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Abstract

In this paper, we study semiclassical states for perturbed p-Laplacian equations.
Under some given conditions and minimax methods, we show that this problem has
at least one positive solution provided that & < &; for any m € N, it has m pairs of
solutions if & < &y, where &, &y, are sufficiently small positive numbers. Moreover,
these solutions u, — 0in W'P([RN) as ¢ — 0.

Keywords: semiclassical states; positive solutions; critical exponent

1 Introduction and main results
In this paper, we consider the existence and multiplicity of semiclassical solutions of the
following perturbed p-Laplacian equation:

—&? Apu + V(%) |ulP~2u — e A, (|ul*® ) |u|*™ 2u
= K| ul*? 2y + hix,u), xeRY, 1.1)

u— 0, as|x|— oo,

where ¢ > 0, Aju = div(|VulP~2Vu) is the p-Laplacian operator with 1<p <N, @ > 1,
pr= NN—Z] is the Sobolev critical exponent, V/(x) is a nonnegative potential, K(x) is bounded
positive coefficient, and /(x, 1) is a p-superlinear but subcritical function.

Such types of equations have been derived as models of several physical phenomena
and have been the subject of extensive study in recent years. For example, solutions to
(1.1) for p =2, @ =1 are related to the solitary wave solutions for quasilinear Schrodinger

equations,

i,y = -T2 Ay + WY —h(x, |12y - e Alp(lv12)]o (v 1P v, (1.2)

where ¥ : R x RN — C, W : RN — R is a given potential, «, & are real constants and p, I
are real functions. The quasilinear equation (1.2) appears more naturally in mathematical
physics and has been derived as models of several physical phenomena corresponding to
various types of p(s). In the case p(s) = s, (1.2) models the superfluid film equation in fluid
mechanics by Kurihara [1]. In the case p(s) = (1 + 5)!2, (1.2) models the self-channeling of
a high-power ultra short laser in matter (see [2-5]). For more physical motivations and
more references dealing with applications, we can refer to [6—10] and references therein.
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Taking ¥ (¢, %) = exp(—%)u(x) in (1.2), E is some real constant. It is clear that ¥ (¢,x)

solves (1.2) if and only if u(x) solves the following elliptic equation:

—&2Au+V(x)u-— EZKA[,O(|M|2)],O/(|14|2)M =glx,u), xeRN, (1.3)

with V(x) = W(x) — E, &% = h? and g(, u) = h(x, |u|?)u.

When « = 0, the semilinear problem has been studied extensively under various hy-
potheses on the potential and the nonlinearities. See, for example, [11-24] and the refer-
ences therein.

Whene =1, w =1, p(s) =s, k =1, we can refer to [9, 25-29], and so on. Here positive or
sign-changing solutions were obtained by using a constrained minimization argument, or
a Nehari method, or a technique of changing variables. We remark that among the above
three methods, the last one, which was first proposed in [28], is most effective for the
power nonlinearity case since this argument can transform the quasilinear problem to a
semilinear one and an Orlicz space framework was used as the working space.

It is worth pointing out that the critical exponent case was mentioned as an open prob-
lem in [29], where the authors observed that the number 22* behaves like a critical ex-
ponent for (1.3). In [30], for N = 2, the authors treated the case where the nonlinearity
h: R — R has critical exponential growth, that is, # behaves like exp(47s*) —1 as |s| — oo.
For N > 3, when V/(x) satisfies radially symmetrical, periodic, and some geometric con-
ditions, Moameni [31] obtained the existence of nonnegative solutions for (1.3) with the
critical growth case; when V/(x) satisfied asymptotic and periodic condition. In [24, 32],
the authors prove the existence of ground state solutions for (1.3) with ¢ =1 or k = 0. In the
present paper, we will consider a class of quasilinear Schrodinger equations with a non-
periodic potential function V(x) in RN, N > 3. In fact, we will investigate the existence
of solutions for the critical growth case when the parameter ¢ goes to zero, i.e., the semi-
classical problems for the critical quasilinear Schrodinger equation (1.1). It is well known
that in this case the laws of quantum mechanics must reduce to those of classical mechan-
ics, and it describes the transition between quantum mechanics and classical mechanics.
As far as we know;, there are few papers considering the existence and concentration of
semiclassical states for quasilinear Schrodinger equations. For instance, in [33, 34], us-
ing a suitable Trudinger-Moser inequality in R? and a penalization technique, the authors
established the existence of semiclassical solutions for the critical exponent case via the
mountain pass lemma.

