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Abstract

We consider the Dirichlet boundary value problem for higher order elliptic equations
in divergence form with discontinuous coefficients in polyhedral angles. Some
unigueness results are proved.
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1 Introduction

The Dirichlet problem for the polyharmonic equation in a bounded domain of R” has been
studied by Sobolev in [1]. Later on, different problems (Dirichlet, Neumann and Riquier
problems) for harmonic, biharmonic and meta-harmonic functions have been considered
by Vekua in [2] and [3], both in the cases of bounded and unbounded domains of R”.
Successively, many authors studied analogous problems in more general cases and with
different methods (see, for instance, [4—10], the general survey on this subject [11] and the
references quoted therein). In particular, in [10], the author obtains the uniqueness of the
solution of the Dirichlet problem,

A"u(x)=0  inR},
Vu(x)

WlaR;«zo, j:(),...,m—l,

(1.1)

where A” denotes the polyharmonic operator of order m, A is the Laplace operator and
R} is a polyhedral angle of R”, defined in Section 2. We explicitly observe that for / = 0 the
above mentioned definition gives the half-space R”. We note that, due to the tools used
in the proof, some restrictions on the dimension # of the space are required.

Our aim, in this paper, is to generalize the uniqueness result of [10]. More precisely,
we are concerned with the following Dirichlet problem for a homogeneous equation in

divergence form of order 2m:

2 at=ipim D* (@ap(@)D u(x)) =0 in Ry,
o u(x)

av/

(1.2)

lory = 0, j=0,....m-1,
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where the discontinuous coefficients a,g are bounded and measurable functions satisfying
the uniform ellipticity condition.

Let us remark that if we take o = 8 and if the coefficients of the equation are constants
Aop (%) = Z’—;, then the left-hand side of the equation in (1.2) is exactly the polyharmonic
operator A" in (1.1).

Our main results consist in two uniqueness theorems obtained for some particular cases
of problem (1.2). More precisely, in Section 4 we consider problem (1.2) in the case m =1
and in Section 5 we assume that « = . The main tool in our analysis is a generalization of
the Hardy inequality proved by Kondratev and Oleinik in [5] (see Section 3).

2 Notation

Throughout this work we use the following notation:

n € N is the dimension of the considered space;

- Greek letters denote n-dimensional multi-indices, for instance o = (o, 09, ...,®,),
where ¢; e NU{0},i=1,...,1;

- la| =ag + -+ + oy, is the module of the multi-index «;

- a!=ay!---a,! is the factorial of the multi-index «;

- @ix) = agg)’ i=1...,m

- DY = (;x—)l:1n

- Da:D‘;‘l...Dgn;

- for& =(&,...,&,) e R" weset £ = & ... £,

n

- foreveryle{0,...,n—-1},
R} = {x:(xl,xz,...,x,,) GR":xi>0,i:n—1,...,n}

is the ‘polyhedral angle’ with vertex in the origin;
- for [ = 0 the above definition gives the half-space R”;
- for p > 0 we denote by Q, = {x e R} : x| < p}.

3 Setting of the problem
We want to consider the following differential equation in divergence form of order 2,

m € N, in certain unbounded domains of R”, n > 2:

Y DP(aws®@)D*ux)) =f (), (3.1)

la|=|Bl=m

where f(x) is a given datum and the coefficients aq4(x) are bounded measurable functions
satisfying the uniform ellipticity condition, i.e. there exist two positive constants A; and

A3 such that for each nonzero vector & € R” one has

MIEP" < D agp@EE’ <hlE" ae. (32)
lee|=|Bl=m

Let us mention that if we take o = 8 in (3.1) and if the coefficients of the equation are
constants a,(x) = Z‘—f, then left-hand side of this equation is the polyharmonic operator

A", where A denotes, as usual, the Laplace operator.
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For every sufficiently differentiable functions u and v let us set
E! (u,v) = Z aqp(x)D* uDPy,
le|=||=rm

!
En(uv)= Y %DQMDO[V,

loe|=m
E! (u) = E; (u,u),
Em(u) = Em(u: u)
Definition 3.1 We say that the function u is a generalized solution of (3.1) in R} with

homogeneous Dirichlet boundary conditions if # € W*(R/) and it satisfies the integral
identity

(—1)’”/Q Efn(u,v)dxzéf(x)v(x)dx, (3.3)

for any p > 0 and any function v € Wé”'z(Qp), where f € LZ(R;‘).

To prove our main results, consisting in two uniqueness theorems, we will essentially

use the following generalized Hardy inequality.

