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Abstract
In this paper, we study the following fourth-order elliptic equations of Kirchhoff type:
�2u – (a + b

∫
R3 |∇u|2 dx)�u + V(x)u = f (x,u), in R3, u ∈ H2(R3), where a,b > 0 are

constants, we have the potential V(x) : R3 → R and the nonlinearity
f (x,u) : R3 × R→ R. Under certain assumptions on V(x) and f (x,u), we show the
existence and multiplicity of negative energy solutions for the above system based
on the genus properties in critical point theory.
MSC: 35J20; 35J65; 35J60

Keywords: fourth-order elliptic equations of Kirchhoff type; genus theory;
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1 Introduction andmain results
Consider the following fourth-order elliptic equations of Kirchhoff type:

⎧
⎨

⎩

�u – (a + b
∫
R |∇u| dx)�u +V (x)u = f (x,u) in R,

u ∈H(R),
(.)

where a, b are positive constants.We assume that the functionsV (x), f (x,u), and its prim-
itive F(x,u) :=

∫ u
 f (x, s)ds satisfy the following hypotheses.

(V) V (x) ∈ C(R,R) satisfies infx∈R V (x) = a > .
(f) f (x,u) ∈ C(R × R,R), and there exist  < p < q <  and positive functions

b ∈ L


–P (R,R), b ∈ L


–q (R,R) such that

∣
∣f (x,u)

∣
∣ ≤ (p + )b(x)|u|p + (q + )b(x)|u|q.

(f) There exist a nonzero measure open set J ⊂ R and three constants α,β > , and
 < ν <  such that

F(x,u)≥ β|u|ν , ∀(x,u) ∈ J × [–α,α].

(f) f (x, –u) = –f (x,u), ∀(x,u) ∈ R × R.
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(f) There exist a nonzero measure open set J ⊂ R and three constants α,β >  and
 < ν <  such that

uf (x,u)≥ β|u|ν , ∀(x,u) ∈ J × [–α,α].

The problem (.) is a nonlocal problem because of the appearance of the term
∫
R |∇u| dx which provokes some mathematical difficulties. This makes the study of (.)
particularly interesting.
Let V (x) = , replace R by a bounded smooth domain � ⊂ RN and set u = ∇u =  on �,

then problem (.) is reduced to the following fourth-order elliptic equations of Kirchhoff
type:

⎧
⎨

⎩

�u – (a + b
∫
�

|∇u| dx)�u = f (x,u), x ∈ �,

u = , ∇u =  on �,
(.)

which is related to the following stationary analogue of the equation of Kirchhoff type:

utt +�u –
(

a + b
∫

�

|∇u| dx
)

�u = f (x,u) in �, (.)

where � is the biharmonic operator. In one and two dimensions, (.) is used to describe
some phenomena appearing in different physical, engineering and other sciences because
it is regarded as a good approximation for describing nonlinear vibrations of beams or
plates (see [, ]). By using the fixed point theorems in cones of ordered Banach spaces,
Ma [] considered the existence and multiplicity of positive solutions for the fourth-order
equation:

⎧
⎨

⎩

u′′′′ –M(
∫ 
 |u′| dx)u′′ = q(x)f (x,u,u′),

u() = u() = u′′() = u′′() = .
(.)

Recently, by the variational methods, Ma and Wang etc. studied (.) and the following
fourth-order equation of Kirchhoff type:

⎧
⎨

⎩

�u –M(
∫
�

|∇u| dx)∇u = f (x,u) in �,

u = ∇u =  on ∂�

and obtained the existence andmultiplicity of solutions; see [–]. Very recently, Wang et
al. considered the existence of nontrivial solutions of (.) with one parameter λ in [] by
using the mountain pass techniques and the truncation method.
We note that problem (.) with a = , b = , and R being replaced by RN , reduces the

well-known fourth-order elliptic equations
⎧
⎨

⎩

�u –�u +V (x)u = f (x,u), x ∈ RN ,

u ∈H(RN ).
(.)

There are some results for (.). For example, see [–]. By the mountain pass theorem
and symmetric mountain pass theorem, Yin and Wu [] obtained infinitely many high
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energy solutions for problem (.) under the condition that f (x,u) is superlinear at infinity
in u. In order to overcome lack of compactness for the Sobolev’s embedding theorem in
the whole space RN case, they assumed that the potential V (x) satisfies

(V) V (x) ∈ C(RN , R) such that infx∈RN V (x) >  and for any M > , meas{x ∈ RN : V (x) ≤
M} < ∞.