However, it seems that there is almost no work on the existence of semiclassical solu-
tions to the quasilinear problem on R¥ involving critical nonlinearities and generalized
potential V(x). Fortunately, Ding and Lin [35] have been concerned with the existence and
multiplicity of semiclassical solutions of the following perturbed nonperiodic quasilinear

Schrodinger equation:

—2Au+ V(x)u = K&)|u** 2u+ hix,u), xRN,

(1.4)
u— 0, as|x| — oo.
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Later, Yang and Ding [36] extended (1.4) to the following quasilinear Schrédinger equa-
tion:

—&2Au+ Vx)u— 2 A(ul®)u = Kx)| 4| 2u + h(x,u), xcRVN,

(1.5)
u— 0, as]x|—> oo.

Inspired by [36], we will extend the existence and multiplicity of solutions for (1.5) to the

general case for (1.5) with N > p > 1, @ > 1. Moreover, the corresponding problem be-

comes more complicated: first, W#(RYN) is not a Hilbert space when p # 2; secondly, the

weak continuity of operator A;(u) = |Vu|P~2du/dx; in W (RN) is difficulty to establish.
In this paper, we make the following assumptions:

(V1) V(x) € C(RN) and there is b > 0 such that the set V? = {x € RN : V(x) < b} has finite
Lebesgue measure.

(V3) 0=V(0)=minV < V(x) < M.

(K) K(x) e C(RN),0<infK < supK < oo.

(hy) H(x,u) = [y h(x,s)ds, h € CRN x R,R*), h(x,u) = o(|uP~) uniformly in x as u — 0.

(hy) There are ¢y > 0 and p < g < p* such that

|h(x,u)| < co(1+|ul>*”97)  for all (x, u).

(hs) Thereare?y >0, p <, u < p* such that [H(x, u)| > To(|u|*” + |u|)! and 20 uH (x, u) <
h(x, u)u.

A typical example satisfying (h;)-(hs) is the function h(x, u) = P(x)(|u|>*""2 + |u|"?)u
with p < [ < p* and P(x) being positive and bounded.
Our main results of this paper are as follows.

Theorem 1.1 Let (V1)-(V2), (K), and (h;1)-(hs) hold. Then for any o > O there is £, > 0 such
that if ¢ < &, then problem (1.1) has at least one positive solution u, satisfying

()

- 1
B2 [ Hieu,) +
4 RN 2o N

f K(@)|ue |7 < oeN
]RN

and

(i)

H-p

o N[s"(l + Qo Y u, |1’(2w_1))|Vu£|1’ + V(x)|u, |p] <oeN.
R

Moreover, u, — 0 in WY (RN) as s — 0.

Theorem 1.2 Assume that (V1)-(V2), (K), and (hy)-(h3) hold, and h(x, —u) = —h(x, u). Then

foranym € Nand o > 0 thereis E, > 0 such that ife < E,, problem (1.1) has at least m pairs
of solutions u.;, —u.;, i =1,2,...,m, which satisfy the estimates (i) and (ii) in Theorem 1.1.
Moreover, u, — 0 in WY (RN) as ¢ — 0.

These results are new for the p-Laplacian equation and are a generalization of the results
in [36].
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Our goal is to prove the existence of semiclassical solutions of (1.1) by a variational ap-
proach. A function u : RV — R s called a weak solution of (1.1) if u € W"(RN) N L (RY)
and for all ¢ € C°(RY) we have

/ e (1+ Q2o P ulP®™ D) | VulP2VuVe
RN
+ Q@) 2w —1)e” / IVul? |uP P72 ug / V@) ulugp = / g e,
RN RN RN

where G(x, u) = fou glx,8)ds = 2}%1( (x)|u|?" + H(x,u). We point out that we cannot apply
directly a variational method here because of the natural functional corresponding to (1.1)
given by

L(u) = & f 1+ Q@ P ulP” )| Vul + 1 / ViulP - / G(x, u). (1.6)
P JrN p JrN RN

Because the nonhomogeneous term A p(|u|2w)|u|2w’2u prevents us from working directly
with the functional I,, which is not well defined in W"(R¥) since, for u € W RN) N
L®(RYN), [on [ulP®”~V|Vul? = +00 may hold. The other difficulty is the lack of compact-
ness due to the unboundedness of the domain and the appearance of the Sobolev critical
exponent 2p*. To overcome these difficulties we generalize an argument developed by Liu
et al. in [28] for p = 2, w =1 (see also [37]). We make the change of variables v = f(u),
and reformulate the problem into a new one which has an associated functional that is
well defined and is of class C' on W2(RN).

Before we end this section, some notations are in order. We use fRN g(x) to denote the
integral f]RN g(x) dx, |ul; denotes the usual L*(RN) norm ( fRN |ul® dx)% . In the whole paper,
C denotes a generic constant, which may vary from line to line.

