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Abstract
In this paper, a new sufficient condition of the existence and uniqueness of the
second order elliptic boundary value problem is given by using the basin of
attraction. Some known existent results on the existence of solutions of the nonlinear
elliptic equation are generalized.
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1 Introduction
We will study the existence of solution for the second order elliptic equation

�u = f (x,u), (.)

where � denotes the n-dimensional Laplacian.
In , Elcrat [] derived an a priori estimate for the elliptic operator Lu defined by

Lu = aijuxixj + aiuxi – au

and applied the result in the semilinear elliptic equation

Lu = aijuxixj + aiuxi = f (x,u) (.)

to obtain the following existence theorem.

Theorem . [] Suppose that f satisfies the hypotheses of [, Lemma ] and that
() inf f ′

u ≥ √
λS – λν + ε, ε > ;

() f ′
u = O(u).

Then there is a unique solution of the equation Pu = Lu – f (x,u) =  in W 
,(�), where ν

is a positive constant, S = sup |ai – (aij)xj |, λ will be explained by the following paper.

Comparing (.) with (.), we have aij = , ai = , then (.) becomes (.), and Theo-
rem . can be expressed.

Corollary . [] Suppose that f satisfies the hypotheses of [, Lemma ] and that

© 2014 Feng; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly credited.

http://www.boundaryvalueproblems.com/content/2014/1/190
mailto:fengyq@czu.cn


Feng Boundary Value Problems 2014, 2014:190 Page 2 of 7
http://www.boundaryvalueproblems.com/content/2014/1/190

() inf f ′
u ≥ –λ;

() f ′
u = O(u).

Then there is a unique solution of the equation Pu = �u – f (x,u) =  in W 
,(�).

In this paper, we will give a new set of sufficient condition for the existence and unique-
ness of the second order elliptic equation (.), to which Section  is devoted. In our main
Theorem ., we replace Elcrat’s condition () by the condition
() for any u ∈W 

,(�),
∫ +∞


ds
+N(s)+Q(s)N(s) = ∞, where

N(s) = sup‖u‖≤s ‖[�u – f ′
u(x,u)]–‖, Q(s) = sup�×R f ′

u(x,u) and Theorem . is a
corollary of our main theorems.

Our proofs are different from the proofs given by Elcrat []. In Section  some functional
analytic preliminaries are stated and some inequalities are derived in Section , which are
useful for the proofs of our main theorems.

2 Preliminaries
We denote by X, Y Banach spaces, D an open connected subset of X. The following the-
orems will be employed to prove our main theorems.

Theorem . [] Let f : D ⊂ X → Y be a C mapping and a local homeomorphism, let
x ∈ D. Then for any x ∈D, the path-lifting problem

{
f (γx(t)) = f (x) + e–t(f (x) – f (x)), t ∈ R,
γx() = x, γx(t) ∈D

(.)

has a unique continuous solution t → γx(t) defined on the maximal open interval Ix =
(tx– , tx+), –∞ ≤ tx– , tx+ ≤ +∞. Moreover, the set {(x, t) ∈ D × R : t ∈ Ix} is open in D × R
and the mapping (x, t)→ γx(t) is continuous.

Definition . [] In the setting of Theorem ., the basin of attraction of x is the set

A =
{
x ∈D : tx+ = +∞, lim

t→+∞γx(t) = x
}
.

Theorem . [] Let f : X → Y be a local homeomorphism. Then f is a global homeomor-
phism of X onto Y if and only if γx(t) is defined on R for all x ∈ A, namely, γx(t) can also be
extended to –∞.

3 Main theorems
Consider the second order elliptic boundary value problem

{
�u = f (x,u),
u(x) = , x ∈ ∂�,

(.)

where f (x,u) is measurable in x for all u and has continuous partial derivatives in u for
almost all x.
We assume that � is a bounded domain in Rn with piecewise smooth boundary ∂G

whose principal curvatures are bounded, and we assume that the function u has square
summable second derivatives on the domain �.
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We will first study the action of the differential operator L

Lu = �u – a(x)u (.)

on the classW 
,(�), whichmay be defined as the closure of functions inC(�̄) that vanish

on ∂G, where a(x) is for the bounded measurable functions defined in �.
With the above assumption L may be thought of as a linear operator mapping W 

,(�)
into L(�). LetW 

,(�) be the Hilbert space with the norm

(‖u‖
) =

∫

�

(
u + |∇u| + ∣

∣Du
∣
∣
)
dx,

where |Du| denotes the sum of the squares of the second derivatives.
Our goal is then to establish an inequality of the form

‖u‖ ≤ C
(‖u‖ + ‖�u‖

)

for u in W 
,(�). In order to obtain the desired results we will make use of the lowest

eigenvalue λ for the Laplacian with homogeneous boundary conditions on �, which is
given by

λ = inf

∫
�
(∇u)

∫
�
u

, (.)

where the infimum is taken over u inW 
 (�).

