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Abstract

In this paper, we study the following fourth-order elliptic equations of Kirchhoff type:
A2U—=(a+b [os IVUl? da)Au+ V(x)u = f(x,u), in R®, u € H*(R®), where g,b > 0 are
constants, we have the potential V(x) : R* — R and the nonlinearity

f(x,u): R x R — R.Under certain assumptions on V(x) and f(x, u), we show the
existence and multiplicity of negative energy solutions for the above system based
on the genus properties in critical point theory.
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1 Introduction and main results
Consider the following fourth-order elliptic equations of Kirchhoft type:

Nu—(a+Db o5 |Vul?dx)Au+ V(x)u =f(x,u) inR3, w1
u e HX(R3), '
where a, b are positive constants. We assume that the functions V'(x), f(x, &), and its prim-
itive F(x, u) := fou f(x,5s) ds satisfy the following hypotheses.
(V) V(x) € C(R3,R) satisfies inf,.gs V(x) =a > 0.
(f1) f(x,u) € C(R® x R,R), and there exist 0 < p < g < 1 and positive functions
by € L2 (R3,R), by € L4 (R3, R) such that

[f (v, )| < (p + Db1 () el? + (g + Db ()] .

(f2) There exist a nonzero measure open set J C R3 and three constants &, 8 > 0, and
1< v <2 such that

F(x,u) > Blul”, VY u)e] x[-a,al.

(3) flx,—u) = —f(x,u), V(x,u) € R3 x R.
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(f4) There exist a nonzero measure open set /] C R® and three constants , 8 > 0 and
1 < v <2 such that

Mf(x: Ll) = ﬁ|u|vr V(xr L{) E] X [—0[,0[].

The problem (1.1) is a nonlocal problem because of the appearance of the term
ng |Vu|? dx which provokes some mathematical difficulties. This makes the study of (1.1)
particularly interesting.

Let V(x) = 0, replace R® by a bounded smooth domain  C RN and set # = Vu =0 on £,
then problem (1.1) is reduced to the following fourth-order elliptic equations of Kirchhoff

type:

Nu—(a+b [, |Vul?dx)Au=f(xu), x€g,
u=0, Vu=0 ong,

(1.2)

which is related to the following stationary analogue of the equation of Kirchhoff type:
Uy + N2u— (a+b/ |Vu|2dx)Au =f(x,u) ing, (1.3)
Q

where A? is the biharmonic operator. In one and two dimensions, (1.3) is used to describe
some phenomena appearing in different physical, engineering and other sciences because
it is regarded as a good approximation for describing nonlinear vibrations of beams or
plates (see [1, 2]). By using the fixed point theorems in cones of ordered Banach spaces,
Ma [3] considered the existence and multiplicity of positive solutions for the fourth-order
equation:

u" = M(fy |u'|? dx)u” = qx)f (6, u, 1),
u(0) = u(1) =u"(0) =u"(1) = 0.

(1.4)

Recently, by the variational methods, Ma and Wang etc. studied (1.4) and the following
fourth-order equation of Kirchhoff type:

N?u—M([o |Vul>dx)Vu =f(x,u) in<,
u=Vu=0 ond2

and obtained the existence and multiplicity of solutions; see [4—6]. Very recently, Wang et
al. considered the existence of nontrivial solutions of (1.2) with one parameter A in [7] by
using the mountain pass techniques and the truncation method.

We note that problem (1.1) with 2 = 1, b = 0, and R® being replaced by RY, reduces the
well-known fourth-order elliptic equations

ANu—Au+ V(x)u=f(x,u), xeRN,

1.5
u € H*(RN). (15)

There are some results for (1.5). For example, see [8—10]. By the mountain pass theorem
and symmetric mountain pass theorem, Yin and Wu [8] obtained infinitely many high
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energy solutions for problem (1.5) under the condition that f(x, ) is superlinear at infinity
in u. In order to overcome lack of compactness for the Sobolev’s embedding theorem in
the whole space RV case, they assumed that the potential V() satisfies

(Vo) V(x) € CRN,R) such that inf,xx V(x) > 0 and for any M > 0, meas{x € RN : V(x) <
M} < o0.