The rest of this paper is organized as follows: in Section 2, we describe the analytic set-
ting where we restate the problems in equivalent form by replacing ” with A~ other than
the usual scaling (see [38]), due to the non-autonomy of nonlinearities. In Section 3, we
show that the corresponding energy functional satisfies the (PS) condition at the levels less
than oeo)»lf% with some &g > 0 independent of A. Thus in Section 4 we construct minimax
levels less than o A" 7 for all A large enough. We prove our main results in Section 5.

2 Equivalent variational problems
Let A = ¢7?, then (1.1) reads

—~Apu + AV (@) ulf2u - Ap(|bt|2w) "

= AK ()| *™? 2y + Ah(x,u), xeRY, (2.1)
for 1. — o0o. And we introduce the space
E= {u € W (RV) :/ V(x)|ul? < oo},
RN

which is a Banach space with norm

1/p
lull = (/ Vul? + V|u|”) .
]RN
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By (V1), we know that the embedding E < W?(R¥) is continuous. Note the norm || - ||
is equivalent to the norm || - ||, defined by

1/p
||M||A=(/ IVM|”+>~VIMI”) )
RN

for each A > 0. It is clear that, for each s € [p, p*], there exists v; > 0 (independent of 1)
such thatif A > 1

luls < vgllull < vsllull, forallueE. (2.2)
Let S be the best Sobolev constant,
Sluli* 5/ |VulP forallu e Wl’p(RN).
RN

We observe that the natural variational functional for (2.1)

b JrN
A
pr* RN

1 A
L(u) = —/ (1 + (2w)p’1|u|p(2w_1))|Vu|p + 1—9 /N Viul?
R

Klu*?" —A/ H(x, u)
]RN

is not still well defined in the general function space E. To overcome this difficulty we
generalize an argument developed by Liu et al. in [28] for p = 2, @ =1 (see also [37] for
@ =1). We make the change of variables v = f~1(i), where f is defined by

1
T+ @) O D)

f(#®)=-f(-t) on(-00,0].

f@)=

on [0, +00),

Thus we collect some properties of f.

Lemma 2.1 The function f(t) enjoys the following properties:
(1) f is uniquely defined C? function and invertible.
@) If®|<1forallteR.
(3) If@®)| < |t| forall t e R.
(4) @elastao.
5) ()] < Qw) %7 |t|2 forall t € R.
(6) 3£ (8) < tf'(£) <f(8) forall t > 0.
@) L~ a>0ast— +oo.
(8) ?ﬁere exists a positive constant C such that

Cltl, £ <1,
> 1
Clt|z=, |t| =1

7ol

©) f@&)f' @ <1.

Page 5 of 22
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Proof Similar to [37]. To prove (1), it is sufficient to remark that the function

1
" (+ Qe pTsplr )

¥(s)

has a bound derivative. The point (2) is immediate by the definition of f. Inequality (3) is
a consequence of (2) and the fact that f(¢) is an odd and concave function for £ > 0. Next,
we prove (4). As a consequence of the mean value theorem for integrals, we see that

¢ 1 ¢
10 | T e £

Since f(0) = 0, we get

@ 1 _
e (G L

To show item (5), we integrate f'(¢)(1 + (2 )?~1|f(¢)|P>” D)V = 1 and we obtain

f t 61+ Qa7 ) P ds =t
0

Using the change of variables y = f(s), we get

/0 -1, 1pQ2w-1)\1/p -1 2w
‘- f (L+ @@ P ylPem ) dy > a5 ()7,
0

thus (5) is proved for ¢ > 0. For ¢ < 0, we use the fact f(¢) is odd. The first inequality in (6)
is equivalent to 2et > f(£)(1 + 2w )P |f(£)[P?” V)P, To show the inequality, we study
the function G : R* — R, defined by G(¢t) = 2t — f(t)(1 + R )*|f(£)[P>™ V)P, Since
G(0) = 0 and using the definition of f, we obtain, for all £ > 0,

GO =Qw-Df >0 ifw=>1,

and the first inequality in (6) is proved. The second inequality in (6) is obtained in a similar

way.
Now by point (4) it follows that lim,_, o & = 0 and the inequality (6) implies that for all
b
t>0 '
d(fO\ g 1
— | —= ] =t tow by 4 t)— —f(t > 0.
2 0 -5 0] >

Thus L2 isa nondecreasing function for ¢ > 0 and this together with estimate (5) shows

12w
item (7). Point (8) is an immediate consequence of (4) and (7). Point (9) is obtained from
the definition of f. O

After the change of variables, [; (#) can be reduced to the following functional:

_1 » pp_ A 2op*
1= [ v e av@lr o= 52 [ k@l -1 [ A o)
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which is C! on the usual Sobolev space W'?(RN). Moreover, the critical points of J; are
the weak solutions of the following equation:

2

—A = W[K@ W) 0) + h(xf W) - V@0 F0)] inRY.  (23)

Now we can restate Theorem 1.1 and Theorem 1.2 as follows.