Later, under the condition (V), Ye andTang [] obtained the existence of infinitelymany
large-energy and small-energy solutions, which unifies and improves the results in [].
They also considered the sublinear case. Very recently, Zhang et al. [] established the
existence of infinitely many solutions by using the genus properties. The solvability of
(.) without � has also been well studied by various authors (see [] and the references
therein).
Motivated by the above works described, the object of this paper is to study the exis-

tence and multiplicity solutions for a class of sublinear fourth-order elliptic equation of
Kirchhoff type by using the genus properties in critical theory. Our spirit is similar to [,
]. Our main results are the following.

Theorem . Assume that (V), and (f)-(f) hold, then the problem (.) possesses at least
a nontrivial solution.

Theorem. Assume that (V), and (f)-(f) hold, then the problem (.) possesses infinitely
many negative energy solutions.

Obviously, we see that (f) implies (f). Then we have the following corollary.

Corollary . Assume that (V), (f), and (f) hold, then the problem (.) possesses at least
a nontrivial solution. If additionally (f) holds, then the problem (.) possesses infinitely
many negative nontrivial solutions.

Remark . It is well known that assumption (V) implies a coercive condition on the
potential V (x), which was firstly introduced in [] and is used to overcome the lack of
compactness of embedding of the working space. In other words, under the weaker con-
dition (V), the Sobolev embedding is not compact, which is a difficulty wemust overcome.

Remark . The conditions (V) and (f)-(f) were introduced in [, ] to obtain the
existence of infinitely many solutions for fourth-order elliptic equations and sublinear
Schrödinger-Maxwell equations. An interesting question now is whether the same exis-
tence results occur to the nonlocal problem (.).Wenowgive a positive answer.Moreover,
let a = , b =  andR be replaced by RN in problem (.); wewill get themain results in [].

Remark . According to Theorem ., the nonlinearity can be allowed to indefinite sign-
changing. For example, let V (x) =  + 

+e|x| and f (x,u) =  cosxi
(+e|x|) |u|– 

 u+  sinxj
(+e|x|) |u|– 

 u, i, j =
, , , ∀(x,u) ∈ R × R, where x = (x,x,x)T . Obviously,

∣
∣f (x,u)

∣
∣ ≤ 

( + e|x|)
|u|  + 

( + e|x|)
|u|  , ∀(x,u) ∈ R × R,

F(x,u) =
cosxi
 + e|x| |u|  + sinxj

 + e|x| |u|  ≥ cos 
 + e

|u|  , i, j = , , ,∀(x,u) ∈ J × [–, ],
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where J = (, )× (, )× (, ), then (f), (f) and (f) are satisfied by choosing

p =


, q =



, b(x) =


( + e|x|)

, b(x) =


( + e|x|)
,

α = , β =
cos 
 + e

, ν =


.

To the best of our knowledge, little has been done for the existence of infinitely many
nontrivial solutions to problem (.) by using the genus properties in critical theory.
The outline of the paper is given as follows: in Section , we present some preliminary

results. The proofs of our main results are given in Section . Throughout this paper, C
denotes various positive constants.

2 Preliminaries
Let

H :=H(R) =
{
u ∈ L

(
R) : |∇u|,�u ∈ L

(
R)}

with the inner product and the norm

〈u, v〉H =
∫

R
(�u�v +∇u∇v + uv)dx, ‖u‖H = 〈u,u〉 


H .

Define our working space

E =
{

u ∈H :
∫

R

(|�u| + |∇u| +V (x)u
)
dx < +∞

}

with the inner product and norm

〈u, v〉 =
∫

R

(�u�v + a∇u∇v +V (x)uv
)
dx, ‖u‖ = 〈u,u〉 

 ,

where ‖·‖ is an equivalent to the norm ‖·‖H . Since the embedding E ↪→ Ls(R) (≤ s < ∗)
is continuous, there exists ηs >  such that ‖u‖Ls ≤ ηs‖u‖E , ∀u ∈ E.
We define the functional

I(u) =


‖u‖ + b



(∫

R
|∇u| dx

)

–
∫

R
F(x,u)dx, (.)

where F(x,u) =
∫ u
 f (x, s)ds. Then we have the following lemma.