Later, under the condition (Vy), Ye and Tang [9] obtained the existence of infinitely many
large-energy and small-energy solutions, which unifies and improves the results in [8].
They also considered the sublinear case. Very recently, Zhang et al. [10] established the
existence of infinitely many solutions by using the genus properties. The solvability of
(1.1) without A? has also been well studied by various authors (see [11] and the references
therein).

Motivated by the above works described, the object of this paper is to study the exis-
tence and multiplicity solutions for a class of sublinear fourth-order elliptic equation of
Kirchhoff type by using the genus properties in critical theory. Our spirit is similar to [12,

13]. Our main results are the following.

Theorem 1.1 Assume that (V), and (f1)-(£2) hold, then the problem (1.1) possesses at least
a nontrivial solution.

Theorem 1.2 Assume that (V), and (f1)-(£3) hold, then the problem (1.1) possesses infinitely

many negative energy solutions.
Obviously, we see that (f4) implies (f2). Then we have the following corollary.

Corollary 1.1 Assume that (V), (f1), and (f4) hold, then the problem (1.1) possesses at least
a nontrivial solution. If additionally (£3) holds, then the problem (1.1) possesses infinitely

many negative nontrivial solutions.

Remark 1.1 It is well known that assumption (Vy) implies a coercive condition on the
potential V(x), which was firstly introduced in [14] and is used to overcome the lack of
compactness of embedding of the working space. In other words, under the weaker con-
dition (V), the Sobolev embedding is not compact, which is a difficulty we must overcome.

Remark 1.2 The conditions (V) and (f1)-(f4) were introduced in [10, 13] to obtain the
existence of infinitely many solutions for fourth-order elliptic equations and sublinear
Schrodinger-Maxwell equations. An interesting question now is whether the same exis-
tence results occur to the nonlocal problem (1.1). We now give a positive answer. Moreover,
leta =1, b = 0and R3 be replaced by RY in problem (1.1); we will get the main results in [10].

Remark1.3 According to Theorem 1.2, the nonlinearity can be allowed to indefinite sign-

SSinx/- ,% L.
atrery #1115 =

6COSX;
5(1+el*)
1,2,3, ¥(x, u) € R® x R, where x = (x1,%2,x3) 7. Obviously,

_4
|u|"5u+

changing. For example, let V(x) =1+ ﬁ and f(x,u) =

6 1 5 1 3
V(x,u)‘§m|u|5+m|u|4, V(x,u)ER XR,

COS X; 6 sinx; 5 cosl 6 .
F(x,u) = lu|5> + |u|s > lul5, §,j=1,2,3,V(x,u) ] x [-1,1],
1 1+ el l+e

+ el
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where J = (0,1) x (0,1) x (0,1), then (f1), (f2) and (f3) are satisfied by choosing

1 1 6 5
- s, W= ——— W)= —
P=5 475 &)= S0 20) = S o
cosl 6
=1, =2 -2
l+e 5

To the best of our knowledge, little has been done for the existence of infinitely many
nontrivial solutions to problem (1.1) by using the genus properties in critical theory.

The outline of the paper is given as follows: in Section 2, we present some preliminary
results. The proofs of our main results are given in Section 3. Throughout this paper, C
denotes various positive constants.

2 Preliminaries
Let

H:=H*(R®) = {u e L*(R%) : |Vul, Au € L*(R%)}
with the inner product and the norm
(U, V) = As(AMAV + VuVv + uv) dx, lullg = (u, u),%,.
Define our working space
E-= {u €EH: /1;3(|Au|2 +|Vu)® + V(x)uz)dx < +oo}
with the inner product and norm
(u,v) = /1{3 (AuAv +aVuVv + V(x)uv) dx, l«|l = (u, u)%,
where || - || is an equivalent to the norm || - || 7. Since the embedding E < L*(R3) (2 <5< 2,)

is continuous, there exists g > 0 such that ||u||zs < ns||ullg, Yu € E.
We define the functional

2
I(u) = %Ilullz + Z(/Rs |Vu|2dx) —/Rg F(x,u) dx, (2.1)

where F(x, u) = fou f(x,s)ds. Then we have the following lemma.