Theorem 2.2 Let (V1)-(Vs), (K), and (hy)-(hs) hold. Then for any o > O there is Ay >0
such that if . > A, then problem (2.3) has at least one positive solution v, satisfying
(i)

1

2o

% /RNH(x,f(vk)) +

N /RN K@l @)™ <on®

and

(i)

r-p

| Il el < oA
R

Moreover, f(v,) — 0 in WY(RN) as A — oo.

Theorem 2.3 Let (V1)-(V2), (K), and (h1)-(hs) hold, and h(x,—u) = —h(x, u). Then for any
m € N and o >0 there is A > 0 such that if .. > A, problem (2.3) has at least m pairs
of solutions v, ;, —vy;, i = 1,2,...,m, which satisfy the estimates (i) and (ii) in Theorem 2.2.
Moreover, f(v;.;) — 0 in WY (RN) as . — oo.

Remark 2.4 To prove the existence of positive solutions, we may consider in E

Jiw) = }7 ANUVVV?‘F)\.V(?C)V(V)V?] ” /H;N K(x)[f(v*)|2wﬁ* —)L/RN H(x,f(v*)),

B 2op

where v* = +-max{=£v,0}, then J; € C}(E,R) and critical points of J; are positive solutions
for (2.3).

3 Behaviors of (PS) sequences
Let E be a real Banach space and J;, : E — R be a function of class C*. We say that {v,} C E
is a (PS). sequence if J;(v,) — c and J; (v,,) — 0. J;, is said to satisfy the (PS), condition if
any (PS). sequence contains a convergent subsequence.

The main result of the section is the following compactness result.

Lemma 3.1 Assume that (V1)-(Vs), (K), and (hy)-(h3) are satisfied. Let {v,} be a (PS). se-
quence for J,. Then ¢ > 0 and {v,} is bounded in E.

Proof Let {v,} be a (PS), sequence for J;, we have
1 !
5(vi) - ;]}L(Vn)vn =c+0(1) + &ullvalls, (3.1)

where ¢, — 0 as 1 — oo.
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By (h3) and Lemma 2.1(6), we deduce
1
JL(vy) - ]A(Vn) n

f [|an|p+AV(x [f(v,, |P]

> / [IV0al? 4 AV @0l F ) )]

/ [ Vn)Vn (x'f(V"))i|
/ N[;K(x)lf( D7 v - —K(’C)V i ]

1 1

= <_ - _> /RN [IVval? + 2V () |[f )]
1
A fRN [Eh(x,f(vn))f(v,,) —H(x,f(v,,))]

1 1 2w p*
x(2wM wp*) | K@)
> (l _ l) [ vup velronl) (3:2)
RN

p ©n

Hence combining (3.1) and (3.2), for n large enough,

(é _ %) /R [Vl V@I < e o) + vl

which implies that there exists C > 0 such that

/RN[IVanp +AV@|fva)]] < C. (3.3)

Taking the limit in (3.2), we can obtain ¢ > 0.
In the following, we need to show {v,} is bounded in E. From (3.3), we need to prove
that [ V(®)|v,|? is bounded.

By (V2)!

p*

" _rr 2

/ V) vnl? < M lval?” < MS (/ |an|1”)
{lvnl>1} {lvnl>1} RN

and using Lemma 2.1(8),

po L , )
/{lvn<1} Vel = /{wnq} Vel < C2/ V@)|fa)|”.

These estimates imply that {v,} is bounded in E. O

From Lemma 3.1, we know that every (PS), sequence is bounded, hence, without loss of

generality, we may assume v, — v in E and L”(RY), v, — vin L{ (RN) for s € [p, p*), and

loc
V(%) = v(x) a.e. for x € RN, Obviously, v is a critical point of J;.
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Lemma 3.2 Assume that (V1)-(V3), (K), and (hy)-(hs) are satisfied. Let s € [p, 2w p*) and
{v.} be a bounded (PS). sequence. Then there is a subsequence {vuj} such that, for each
& >0, there exists r, >0

lim sup/ [f(v,,j)|s <e
B\B,

j—o00 j
forall r > r, where By = {x € RN, |x| < k}.