Lemma 3.2 (Generalized Hardy inequality) Let p > 1, j, and n be such thatj+n—p # 0.
Assume that for a sufficiently smooth function g the following condition is fulfilled in a cone

V C R" with vertex in the origin of coordinates:

/ x| wgx)|” dx < oo, (3.4)
v
where g = (;Tgl""’ ;%) is the gradient of the function g. Then there exist two constants

M,K >0 such that
| 1317l -mp < [ 1t eol a (35)
|4 |4

where the constant K does not depend on the function g. If, in addition, g(0) = 0 then M = 0.

Remark 3.3 The previous lemma, which was proved by Kondrat’ev and Oleinik in [5],
holds also if we replace (3.5) with the following inequality:

/ e/ 7 |g(x) - M|" dx <K / v/ |vg)| dax, (3.6)
VRy \VR;

VRy \VR;

with 0 < R; < R,, where Vj, R > 0, denotes the intersection between the cone V and the
open ball of center in the origin and radius R.

This result can be deduced by the proof of Lemma 3.2, with slight modifications. We
point out that in this proof it is also well rendered that the constant K does not depend on
Ry and R,.
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Remark 3.4 As evidenced in many works about different variants of Hardy or Caffarelli-
Kohn-Nirenberg type inequalities (see for instance [5, 12-16]), there are always very im-
portant restrictions on the dimension of the space #, the order of ‘singularity’ j and the
order of the integral norm p.

4 Dirichlet problem for second order elliptic equations
In this section we consider, for m = 1, the homogeneous equation (3.1) in the polyhedral
angle R7, 0 </ < n -1, with the homogeneous Dirichlet boundary condition, namely

nog duy _ .
Zi,jﬂ a—w(aij(x)a—Z) =0 inR},

(4.1)
ulyry = 0.

Let us observe that by Definition 3.1 it follows that every generalized solution is such
that

/ Ei(u) dx < oc0. (4.2)
Ry

Now we prove our first uniqueness result.

Theorem 4.1 Let n > 2. Assume that (3.2) is satisfied, with m = 1. If u is a generalized
solution of problem (4.1), then u =0 in R}.

Proof Let ©(s) be an auxiliary function in C§°([0, co[) defined by

1 0<s<l,
O(s)=160(s) 1<s<2, (4.3)
0 s> 2,

with 0 < 6(s) <1, and such that there exists a positive constant Ky such that

0'(s)]* < KoO(s). (4.4)

We note that in order to obtain a cut-off function ®(s) of the above mentioned type one
can consider a classical mollifier and modify it suitably near tos=1and s = 2.
Set, for any R > 0,

®M“=®(%0' (4.5)

Note that the function O is such that, for any j =1,...,#n, one has

o). m

Let us now consider the function

v(x) = u(x) - Op(x).
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Clearly, by definition of ®¢ and as a consequence of our boundary condition, one has

vix) € Wé’2(Q2R). Thus, substituting this function in the integral identity (3.3), we get

/ Zal,(x uiu;Op x)dx+/ Za,,(x)u uOp;(x)dx = 0.
QR o1 QR\QR =

Hence, by (3.2) we have

x|
Ef(u) - Op(x)dx = ’/ aii(x)u,;u®’ < ) dx‘.
/(;ZR ' QZR\QR; ’ Rlx|

Recalling that for any € > 0 one has

g-a’> b
ab < 4 +—, a,b>0, (4.7)
2 2e

in view of the boundedness of the coefficients and of (4.4), one gets

/ Ef(u) - Op(x)dx
Qar

€ K 2
< —1(1K0/ Ei(u) - Opdx + 1/ “ — dx,
2 Qr\Qr 2¢ Joupqe 12

where Kj is the constant in (4.4) and K; = Kj(n, 13). Thus, taking into account the ellipticity

of the coefficients, we obtain

/ Ei(u) - Op(x)dx
Qar

& (2 M2
< -K)Ky Ei(u) - Opdx + — —dx, (4.8)
2 Qr\Qr 2e Qr\Qr [

with 1(2 = 1(2(}’1, )»1, )\2)

Therefore, if we choose ¢ = and we apply the generalized Hardy inequality (3.6)

&Ko 1<
(with p =2 and j = 0) to the second term in the right-hand side of (4.8), we deduce that