Lemma 2.1 Under the conditions (V) and (f1), I is of class C*(E,R) and

(F(u),v):/ (AuAv+aVqu+ V(x)uv) dx+b/ |Vu|2dx/ VuVvdx
R3 R3 R

3

—/f(x,u)vdx (2.2)
R3

for all u,v € E. Furthermore, if u € E is a critical point of the functional I, then u € E is a
solution of the problem (1.1).
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Proof By (f1), one gets

’/ F(x,u)dx| <

/ |b1(x) |u|p*1dx+/. |b2(x)||u|‘7*1dx

lp Lip
2

<a% (/ by ()| dx) N (f V() dx)
R3 R3

14

+a (AS}bg(x)‘ dx) (/1;3 V(x)u dx)

_i l+p _7 1+q
<a ||b1||  lullp” +a IIbzll 2 el

Thus, I is well defined on E. We now prove that (2.2) holds. For any u, v € E and the func-
tion 6 : R* — (0, 1), it follows from (f1) and the Hélder inequality that

/ max |f (x, u(x) + 10 (x)v(x))v(x)| dx
R

3 t€[0,1]

f max[fx, )+ 0 (x )H x)’dx
R

3 t€[0,1]

< C/3 [D1(x) (Jul + [vI)” + by (x) (|ul + |V|)q]|v|dx

P

[ || d vwluds) ([ vewrdx)
<c[a ([l ax) " ([ veuear) ([ vowea)
—‘%(/ |b1(x)|1de>T< V(x)v)? dx)T
+a‘%(/ |b2(x)|1qu> ( V(x |u|® dx) (/ V(x)|v|2dx>7
R3

,_

g+l

g+l 2 Tq 2
+a T (/ |b2(x)| I-q dx) V(x [v| dx) ]
RS

=< C[||b1||L$ (leell? + v lP) vl + IIbzllLﬁ (el + v 9) Ivll] < +o00. (2.3)

Combining (2.3) with (2.1) and the Lebesgue dominated convergence theorem, then

I(u+tv) - I(u)

, T
(1 (u),v) - tlir(l)l+ t

t b
= lim {(u,v) +=|vI* + —[t3/ |Vv|2dx+4f |Vu|2dx/ VuVvdx
t—0% 2 4 R3 R3 R3

+2t/ |Vu|2dx/ |Vv|2dx+4t2/ |Vv|2dx/ VuVvdx
R3 R3 R3 R3

2
+4t(/ Vqudx) ]—/ f(x,u+9tv)vdx}
R3 R3

=(u,v)+b | |Vul*dx / VuVvdx - / flx, u)vdx. (2.4)
R3 R3 R3

Page 5 of 12
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This implies that (2.2) holds. Next, we prove that I’ is continuous. Let #,, — u in E. By the

embedding theorem, one has
U, — u in LS(R?’) foranyse[2,2,) and u,—u ae. inR> (2.5)

Firstly, we show that

lim [f(x, uy) —f(x, z,t)‘2 dx=0. (2.6)
RrR3

n—00

Otherwise, there exist &y > 0 and a subsequence {u,,} such that
/ V(x,uni)—f(x,u)yzdxzso, VieN. (2.7)
R3

In fact, by (2.5), passing to a subsequence if necessary, it can be assumed that Y o) [|u,, —
ul|? < 00. Set w(x) = (377 s, — ul?)7, x € R?, then w € L2(R®). Obviously,

If G, 1) = f o, 0)|* < 2| )| + 2| f o, 0)