Lemma . Under the conditions (V) and (f), I is of class C(E, R) and

〈
I ′(u), v

〉
=

∫

R

(�u�v + a∇u∇v +V (x)uv
)
dx + b

∫

R
|∇u| dx

∫

R
∇u∇vdx

–
∫

R
f (x,u)vdx (.)

for all u, v ∈ E. Furthermore, if u ∈ E is a critical point of the functional I , then u ∈ E is a
solution of the problem (.).
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Proof By (f), one gets

∣
∣
∣
∣

∫

R
F(x,u)dx

∣
∣
∣
∣ ≤

∫

R

∣
∣b(x)

∣
∣|u|p+ dx +

∫

R

∣
∣b(x)

∣
∣|u|q+ dx

≤ a–
p+


(∫

R

∣
∣b(x)

∣
∣


–p dx

) –p


(∫

R
V (x)u dx

) +p


+ a–
q+


(∫

R

∣
∣b(x)

∣
∣


–q dx

) –q


(∫

R
V (x)u dx

) +q


≤ a–
p+
 ‖b‖

L


–p
‖u‖+pL + a–

q+
 ‖b‖

L


–q
‖u‖+qL .

Thus, I is well defined on E. We now prove that (.) holds. For any u, v ∈ E and the func-
tion θ : R → (, ), it follows from (f) and the Hölder inequality that

∫

R
max
t∈[,]

∣
∣f

(
x,u(x) + tθ (x)v(x)

)
v(x)

∣
∣dx

=
∫

R
max
t∈[,]

∣
∣f

(
x,u(x) + tθ (x)v(x)

)∣∣
∣
∣v(x)

∣
∣dx

≤ C
∫

R

[
b(x)

(|u| + |v|)p + b(x)
(|u| + |v|)q]|v|dx

≤ C
[

a–
p+


(∫

R

∣
∣b(x)

∣
∣


–p dx

) –p


(∫

R
V (x)|u| dx

) p

(∫

R
V (x)|v| dx

) 


+ a–
p+


(∫

R

∣
∣b(x)

∣
∣


–p dx

) –p


(∫

R
V (x)|v| dx

) p+


+ a–
q+


(∫

R

∣
∣b(x)

∣
∣


–q dx

) –q


(∫

R
V (x)|u| dx

) q

(∫

R
V (x)|v| dx

) 


+ a–
q+


(∫

R

∣
∣b(x)

∣
∣


–q dx

) –q


(∫

R
V (x)|v| dx

) q+


]

≤ C
[‖b‖

L


–P

(‖u‖p + ‖v‖p)‖v‖ + ‖b‖
L


–q

(‖u‖q + ‖v‖q)‖v‖] < +∞. (.)

Combining (.) with (.) and the Lebesgue dominated convergence theorem, then

〈
I ′(u), v

〉
= lim

t→+
I(u + tv) – I(u)

t

= lim
t→+

{

〈u, v〉 + t

‖v‖ + b



[

t
∫

R
|∇v| dx + 

∫

R
|∇u| dx

∫

R
∇u∇vdx

+ t
∫

R
|∇u| dx

∫

R
|∇v| dx + t

∫

R
|∇v| dx

∫

R
∇u∇vdx

+ t
(∫

R
∇u∇vdx

)]

–
∫

R
f (x,u + θ tv)vdx

}

= 〈u, v〉 + b
∫

R
|∇u| dx

∫

R
∇u∇vdx –

∫

R
f (x,u)vdx. (.)
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Xu and Chen Boundary Value Problems 2014, 2014:212 Page 6 of 12
http://www.boundaryvalueproblems.com/content/2014/1/212

This implies that (.) holds. Next, we prove that I ′ is continuous. Let un → u in E. By the
embedding theorem, one has

un → u in Ls
(
R) for any s ∈ [, ∗) and un → u a.e. in R. (.)

Firstly, we show that

lim
n→∞

∫

R

∣
∣f (x,un) – f (x,u)

∣
∣ dx = . (.)

Otherwise, there exist ε >  and a subsequence {uni} such that

∫

R

∣
∣f (x,uni ) – f (x,u)

∣
∣ dx ≥ ε, ∀i ∈N . (.)

