lemma 2.4 holds. O

4 Proof of Theorem 1.6
In this section, we consider the problem (1.1) in A = A. In order to prove Theorem 1.6, we
first establish the following lemmas.
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Lemma 4.1 Assume that the condition (F — 1) holds, and that (2,T) is a Vi -region.

Then the functional I satisfies the (PS). conditions whenever ¢ < inf,ey){ fm{

fm{w<0} T p}orc> SqueV(kk){an{wm Stp+ fm{w<0} S”p}.

}T*p+

>0

Proof We only prove the lemma for all ¢ < inwaV()»k){fm{wO] T p + fm{w<0} T~ p}. For the
case ¢ > SupweV(Ak){me{w>0} Stp + fQﬂ{w<0} S~ p}, we can use similar methods.

The boundedness of (PS), sequence.

Let us prove by contradiction. Suppose that there exists a (PS), unbounded sequence
{u,) € H;yp(Q, I') such that ¢ < infweV(lk){fm{w()} T p + me{w<0} T~ p}. For ease of nota-
tion and without loss of generality, we assume that

2]l 0 — 00, I(u,) — ¢, I'(u,) - 0, n— oo.
Define u, = ﬁ Hence by Lemma 2.3, there isan u € H}, (€2, ") with the following
nlip,p s
properties:
U, —~u inH, (QT), #,—>u inl(Q), @ —>u aeinQ
Forany ® H;,p(fz, I'), we have ﬂ;:ﬁ;q; — 0. By the convergence of {,} and (F — 1), we

have
L(u, @) = Ak/ udp.
Q

By the definition of A4, we obtain u € V(A). It is obvious that u,(x) — +00, x € {x € Q|
u(x) > 0} as n — 0o, and u,(x) > —00, x € {x € Q | u(x) < 0} as n — oo. By (V; — 1), we
have m({x € Q | u(x) = 0}) = 0.

Hence, we can take u, = wf}) + @n + a)ﬁ,z), where a)E,l) e Vi, ou € V(Ap), a)EE) e V. Lf) =
V1 ® V(&) @ Vi, Vi denotes the eigenspace associated to the eigenvalue A < A; and V;

denotes the eigenspace associated to the eigenvalue A > Ax. Set

By Remark 1.1, we have

~ . A A
I'(u,)u, zmm{—k —1,1- 2k
Ak-1 k+l

}L(un - @n’ Uy — (pn) + /S‘Zf(x’ un)’lznp'

Hence, by Lemma 2.1, we get

~ 1
L(tty = Quy thy — @) < C””n”p,p < C-L2(uy — Quy Uiy — Pn)s

and u, — ¢, is bounded in H;,p(Q, T), ie, o + o is bounded in H;,p(Q' I'). Letting

1 2
Wy = wﬁ,) + wi, ), one has

I,(un)wn = L(wn: wn) - }‘k/ a)i,O + /f(x: un)wnp'
Q Q
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By (F — 1), the Holder inequality, and the Lebesgue dominated theorem, it is easy to show

ff(x, Uy)w,p — 0, asun— oo.
Q

Since I'(#,) — 0 and w,, is bounded in H;’p(Q, I'), we have I'(4,,)w,, — 0 and
L(wy, wy,) — Ak/ a)ﬁp — 0, asn— 0. (4.1)
Q

Consequently, by virtue of Fatou’s lemma, (4.1) and (F — 1), we have

cg/liminfl—"(x,u,,)p:/ T*p+/ T p,
Q "o QN{7>0} QN{7<0}

which contradicts with the condition ¢ < infweV(kk){me(w()} T*p + fm{w<0} T~ p}. Hence,
the (PS), sequence of the functional / is bounded.
We can argue as the proof of Lemma 2.6, so the proof has been completed. O

Lemma 4.2 Suppose that (F — 1) and (Fy — 2) are satisfied, (2,T") is a simple Vi -region
and (a;) = E. Then the origin is a local minimum for the functional I.

2N

Proof By (Fx —2), we can choose g € (2, 5~7) and a constant C > 0 such that

F(x,s) > ys* = Cls|?, V(x,s)e QxR

Consequently, by Remark 1.1 and Lemma 2.3, we have

1 2y A )
Iw>-(1+=2-=2 )
(u) = 4< o M)ﬁllullp,p

lll,p < r, where r is small enough. Therefore the proof is completed. O

Proof of Theorem 1.6 Since

o) < On — )= + [ ko= o,
2 Ja
as t — 00, we can choose t* > 0 and ¢~ < 0, satisfying ||t* @15, > r and ||£"¢1]l,,, > 7 such
that I(t*¢1) < 0 and I(t"¢1) < 0, where r is given by Lemma 4.2.

On the other hand, since ¢; > 0, weknow t*¢; >0and t ¢, <0.LetP, = {u € H;’p(Q, )|
u>0}and P_={u e H;’p(Q, ') | u < 0}. Consider the functionals I*, which are the re-
strictions of I on P.. By Lemma 4.1 and (F; — 1), for ¢ > 0, we get I satisfying (PS), con-
ditions. So by the mountain-pass lemma, we get two critical points z* € Py. It is obvious
that z* # 0. The proof has been completed. d
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