< 4(p + 1?67 () (|, |7 + |ul??) + 4(q + 1)°65 () (|t 127 + [ *7)

< Cb} () (|, — ul™ + |u?) + CB3(x) (|14, — 7 + |]*7)
< CBY)(|0@)[* + 1) + CA@) (|00 + [u*)

:= h(x) ae. inR3 (2.8)
and

/ h(x)dx:/ Cb%(x)(|a)(x)|2p+|u|21’)dx+/ Cb%(x)(\w(x)|2q+|u|2‘1)dx
R3 R3 R3

2 2 2 2
< ClIBl1? 5 (lleoll 5 + el %) + 152l

2q 2q
. 2.9
g 2 (10l + )] < vo0. (29)

:Im

It follows from (2.8), (2.9), and the Lebesgue dominated convergence theorem that (2.6)
holds. Secondly, set E = {u € L>(R®) : Vu € L*(R®)} with the norm ||u||]2-:_ = [es IVul?dx.
Then the embedding E < E is continuous. By the continuity of the embedding E < E

and the boundedness of {u,}, one has

b</ IVunlzdx—/ |Vu|2dx> / VuVvdx — 0, asn— oo. (2.10)
R3 R3 R3
From (2.2), (2.6), and (2.10), we have
(1 @) = I' (), v)|
/ ANuy, —u)Avdx + (a + b/ |Vi,|? dx) / V(u, —u)Vvdx
RrR3 RrR3 RrR3

+/ V(x)(u,,—u)vdx+b</ |Vu,,|2dx—/ |Vu|2dx>/ VuVvdx
R3 R3 R3 R3
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_/R3 (f G, u) — f (%, ) ) vdx

b(/ |Vu,,|2dx—/ |Vu|2dx>/ VuVvdx
R3 R3 R3

. / 6 8) 5, 10)| W] dix = o(1),
RB

< Clluy — ulllv] +

as n — 00, which implies the continuity of I'. Furthermore, by standard arguments, we can
prove that u € E is a solution of (1.1) if and only if u is a critical point of the functional /.
The proof is complete. d

In order to deduce our results, we need to quote a few results.

Theorem 2.1 ([14]) Let E be a real Banach space and I € C'(E,R) satisfy the (PS)-condi-
tion. If I is bounded from below, then ¢ = inf I is a critical value of 1.
Let E be a Banach space, ¢ € R and I € C*(E,R). Set

Y= {A C E\ {0} : A is closed in E and symmetric with respect to 0},

Kc:{ueE:I(u):c,I/(u):O}, IC:{MGE:I(M)SC}.

Definition 2.1 ([15]) For A € X, we say genus of A is n (denoted by y(A) = n) if there is
an odd map ¢ € C(A4,R" \ {0}) and # is the smallest integer with this property.

Theorem 2.2 ([16]) Let I be an even C' functional on E and satisfy the (PS)-condition. For
anyn € N, set

Y, ={AeX:y)>nl, = inf I(u).
{ eX:y( )_n} C AlenEnilElE (u)

(1) If X, #9Y and ¢, € R, then ¢, is a critical value of I.
(2) Ifthere exists r € N such that ¢, = ¢yy1 =+ = Cyyr = ¢ € Rand ¢ #1(0), then
y(K)>r+1.

3 Proofs of main results
According to Theorem 2.1, we need the following lemma.

Lemma 3.1 Assume that (V) and (f1)-(2) hold, then I is bounded from below and satisfies
the (PS)-condition.