Proof Fors € 2w p, 2w p*). Noting that v, — vin le as n — 0o, we have, for eachj e N,

and there exists ﬁj € N such that

S S 1 A ..
(|vn|2w—|v|ZW)<—_ asm=nj+ii=12,....
Bj J

Without loss of generality, we can assume 7,1 > 71;. In particular, for #; = 71; + j, we deduce
s s 1
(|an|2’” - |V|Zw) <.
B J

Observe that there exists an 7, such that r > r,, and the following relation is satisfied:

/ |v|ﬁ <&. (3.4)
RN\B,

We have

S S S S S S
[t = [ (e =ty [ iz e [ (wise = uyioe)
B\B, B; Bj\By By

] ] ]

1 S S S .
<<+ vizo + [ (V|27 —|vy|27) <& asj— oo.
] RN\B, By

From Lemma 2.1(5), we know

lim sup [f(vnj)|s < Climsup/ |v,,j|ﬁ <e¢

j—>00 Bj\By ] Bj\Br

forall 7 > r,.
For s € [p,2wp), we only need Lemma 2.1. d

Remark 3.3 From the proof of Lemma 3.2, we can find the same subsequence {v,;} such
that the result of Lemma 3.2 holds for both s = p and s = ¢.

Let n : [0,00) — [0,1] be a smooth function satisfying n(¢) =1if t <1, n(t) =0 if £ > p.
Define v; = n(‘%)v(x). Clearly,

IV =vlr— 0 asj— oo. (3.5)

Page 9 of 22
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Lemma 3.4 Assume that (V1)-(V2), (K), and (hy)-(hs) are satisfied. Let {v,;} be defined as
in Lemma 3.2, then we have

im [ (S ) V) = B(f = D) vy = ) = B f G )] =

Jj—00 RN
uniformly in ¢ € E with |||, <1.

Proof From (3.5) and local compactness of the Sobolev embedding, for any r > 0,

lim
Jj—00

/B [ f W) W) = B f Wy = D) W = 5) = (. f ) () ]| = O

uniformly in ||¢|[, <1.
Let s =p,q. By (2.2)

|(p|s = Vs”(p”k = Vs

and, for any ¢ > 0, it follows from (3.4) that

limsup/ [vl° < / v <e,

j>oo  JB\By RN\B,

for all ¥ > r.. By (h;), (hy), and Lemma 2.1(2), (5), and (6), we have, for all v € E,
(5 f ) W)]lg] < co([fO + FO7 ") 0)]lo)

(
C<v e v<v)||2wq>|¢|

c(fm + me)lpl
<C(IvF™ + T gl (3.6)

IA

| /\

Therefore, using Lemma 3.2 and Remark 3.3,

lirvnsup/];R [ (xf(v,,]))f (Vn,) h(xf(v} )f () - h(x,f(vnl ) )f’(v,,j—ﬁ/)]go
j—o00
= limsup / [A(xf Vup))f (V) = B (5, f ) ()
j—oo |JB)\B,

= h(%,f ;= V) (Vi — ‘71')]‘/"

< Clim sup/Bv\B (F) P+ @™+ [ =)ol

j—o00

+ Climsup/ (1177 + 1177+ vy — 1177 o]
j—o00 Bj\By

= Clirggp(lf<vn;> 'Z;(lsj\sr + @ B\Br )1ely

+ Chmsup(|v,,/|u, B\B,) T |V1|u’(3 \By) )|¢’|p
]~>OO
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. gq-1 ~ q-1
+Clim SuP(|an|Lq(B,-\B,) + |Vi|Lq(Bj\B,)) loly

J—> 00

-l q-1
p+gq),

<C(e
which implies the conclusion as required. g

Lemma 3.5 Assume that (V1)-(V2), (K), and (hy)-(h3) are satisfied. Let {v,;} be the defined
in Lemma 3.2, then we have, as j — 00,

(@) Livuj =) > c=Ji(v);
(i) J;(vuj = ;) > 0.
Proof
Ty = V)) = i(vij) = 1. (¥)
— [ l9sp = 9= =19

)\‘ ot ~
_ 1_9 /RN V(x)[V(v,,j)|p _ V(an _ Vj)|p B V(Vj)|p]

A wp* ~\ [2o0p* ~ wp*
* e | KON = oy~ = )

4 /R S 0n)) ~ H(w Oy~ ) - H 5.1 ) ]

By (h;)-(hs) and Lemma 2.1, similar to the proof of Lemma 3.4, it is not difficult to check
that

lim [H (%.f (v))) = H(%,f (vij = ¥))) = H(x,f (7)) ] = 0.

j—>0o JrN

By (3.5) and the Brezis-Lieb lemma, we can deduce that

lim [ [IVvgl? = |V - )" = IVHIP] = 0.

j—o0 JRN

Recalling that, for any fixed ¢ > 0, there exists C, > 0 such that, for alla,b € R,
’|u +b|° - |a|s| <glal’ + C.|b|’°, 1<s<oo,

therefore,

)" = |f W =) < elf W = D) + Celf g = 7"

, 0<0<1

Using Lemma 2.1(3), we obtain

05 = ([l =y = ) = [F @I — el - 7))
< (F@)F + Colf g - 7))

< C|vP.
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Applying the Lebesgue dominated convergence theorem, we know that [px I'f—0as

j— 0. Since V(x) is bounded and

3

)

V)l = 1y =) = [ @ | < T + elf (=7

we deduce that

lim [ V@)l = - 7)” = [F@)"] = 0.

j—>oo JrN

Similarly, we can obtain

lim / K@ )™ = f =) = |f@5)|"™ ] = 0.
] JRN

These, together with the facts /, (v,;) — ¢ and J, () — J,(v) as j — 00, give conclusion (i).