In fact, by (.), passing to a subsequence if necessary, it can be assumed that
∑∞

i= ‖uni –
u‖ <∞. Set ω(x) = (

∑∞
i= ‖uni – u‖)  , x ∈ R, then ω ∈ L(R). Obviously,

∣
∣f (x,uni ) – f (x,u)

∣
∣ ≤ 

∣
∣f (x,uni )

∣
∣ + 

∣
∣f (x,u)

∣
∣

≤ (p + )b (x)
(|uni |p + |u|p) + (q + )b(x)

(|uni |q + |u|q)

≤ Cb (x)
(|uni – u|p + |u|p) +Cb(x)

(|uni – u|q + |u|q)

≤ Cb (x)
(∣
∣ω(x)

∣
∣p + |u|p) +Cb(x)

(∣
∣ω(x)

∣
∣q + |u|q)

:= h(x) a.e. in R (.)

and
∫

R
h(x)dx =

∫

R
Cb (x)

(∣∣ω(x)
∣
∣p + |u|p)dx +

∫

R
Cb(x)

(∣∣ω(x)
∣
∣q + |u|q)dx

≤ C
[‖b‖

L


–p

(‖ω‖pL + ‖u‖pL
)
+ ‖b‖

L


–q

(‖ω‖qL + ‖u‖qL
)]

< +∞. (.)

It follows from (.), (.), and the Lebesgue dominated convergence theorem that (.)
holds. Secondly, set Ẽ = {u ∈ L(R) : ∇u ∈ L(R)} with the norm ‖u‖Ẽ =

∫
R |∇u| dx.

Then the embedding E ↪→ Ẽ is continuous. By the continuity of the embedding E ↪→ Ẽ
and the boundedness of {un}, one has

b
(∫

R
|∇un| dx –

∫

R
|∇u| dx

)∫

R
∇u∇vdx → , as n→ ∞. (.)

From (.), (.), and (.), we have

∣
∣
〈
I ′(un) – I ′(u), v

〉∣
∣

=
∣
∣
∣
∣

∫

R
�(un – u)�vdx +

(

a + b
∫

R
|∇un| dx

)∫

R
∇(un – u)∇vdx

+
∫

R
V (x)(un – u)vdx + b

(∫

R
|∇un| dx –

∫

R
|∇u| dx

)∫

R
∇u∇vdx

http://www.boundaryvalueproblems.com/content/2014/1/212
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–
∫

R

(
f (x,un) – f (x,u)

)
vdx

∣
∣
∣
∣

≤ C‖un – u‖‖v‖ +
∣
∣
∣
∣b

(∫

R
|∇un| dx –

∫

R
|∇u| dx

)∫

R
∇u∇vdx

∣
∣
∣
∣

+
∫

R

∣
∣f (x,un) – f (x,u)

∣
∣|v|dx = o(),

as n→ ∞, which implies the continuity of I ′. Furthermore, by standard arguments, we can
prove that u ∈ E is a solution of (.) if and only if u is a critical point of the functional I .
The proof is complete. �

In order to deduce our results, we need to quote a few results.

Theorem . ([]) Let E be a real Banach space and I ∈ C(E, R) satisfy the (PS)-condi-
tion. If I is bounded from below, then c = infE I is a critical value of I .
Let E be a Banach space, c ∈ R and I ∈ C(E, R). Set

 =
{
A⊂ E \ {} : A is closed in E and symmetric with respect to 

}
,

Kc =
{
u ∈ E : I(u) = c, I ′(u) = 

}
, Ic =

{
u ∈ E : I(u) ≤ c

}
.

Definition . ([]) For A ∈ , we say genus of A is n (denoted by γ (A) = n) if there is
an odd map ϕ ∈ C(A, Rn \ {}) and n is the smallest integer with this property.

Theorem . ([]) Let I be an even C functional on E and satisfy the (PS)-condition. For
any n ∈N , set

n =
{
A ∈  : γ (A) ≥ n

}
, cn = inf

A∈n
sup
u∈A

I(u).

() If n �= ∅ and cn ∈ R, then cn is a critical value of I .
() If there exists r ∈ N such that cn = cn+ = · · · = cn+r = c ∈ R and c �= I(), then

γ (Kc) ≥ r + .

3 Proofs of main results
According to Theorem ., we need the following lemma.

Lemma . Assume that (V) and (f)-(f) hold, then I is bounded from below and satisfies
the (PS)-condition.

Proof By (.), (f), the Sobolev embedding theorem, and the Hölder inequality, one has

I(u) =


‖u‖ + b



(∫

R
|∇u| dx

)

–
∫

R
F(x,u)dx

≥ 

‖u‖ –

∫

R
b(x)|u|p+ dx –

∫

R
b(x)|u|q+ dx

≥ 

‖u‖ – a–

p+
 ‖b‖

L


–p
‖u‖+pL – a–

q+
 ‖b‖

L


–q
‖u‖+qL

≥ 

‖u‖ –C

(‖u‖+p + ‖u‖+q). (.)
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Since  < p < q < , (.) suggests I(u) → +∞ as ‖u‖ → +∞. Thus, I is bounded from be-
low. We now prove that I satisfies the (PS)-condition. Assume that {un} ⊂ E is a sequence
such that {I(un)} is bounded and I ′(un) →  as n → ∞. It follows from (.) that there
exists a constant C >  such that

‖un‖ ≤ C. (.)