Let

m = inf
x∈�

a(x).

Corollary . If infx∈� a(x) > –λ, then the inequality

‖u‖ ≤ C
(‖u‖ + ‖�u‖

)

holds, where C = ( ε
 + λ + 

ε
+ )/.

Proof From [, Chapter , Section ], we have

∫

�

∣
∣Du

∣
∣ dx ≤

∫

�

(�u) dx,

then for any ε > , we can get

∫

�

(∇u) dx +
∫

�

au dx ≤ –
∫

�

uLudx ≤ ε



∫

�

u dx +

ε

∫

�

(Lu) dx,

∫

�

(∇u) dx +
∫

�

au dx ≤
(

ε


+

ε

)∫

�

u dx +

ε

∫

�

(�u) dx,
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if –λ <m < , and from (.), it follows that

∫

�

(∇u) dx – λ

∫

�

u dx ≤
(

ε


+

ε

)∫

�

u dx +

ε

∫

�

(�u) dx,

∫

�

(∇u) dx ≤
(

ε


+

ε
+ λ

)∫

�

u dx +

ε

∫

�

(�u) dx.

So

(‖u‖
) =

∫

�

(
u + |∇u| + ∣

∣Du
∣
∣)dx

≤
(

ε


+  + λ +


ε

)∫

�

u +
(

ε
+ 

)∫

�

(�u)

and ifm ≥ , then

∫

�

(∇u) dx ≤
(

ε


+

ε

)∫

�

u dx +

ε

∫

�

(�u) dx.

So

(‖u‖
) =

∫

�

(
u + |∇u| + ∣

∣Du
∣
∣)dx

≤
(

ε


+  +


ε

)∫

�

u +
(

ε
+ 

)∫

�

(�u).

Set C = ( ε
 + λ + 

ε
+ )/, we have

‖u‖ ≤ C
(‖u‖ + ‖�u‖

)
.

The corollary is proved. �

We express (.) in the form

P(u) = �u – f (x,u)

and (.) is equivalent to the operator equation

P(u) = , u ∈ W 
,(�).

For any u,φ ∈W 
,(�), we have

P′(u)(φ) = �φ – f ′
u(x,u)φ.

Now, we will show our main theorems.

Theorem . Suppose
() inf�×R f ′

u > –λ;
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()

for any u ∈W 
,(�),

∫ +∞



ds
 +N(s) +Q(s)N(s)

= ∞ holds, (.)

where Q(u) = sup�×R f ′
u(x,u), N(u) = sup‖[�u – f ′

u(x,u)]–‖.
Then there is a unique solution of the equation

P(u) = 

in W 
,(�).

Proof The condition inf�×R f ′
u(x,u) > –λ implies that zero is not an eigenvalue of �φ –

f ′
u(x,u)φ = , so for every u ∈ W 

,(�), the operator P′(u) = �u– f ′
uI is invertible and P is a

local homeomorphism fromW 
,(�) onto L(�), where I denotes the identical operator.

Denote [� + f ′
u(x,u)I]–ϕ = ψ . From Corollary ., we have

‖ψ‖ ≤ C
(‖ψ‖ + ‖�ψ‖

)
= C

(∥
∥
[
� – f ′

u(x,u)I
]–

ϕ
∥
∥ +

∥
∥�

[
� – f ′

u(x,u)I
]–

ϕ
∥
∥
)

≤ C
(
N

(‖u‖)‖ϕ‖ + ‖ϕ‖ + ∥
∥f ′

u(x,u)
∥
∥
∥
∥
[
� – f ′

u(x,u)I
]–

ϕ
∥
∥
)

≤ C
(
N

(‖u‖)‖ϕ‖ + ‖ϕ‖ + sup
∥
∥f ′

u(x,u)
∥
∥N

(‖u‖)‖ϕ‖)

≤ C
(
N

(‖u‖)‖ϕ‖ + ‖ϕ‖ +Q
(‖u‖)N(‖u‖)‖ϕ‖).