To verify conclusion (ii), observe that, for any ¢ € E,

T i = V)@ = T, (vu)o = T, ()

ﬂAJWWWJWW—Www—mV”wWF@LJWWHVMV¢
- /R VU @af o) = [F @7 )

_ lf(an - 17;) |p_2f(an - 17j)f/(an - 17/)]§0
T /R K@) P77 2 ) ) — @) 77

2

F@)f' @)
W= f g = ) vy = 7)o

A /R [ ) ) = B ) )

= h(xf i = D)) vy = V) .

By (3.5) and Lemma 3.2 in [39], we can check that

r-1
li p-2 ~\|P—2 ~ ~ P27 p%l ’
lim N||anj| anj—|V(an—Vj)| V(vu = 7)) = V] Vv,»| =0.
R

]— 00

Hence we have

. _ ~ -2 ~ ~ 1y ~
lim Nﬂvwdpszfqvow_wpﬁ V(v =) = VI P V;]Ve = 0

J—> 00 R

By Lemma 2.1(6) and (5), we have

<CpP

* Zw'p*
O™ 2fw)f )] < %
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Then by the Rellich imbedding theorem and the continuity of the Nemytskii operator, we
obtain

2

fim [ K@) ) W) = [T G )

Jj—00 RN

- [f(an - 17j)|2wp*_2f(an - 17/)f’(an - ‘7;')]90 =0

uniformly in ||¢||; <1. Moreover, since V(x) is bounded, using the same arguments as in

Lemma 3.4 and (3.6), we obtain

Jim fR VO ) )~ 1O G
— |f s =D Wy = T s = 9]0 = O

and

lim [h(x,f(v,,/))f/(vy,j) - h(x,f(fl,»))f/(ﬁ,') - h(x,f(v,,j - ﬁj))f’(v,,/ - f/j)]<p =0,

j—>00 JrN
uniformly in |||, <1, proving (ii). O

Lemma 3.6 Assume that (V1)-(V3), (K), and (h;)-(hs) are satisfied. Then there exists a
constant oy independent of L such that, for any (PS). sequence {v,} for J, with v, — v,

either v, — v for a subsequence or
1N
c— (V) =aor 7.
Proof Taking

vh=

f an — V]‘,

then v,; — v = V} + (Vj = v), by (3.5), v;; — v if and only if v} — 0. Assume that {v,} has
no convergent subsequence. Then liminf,_, o ||v, — V||, > 0. By Lemma 3.5, one also has a
subsequence that ],\(V}) —c—J,(v)>0and ]){(V}) — 0.

Denote

V(x) = max{V(x),b},

where b is the positive constant from assumption of (V1). Since the V* has a finite measure

and v} — 0in L} , we see that

/ V()P = / Vilf ()7 + o). (37)
RN RN

From (h;)-(hz), we deduce for any fixed ¢ > O that there exists C, such that

h(wfO)f0) < elf0 + C W[,
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thus by (K), we can find a constant C b such that

h(x,f )W) + K@f )7 < % O+ Cp @)™ forall (x,v).

From Lemma 2.1(5) and (6), (3.7), and (3.8), we know

S 2w
7 ) e

gﬂﬁﬁ*gﬂgﬂvﬁf+xvuﬂﬂﬁﬂﬂ—ngxd@VOﬁV
<20 [ (VAP +aV@ DI o) ()] - [ velrer
2w [ WO ()9} v 2ma | KGO P
_xléxmeOhV+dn
<2m [ (s () + Klr () ']
[ VI o)

<2whi ,/RN [h(x,f(vll))f(vll) +K(x)V(V,1')‘2E’p*] —Ab . Lf(v})|1’ +o(1)

2w p*

< ZE'ACZL [f(vll) +o(1).

2w p*

We have

Ly A 2wyt AKnin -
B = R0 = g [ K@l = 2me [

where Ky, = inf K(x) > 0. It is easy to see that

1\ | 2@ p* 2GTN(C —]A(V))
V( ) 2w p* = AKnin +

o(1).