So it can be assumed that

un ⇀ u in E, un → u in Lsloc
(
R), ≤ s < ∗. (.)

For any given number ε > , by (f), let us choose � >  such that

(∫

|x|≥�

∣
∣b(x)

∣
∣


–p dx

) –p


< ε,
(∫

|x|≥�

∣
∣b(x)

∣
∣


–q dx

) –q

< ε. (.)

Then, by the Sobolev theorem, (.), (.), and (.), there exists n ∈ N , for n > n, such
that

∫

|x|≤�

∣
∣f (x,un) – f (x,u)

∣
∣|un – u|dx

≤
(∫

|x|≤�

∣
∣f (x,un) – f (x,u)

∣
∣ dx

) 

(∫

|x|≤�

|un – u| dx
) 



≤ ε

(∫

|x|≤�


(∣∣f (x,un)

∣
∣ +

∣
∣f (x,u)

∣
∣)dx

) 


≤ ε

[∫

|x|≤�

(
(p + )b (x)

(|un|p + |u|p) + (q + )b(x)
(|un|q + |u|q))dx

] 


≤ Cε
[‖b‖

L


–p

(‖un‖pL + ‖u‖pL
)
+ ‖b‖

L


–q

(‖un‖qL + ‖u‖qL
)] 



≤ Cε
[‖b‖

L


–p

(
Cp
 + ‖u‖pL

)
+ ‖b‖

L


–q

(
Cq
 + ‖u‖qL

)] 
 . (.)

For another, we obtain from (f), (.), the Sobolev embedding theorem and the Hölder
inequality that

∫

|x|>�

∣
∣f (x,un) – f (x,u)

∣
∣|un – u|dx

≤
∫

|x|>�

[
(p + )b(x)

(|un|p + |u|p) + (q + )b(x)
(|un|q + |u|q)](|un| + |u|)dx

≤ (p + )
∫

|x|>�

b(x)
(|un|p+ + |u|p+)dx + (q + )

∫

|x|>�

b(x)
(|un|q+ + |u|q+)dx

≤ (p + )‖b‖
L


–p

(‖un‖p+L + ‖u‖p+L
)
+ (q + )‖b‖

L


–q

(‖un‖q+L + ‖u‖q+L
)

≤ Cε
(
Cp+
 + ‖u‖p+ +Cq+

 + ‖u‖q+). (.)
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Since ε is arbitrary, (.) and (.) imply

lim
n→∞

∫

R

(
f (x,un) – f (x,u)

)
(un – u)dx = . (.)

By (.), we get

〈
I ′(un) – I ′(u),un – u

〉

=
∫

R

∣
∣�(un – u)

∣
∣ dx +

(

a + b
∫

R
|∇un| dx

)∫

R

∣
∣∇(un – u)

∣
∣ dx

+
∫

R
V (x)|un – u| dx – b

(∫

R
|∇u| dx –

∫

R
|∇un| dx

)∫

R
∇u∇(un – u)dx

–
∫

R

(
f (x,un) – f (x,u)

)
(un – u)dx

≥ ‖un – u‖ – b
(∫

R
|∇u| dx –

∫

R
|∇un| dx

)∫

R
∇u∇(un – u)dx

–
∫

R

(
f (x,un) – f (x,u)

)
(un – u)dx,

then

‖un – u‖ ≤ 〈
I ′(un) – I ′(u),un – u

〉

+ b
(∫

R
|∇u| dx –

∫

R
|∇un| dx

)∫

R
∇u∇(un – u)dx

+
∫

R

(
f (x,un) – f (x,u)

)
(un – u)dx. (.)

Clearly,

〈
I ′(un) – I ′(u),un – u

〉 → , as n→ ∞. (.)