Proof By (2.1), (f1), the Sobolev embedding theorem, and the Holder inequality, one has

1 b 2
I(u):—||u||2+—</ |Vu|2dx) —/ Flox, ) dx
2 4 R3 R3

lull? - / by () |ul?* dx - / b () 0l dx
R3 R3

v

NI= N~ N

2 _ptl 1+p _gq+l 1+g
> — 2 _ 2
= llull®—a IIblllLig_p lull,,” —a IIbzllL%I llall ;2
2 1 1
> —Jlull® = C(lull ™ + [l 7). (3.1)
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Since 0 < p < g <1, (3.1) suggests I(u) — +00 as |lu| — +o00. Thus, I is bounded from be-
low. We now prove that I satisfies the (PS)-condition. Assume that {u,} C E is a sequence
such that {I(x,)} is bounded and I'(x,) — 0 as n — oo. It follows from (3.1) that there
exists a constant C; > 0 such that

lleenll < Cr. 3.2)
So it can be assumed that

up—uog inE,  u,—uy inL} (R?),2<s<2,. (3.3)

For any given number ¢ > 0, by (f1), let us choose ¢ > 0 such that

by(x)| 7 d * , by(%)| T d * . 3.4
(/le>@‘ 1(x| ) <e (A>g| 2(x| ) <& (3.4)

Then, by the Sobolev theorem, (2.8), (3.2), and (3.3), there exists ny € N, for n > ng, such
that

f ) )l —
x|<o

< [f(x,u,,) —f(x,u)!zdx>7</ |1,t,,—u|2a’x>7
lx|<e lx[<e

8 (/x<g 2(/f @ )" + |f e w]) dx>%

IA

IA

1

< s[ f (4(p + 1765 () (|lunl ® + |ul?) + 4(q + 1)° b5 (%) (|uu)* + |u|2q))dx}
|x|<eo
1
<c8[||b1|| (||un|| + lull )+||b2||212 (a2 + 221 39)]
s

2 2p 2p 2 2q 2q %
< Ce[l|b1 %(C1 + el B) + bl %(Cl +lull )] (3.5)

L2

For another, we obtain from (f1), (3.2), the Sobolev embedding theorem and the Holder
inequality that

Vx,btn ]Iu,,—uldx
x>0

S/ [@ + D)b1(x) (|nl? + [4]?) + (q + Db ) (|l T + [417) [ (1] + |1a]) e
x>0

bl(x)(|u,,|1’+1 + |u|p+1) dx +2(q + 1)/ hz(x)(lun|q+1 n |u|q+1) dx

[x|>0

52(p+1)/

x>0

1 1
<2 +1)|bll f(nunu"*% ||u||"”)+2<q+1)||b2|| 2 (il 33+ el )

< Ce(CI™ 4 [lulP*t + T 4 Jlul7*). (3.6)

Page 8 of 12
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Since ¢ is arbitrary, (3.5) and (3.6) imply

lim (f X, u,) —f(x,u )( U, —u)dx = 0. (3.7)

n—00

By (2.2), we get

(I'(wn) = I'(w), 4, — ua)

:/ {A(un—u)|2dx+<zz+b/ |Vu,,|2dx)/ |V(u,,—u)|2dx
R3 R3 R3
+/ V(x)|u,,—u|2dx—b</ |Vu|2dx—/ |Vu,,|2dx)/ VuV(u, — u)dx
R3 R3 R3 R3

/ (F (s 1) = f (0, 10)) (s — 1) e

> ||u,,—u||2—b</ |Vu|2dx—/ |Vu,,|2dx)/ VuV(u, — u)dx
R3 R3 R3
/ (F (G, 1) — f (%, 1)) (ttyy — 01) A,

then

Nt = wall® < (') = I' (1), 18, =

u
+b</ |Vu|? dx — /|Vun| dx)/ VuV(u, — u)dx
R3

o [ () ), - (3.8)
R3
Clearly,
(I'(wn) = I'(w),u, — ) > 0, asn— oo. (3.9)

It follows from (2.10), (3.7), (3.8), and (3.9) that ||z, — u|| — 0. Hence, I satisfies the (PS)-
condition. This completes the proof. g

Proof of Theorem 1.1 By Lemmas 2.1 and 3.1, the conditions of Theorem 2.1 are satisfied.
Thus, ¢ = infg I(u) is a critical value of I, that is, there exists a critical point #* such that
I(u*) = c. Now, we show u* # 0. Choose € (Wé'Z(]) N E) \ {0}, then by (2.1) and (f2), for
0 <t <1, wehave