]

From (3.9) and (3.10), we obtain
S <iC lf( 1) 2w p*-2wp (1)
4072 - % V/ 2w p* +to
2 N _ p/N
<, (2 (c—-]i(v)) +o(l)
2w AKnin

PpIN
<2WN> (c- ]A(V))

1<min

2P

= Al_%ci

2w

+o(1),
or, equivalently,

@A™ <c—J,(v) + oL),

() ()

Page 14 of 22

(3.8)

(3.10)
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where
P
N NC—% Kiin
Qg = .
0 4w? 2% 2o N
The proof is complete. d

From Lemma 3.6, we have the following conclusions.

Lemma 3.7 Assume that (V1)-(V,), (K), and (h;)-(hs) are satisfied. Then ], satisfies the
N
(PS). condition for all c < a7

Lemma 3.8 Assume that (V1)-(Va), (K), and (h;)-(hs) are satisfied. Then J; satisfies the
(PS). condition for all c < aoklf%.

4 The mountain pass geometry
Lemma 4.1 Let E be a real Banach space and ] : E — R be a functional of class of C'.
Assume that E is a closed subset of E which disconnects (arcwise) E into distinct connected
components E, and E,. Suppose further that J(0) = 0 and

(i) O € E; and there exists a > 0 such that J|z > o > 0;

(ii) there exists e € Ey such that J(e) < 0.

Then ] possesses a (PS). sequence with ¢ > « > 0 given by

= o e/ ()

where A = {y € C([0,1],E): y(0) =0,J(y(1)) < 0}.

From now on, we consider A > 1, and the following lemma implies that J, possesses the

mountain pass geometry.

Lemma 4.2 Assume that (V1)-(Vs), (K), and (hy)-(hs) are satisfied. For each A there is a
closed subset E; of E which disconnects (arcwise) E into distinct connected components E;
and E;. Then ], satisfies:

(i) O € Ey and there exists a; > 0 such that J;|g, > a; > 0.

(ii) For any finite-dimensional subspace F C E,
J.(v) > —co asveF and|v|, — oo.

(ili) For any o > 0 there exists Ay > 0 such that, for each » > A, there is e, € E; such
that J,(e;,) < 0 and

N
max J; (tey) < ol v,

te(0,1]

Proof (i) First note that, for each A, J;(0) = 0. Now, for every p > 0, define

EM) = {VGE:A;{N[WVV” +kV(x)[f(v)|p] :p”}.
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Since fRN[|VV|p + AV (x)|f(v)|P] is continuous, then Ek,p is a closed subset which discon-

nects the space E. From (h;)-(hy), for any § > 0, there exists C; > 0 such that

/ H(x,f(v)) 58/ [f(v)|p+C,g/ [f(v)|2wq. (4.1)
RN RN RN

From Lemma 2.1(3), we know |[f(v)|, |f(¥)|? € E, and since the embedding from E to L*(RY),

p <s < p*,is continuous, we have

W <vk / IMIERACTE
RN RN
< v}f,’/ [IVol? + AV f0)]7] < V2P (4.2)
RN

Taking 0 < 7 <1such that g = £ + p*(1- 1), using the Holder inequality and the Sobolev

embedding theorem, we obtain

T 1-t
2wq V4 21”17*
/RNLf(v)| s(/Rle(vn) (/Rle(v)| )
pi) 2\° p*>“
< (2w) (/Rle(v)l) (fRNM

pi-1)
p*-1) p*-1)
<Qw) 7 v ptS e Vvl
RN

*(1-1) « *(z-1)
< (2w)p r Vi pPt 105" (4.3)

Furthermore, since K(x) is bounded, by Lemma 2.1(5) and the Sobolev embedding theo-

rem, we get

f K@) < 20)7 K| / a
]RN

RN
5 5 Ii
- _p p
<Qa)7S p|1<|oo</ |Vv|f’>
RN
o .
<22) 7S Klup”. (4.4)

By (4.1)-(4.4), we know that

*

1 *(1-1) *(z-1) . 2w) 7 pt .\
() > (1; —A&vf,’)p"—kCg(Zw)p 7 v;”Sp p ppTr =) —A%S 5 |K | oo p”

for every v € Ex,p. Since pt + p*(1 - 1) > p, we conclude that there are «; > 0 and p; such
that ]l|751::7:&,m >y >0.

(i) Observe that, by (h3), |H(x,f(v))| = Co(If()[>” + |f(v)])". Define the functional ®; €
CYE,R) by

(1) = }9 /R [V V@] - % /R (P o))
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Then
Ji(v) < ®,(v) forallveE.
For any finite-dimensional subspace F C E, we only need to prove
D, (v) > —o0 asveF,|v|,— oco.
In fact, by Lemma 2.1(8), we get
W) +[f )] = Clv.

Thus
@A(V)fIlg/RN[|VV|p+)\V(x)lf(V)|p]—AZOCI/RN|V|l.