So we obtain

∥
∥P′(u)–

∥
∥ =

∥
∥[

� – f ′
u(x,u)I

]–∥∥ ≤ C
(
 +N

(‖u‖) +Q
(‖u‖)N(‖u‖)).

Consider the path-lifting problem for the mapping P:

{
P(γu(t)) – P(u) = e–t(P(u) – P(u)),
γu() = u.

It is clear that

γ ′
u(t) = –

[
P′(γu(t)

)]–e–t
(
P(u) – P(u)

)
.

Then

∥
∥γu(t) – γu()

∥
∥ =

∥
∥
∥
∥

∫ t


γ ′
u(t)dt

∥
∥
∥
∥ ≤

∫ t



∥
∥γ ′

u(t)
∥
∥dt

=
∫ t



∥
∥[
P′(γu(t)

)]–e–t
(
P(u) – P(u)

)∥∥dt

≤ C
∫ t



∣
∣ +N

(
γu(t)

)
+Q

(
γu(t)

)
N

(
γu(t)

)∣
∣e–t

∥
∥P(u) – P(u)

∥
∥dt,

∥
∥γu(t)

∥
∥ ≤ ∥

∥γu()
∥
∥ +C

∫ t



∣
∣ +N

(
γu(t)

)
+Q

(
γu(t)

)
N

(
γu(t)

)∣∣e–t
∥
∥P(u) – P(u)

∥
∥dt.
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Using the Gronwall inequality, we have

∫ ‖γu(t)‖

‖γu()‖
ds

 +N(s) +Q(s)N(s)
≤ C

∫ t


e–t

∥
∥P(u) – P(u)

∥
∥dt ≤ C

∥
∥P(u) – P(u)

∥
∥,

which, together with (.), implies ∃M > 

∥
∥γu(t)

∥
∥ ≤ M, t > .

By Theorem ., now we need only show that γu(t) can be extended to –∞.
Let g(–t) = γu(t), t ∈ (b, ], b < . Then for t, t ∈ (b, ]

∥
∥γu(t) – γu(t)

∥
∥ =

∥
∥g(–t) – g(–t)

∥
∥ =

∫ –t

–t

∥
∥g ′(s)

∥
∥ds

=
∫ –t

–t

∥
∥P′(γu(t)

)–∥∥es
∥
∥P(u) – P(u)

∥
∥ds

≤ C
∫ –t

–t

∣
∣ +N(M) +Q(M)N(M)

∣
∣es

∥
∥P(u) – P(u)

∥
∥ds

≤ C
(
 +N(M) +Q(M)N(M)

)
eb

∥
∥P(u) – P(u)

∥
∥|t – t|.

So γu(t) is Lipschitz continuous on (–b, ] and γu(t) can be extended to –∞, that is to say,
P is a diffeomorphism fromW 

,(�) to L(�) and the theorem is proved. �

Corollary . Assume that f satisfies:
() inf�×R f ′

u > –λ;
() Uniformly in x, ‖f ′

u‖ ≤ ω(‖u‖), where ω is a continuous map satisfying

∫ ∞

a

dt
ω(t)

= ∞. (.)

Then there is a unique solution of (.) in W 
,(�).

Proof We have from Theorem  in []

∥
∥
[
P′(u)

]–∥∥ ≤ α sup
�

∣
∣f ′
u
(
x,u(x)

)∣
∣ + β

for positive constants α, β .
From (.),

∫ ∞

c

dt
α sup |f ′

u| + β
= ∞.

By Theorem ., there is a unique solution of (.) inW 
,(�). �

Corollary . (Elcrat) Suppose that P is given by Pu = �u – f (x,u), that f satisfies
() inf�×R f ′

u > –λ, () ‖f ′
u‖ = O(‖u‖), uniformly in x.

Then there is a unique solution of the equation Pu =  in W 
,(�).
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Proof Condition () implies that
∫ ∞
a

dt
ω(t) = ∞ holds. The result of Elcrat in [] becomes a

special case of Theorem .. �
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