2 2
%||w||2+§t4(/3|w|2dx) —/3F(x,tw)dx
—||w|| ‘e (/ vyl dx) _pe f Wl dx. (3.10)

Since 1 < v < 2, it follows from (3.10) that I(¢y) < O for 0 < ¢ < 1 small enough. Hence
I(#*) = ¢ < 0, which implies u#* being a nontrivial critical point of 7 with I(z*) = c¢. That is

I(ty)

| /\

to say, that &* is a nontrivial solution of (1.1). The proof is completed. d
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Proof of Theorem 1.2 By Lemma 3.1, I € C}(E,R) is bounded from below and satisfies the
(PS)-condition. It follows from (f3) that / is even and 1(0) = 0. In order to apply Theo-
rem 2.2, we now show that for any # € N there exists ¢ such that

y(I7) zn (3.11)

For any n € N, we take # disjoint open sets J; such that Uf':lli =J.Foreachie{1,2,...,n},
choose u; € (W/é’z(]i) N E) \ {0} such that ||| =1 and

E, = span{uy, u, ..., Uy}, Su={uekE,:|lul=1}.

Then, for each u € E,, there exist A;, i =1,2,...,#, such that

u(x) = Zkiui(x) for x € R3. (3.12)

i=1
Then we get

1 n :
||M||Lv=(/3|u|vdx> - <Z|xi|”/|ui|“dx> (313)
R i=1 Ji

and

lu)? = /3(|Au|2 +alVul> + V(%) ul*) dx
R

n n n
= ZA?/(|Aui|2 +alVu* + V)luwil*) dx = 2wl =D 4k (3.14)
i=1 Ji i=1

i=1

Since all norms are equivalent in a finite dimensional normed space, there exists a positive
constant C, such that

Collull < llullry  foru € E,. (3.15)

Then, by (£2), (2.1), (3.13), and (3.15), for any u € S, one has

$2 b 2
I(su) = = |u|?+ =s* / |Vu|? dx —/ F(x,su)dx

2 4' R3 R3
§2 Ch

<+ —s4||u||4—/35”/ ul” dx
2 4 R3
§2 Ch - ,

< St o st - gt Y [

i=1 Vi

s Cb -
5||u||2+Zs‘*||u||‘*—ﬂs“2|xi|“f|ui|“dx
i=1 Ji

2
s Cb

2 —
5 fleell” + e s*lull® = Bs” lullfv


http://www.boundaryvalueproblems.com/content/2014/1/212

Xu and Chen Boundary Value Problems 2014, 2014:212 Page 11 of 12
http://www.boundaryvalueproblems.com/content/2014/1/212

2 Ch
< %nunz v sl = s Gl
2 Cb b
= E + TSLL —,BS CZ' (3'16)

Since 1 < v < 2, it follows from (3.16) that there exist £ > 0 and § > 0 such that
1(6u)<—e forues,. (3.17)

Set

Sh={0uiueS,),  Q={0Gnhy... k)Y A7 <8’
i=1

By (3.17), we know that I(u) < —¢ for u € S, which, together with the fact that € C}(E, R)
and is even, implies that

S$creexs.

On the other side, by (3.12) and (3.14), then there exists an odd homeomorphism mapping
¥ € C(S%,]). By some properties of the genus (see 3° of Propositions 7.5 and 7.7 in [15]),

we get
y () =y (S,) =n. (3.18)

Thus, (3.11) holds. Let ¢, = infsex, sup,., I(#). By (3.18) and I being bounded from below
on E, then —oo < ¢, < —¢ < 0, that is to say, for any n € N, ¢, is a real negative number.
It follows from Theorem 2.2 that I has infinitely many nontrivial critical points. Thus,
problem (1.1) possesses infinitely many nontrivial negative energy solutions. O
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