It follows from (.), (.), (.), and (.) that ‖un – u‖ → . Hence, I satisfies the (PS)-
condition. This completes the proof. �

Proof of Theorem . By Lemmas . and ., the conditions of Theorem . are satisfied.
Thus, c = infE I(u) is a critical value of I , that is, there exists a critical point u∗ such that
I(u∗) = c. Now, we show u∗ �= . Choose ψ ∈ (W ,

 (J) ∩ E) \ {}, then by (.) and (f), for
 < t < , we have

I(tψ) =
t


‖ψ‖ + b


t

(∫

R
|∇ψ | dx

)

–
∫

R
F(x, tψ)dx

≤ t


‖ψ‖ + b


t

(∫

R
|∇ψ | dx

)

– βtν
∫

R
|ψ |ν dx. (.)

Since  < ν < , it follows from (.) that I(tψ) <  for  < t <  small enough. Hence
I(u∗) = c < , which implies u∗ being a nontrivial critical point of I with I(u∗) = c. That is
to say, that u∗ is a nontrivial solution of (.). The proof is completed. �
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Proof of Theorem . By Lemma ., I ∈ C(E, R) is bounded from below and satisfies the
(PS)-condition. It follows from (f) that I is even and I() = . In order to apply Theo-
rem ., we now show that for any n ∈N there exists ε such that

γ
(
I–ε

) ≥ n. (.)

For any n ∈N , we take n disjoint open sets Ji such that
⋃n

i= Ji = J . For each i ∈ {, , . . . ,n},
choose ui ∈ (W ,

 (Ji)∩ E) \ {} such that ‖ui‖ =  and

En = span{u,u, . . . ,un}, Sn =
{
u ∈ En : ‖u‖ = 

}
.

Then, for each u ∈ En, there exist λi, i = , , . . . ,n, such that

u(x) =
n∑

i=

λiui(x) for x ∈ R. (.)

Then we get

‖u‖Lν =
(∫

R
|u|ν dx

) 
ν

=

( n∑

i=

|λi|ν
∫

Ji
|ui|ν dx

) 
ν

(.)

and

‖u‖ =
∫

R

(|�u| + a|∇u| +V (x)|u|)dx

=
n∑

i=

λ
i

∫

Ji

(|�ui| + a|∇ui| +V (x)|ui|
)
dx =

n∑

i=

λ
i ‖ui‖ =

n∑

i=

λ
i . (.)

Since all norms are equivalent in a finite dimensional normed space, there exists a positive
constant C such that

C‖u‖ ≤ ‖u‖Lν for u ∈ En. (.)

Then, by (f), (.), (.), and (.), for any u ∈ Sn, one has

I(su) =
s


‖u‖ + b


s

(∫

R
|∇u| dx

)

–
∫

R
F(x, su)dx

≤ s


‖u‖ + Cb


s‖u‖ – βsν

∫

R
|u|ν dx

≤ s


‖u‖ + Cb


s‖u‖ – βsν

n∑

i=

∫

Ji
|λiui|ν dx

=
s


‖u‖ + Cb


s‖u‖ – βsν

n∑

i=

|λi|ν
∫

Ji
|ui|ν dx

=
s


‖u‖ + Cb


s‖u‖ – βsν‖u‖ν

Lν

http://www.boundaryvalueproblems.com/content/2014/1/212


Xu and Chen Boundary Value Problems 2014, 2014:212 Page 11 of 12
http://www.boundaryvalueproblems.com/content/2014/1/212

≤ s


‖u‖ + Cb


s‖u‖ – βsνCν

‖u‖ν

=
s


+
Cb

s – βsνCν

 . (.)

Since  < ν < , it follows from (.) that there exist ε >  and δ >  such that

I(δu) < –ε for u ∈ Sn. (.)

Set

Sδ
n = {δu : u ∈ Sn}, � =

{

(λ,λ, . . . ,λn) :
n∑

i=

λ
i < δ

}

.

By (.), we know that I(u) < –ε for u ∈ Sδ
n, which, together with the fact that I ∈ C(E, R)

and is even, implies that

Sδ
n ⊂ I–ε ∈ .

On the other side, by (.) and (.), then there exists an odd homeomorphismmapping
ψ ∈ C(Sδ

n, J). By some properties of the genus (see  of Propositions . and . in []),
we get

γ
(
I–ε

) ≥ γ
(
Sδ
n
)
= n. (.)

Thus, (.) holds. Let cn = infA∈n supu∈A I(u). By (.) and I being bounded from below
on E, then –∞ < cn ≤ –ε < , that is to say, for any n ∈ N , cn is a real negative number.
It follows from Theorem . that I has infinitely many nontrivial critical points. Thus,
problem (.) possesses infinitely many nontrivial negative energy solutions. �
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