/ Ei(u) - Op(x)dx < Kgf Ei(u)dx,
Qar Q2r\Qr

where the constant K3 does not depend on the radius R and on the function u (see Re-
mark 3.3).
Now, observe that clearly for any P > 0 there exists R > P such that Qp C Qg and there-

fore, in view of the definition of ©p, by the former inequality we obtain

/ Ei(u)dx 51(3/ Ei(u)dx. (4.9)
Qp Q2r\Qr
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Condition (4.2) being satisfied, the right-hand side of (4.9) tends to zero when R — oo.
Now, since the left-hand side of (4.9) is independent of the radius R, we have, for any P > 0,

n
/ Ei(u)dx = / Z uu;dx=0.
Qp Qp

i=1

This means that the function u(x) is a constant and, according to the boundary condition

in (4.1), this constant is zero. This concludes our proof. a

Remark 4.2 Note that our proof do not provide any uniqueness result for # = 2, since in
this case the generalized Hardy inequality in Lemma 3.2 does not apply, as a consequence

of our choice of p and j.

5 Dirichlet problem for higher order elliptic equations
Here, we consider the following homogeneous equation of order 2m with homogeneous
Dirichlet boundary conditions in the polyhedral angle R}, [ € {0,...,n —1}:

> talem D (@ (x)D*u(x)) =0 in R},

o .
F | gy = 0, j=0,...,m—1.

(5.1)

Note that, again, in view of Definition 3.1 one finds that every generalized solution of
problem (5.1) is such that

/ E,.(u) dx < 0. (5.2)
Ry

Theorem 5.1 Let n>2m or n =2k + 1, with k € N. Assume that (3.2) is satisfied. If u is a
generalized solution of problem (5.1), then u(x) = 0 in RY.

Proof Let us use again the function ® introduced in the proof of Theorem 4.1.

It is easy to check that
|
o _ 0} m ) Pig (%)
D*Orx) =)0 (R) mrs

where ® denotes the derivative of order i of the function ® and Py (x) is a polynomial
of order |«|.
Moreover, if we assume that there exist some positive constants Kj, such that

|G)(")(s)|2

§[(l®(s), i=1,...,|0l|,

then, for R < |x| < 2R, one has

I<Ot ®R (x)

" (53)

|D*Or)|” <

where the constant K, depends only on «.
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Note that function v(x) = u(x) - Op(x) € W(;"’Z(QZR), thus, substituting it in the integral
identity (3.3), we deduce

/ Efn(u,u(@R)dx:/ E! (4)Ordx
Qar

Q2r
+ [e])!
+/ 3 aa(x)D"‘u[ 3 (vl + 1Dt H"D DVuDl@R} dx = 0.
Q2r\Qr lot|=m Y +=0,t#0 vt
Therefore
+
/ Eu (u)ORdx ' Z aa(x)D‘X |: Z MDV Dt ]dx
pyl!
Qr Q2R\QR lot|=m y+1=0,1#0

From (4.7) and (5.3), arguing as in the proof of Theorem 4.1, we deduce that

/ En()Or®)dx < Y Kjea / Epn(u)O(x) dox
Qar

lot|=m Qr\Qr

I(//
+ E [E Epy(u) - " |2m =0 }dx, (5.4)
\DtI:m Qr\QrR

ly1=0

with K, = K, (n,a, A, Ao, Ky) and K = K[ (1, 00, A1, A2).
Now, we apply repeatedly the Hardy inequality (3.6) to the single summands of the sec-
ond term in the right-hand side of (5.4) until the order of the partial derivatives achieves m.

Thus, after an appropriate selection of ¢,, we get

/ Em(u)(*DR(x)dng?/ E,.(u) dx,
Qar Qr\Qr

where the constant K is independent of the radius R and of the function u.
Finally, following the same argument used in Theorem 4.1, for any P > 0 we find R > P
such that Qp C Qg and therefore, taking into account the definition of ®, we obtain

/ E,(w)dx <K / E,.(u) dx. (5.5)
Qp Q2r\Qr

In view of condition (5.2), the right-hand side of (5.5) goes to zero when R — 00, and,
since the left-hand side of (5.5) is independent of R, we have, for any P > 0,

m!
E,(u)dx = / |: E —D“uD"‘uj| dx=0.
/Qp Qp o

|la|=m

Therefore, the partial derivatives of any order of the solution are equal to zero, thus, as a

consequence of the boundary conditions in (5.1), we deduce that #(x) = 0 in R O

Remark 5.2 Clearly also in this case the repeated application of the Hardy inequality
yields the restrictions # > 2m or n = 2k + 1, k € N, on the space dimension.
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