Since all norms in a finite-dimensional space are equivalent and [/ > p, one easily obtains
the desired conclusion.

(iii) From Lemma 4.1 and Lemma 4.2(i)-(ii), if J;, satisfies the (PS). condition for all ¢ > 0,
then Theorem 2.2 follows from a variant mountain pass theorem. However, in general we
do not know if J; satisfies the (PS), condition. By Lemma 3.7 for A large and ¢, small
enough, /; satisfies the (PS)., condition. Thus we will find a special finite-dimensional
subspace by which we construct sufficiently small minimax levels for /, when A is large
enough.

Recall that

inf{/ |V¢|p:<peC8°(RN),|<p|l=1}=0, p<l<p*.
RN

For any & > 0, we can choose @5 € C§° with |gs]; = 1 and suppgs C B, (0) such that
Vs |§ < 4. Set

e (%) = g5 (A7), (4.5)

then suppe;, C B .| (0). Remark that, for ¢ > 0,
A Prs

Ji.(te;) < @, (tey)
= L;/RN(WMP+)LV(x)[f(te,\)|") — 2% /RN(V(teA)Pw N lf(tex)Dl

tP ~
Y / (IVer? + AV @)le, P) - K Cle / e,
P JrN RN

N[t _1 ~
<7 (_/ (IVesl? + V(5 I’x)|(/75|p)_cocltl/ |<P5|l)
RN RN

p

1-N
=A P \IJ)L (t%);
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where W, € C}(E,R) is defined by

W, (v) = 1/ (IVvlP + v(x‘ix)w)—zoc:’/ v,
P JrN

RN

It is easy to show that

I-p _1 =
m>a(;( W, (tps) = — & / [Vos|? + V()\ ”x)|<ﬂa P .
tz Ip(lcyCHFr \JRN

Since V(0) = 0 and supp ¢s C B,,(0), there is As > 0 such that

1 8 2
V()L‘zlvx) <— forall [x| <r;and A > As;.
s |p
Thus
_p a
max W, (tgs) < ————(28) 7.
20 Ip(lcyCH =r
Therefore, for all A > [\3,
l—p e 1-N
max CD;\(te;\) < (28)1—1))\' r,
t>

Ip([ZC) T

Choosing § > 0 such that

and taking A, = f\g, from (ii), we can choose f large enough and define e, = fe;; then we
get

N
Ji(ey) <0 and Omaxllk(téx) <oAr. 0
<t<

Remark 4.3 For any § > 0, one can choose nonnegative g5 € Cy N W?(RN) such that
the function e, defined by (4.5) is nonnegative. In fact, if {¢;} is a sequence in C§° with
lgjl; = 1 and |V<pj|§ — 0, then by Kato’s inequality, the absolute value sequence |g;| €
Co N WH(RN) with |¢;|; = 1 and |V(lg;|)I5 < [Vg;l, — 0, where Cy denotes the set of
all continuous functions in RN with compact supports. Therefore, Lemma 4.2 is still true
with the function e, > 0.

As a consequence of Lemma 4.2 and Remark 4.3, we have the following conclusions.

Corollary 4.4 Assume that (V1)-(Vs), (K), and (hy)-(hs) are satisfied. For any o > 0 there
exists Ay > 0 such that, foreach A > A, thereis a; > 0 and a (PS)., sequence {v,} satisfying

5(vy) = ¢, Ji(vy) >0 asn— 0o,

1-N
where 0 <o) <c;, <ol P,
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Corollary 4.5 Assume that (V1)-(V3), (K), and (h;)-(hs) are satisfied. For any o > 0 there
exists A, > 0 such that, foreach A > A, thereis o, > 0 and a (PS), sequence {v,} satisfying

L) —c, v —>0 asn— oo,
LN
where 0 <oy <c;, <ol 7.

5 Proof of the main results

In section, we prove the existence and multiplicity results.

Proof of Theorem 2.2 In virtue of Corollary 4.4, for any 0 < 0 < «y, there exists A > A,

there is oy > 0 and a (PS),, sequence {v,} satisfying
L(vy) = ¢, J;(vy) = 0 asn— oo,
N
where 0 <o) <¢; < o7 . Lemma 3.7 implies that J, satisfies the (PS),, condition, thus
there is v, € E such that J,(v;) = ¢, and J;(v,) = 0, then v; is a positive solution of (2.1).

Moreover, it is well known that a mountain pass solution is a state solution of (2.1).

Since v;, is a critical point of J;, for v € [p, p*],
l—ﬂ 1 /
ok =) - ;/,\(VA)VA

> (1 ) l) / [Vl + 2V@)|f )]
RN

p v

"
”(c -1) /RNH(x,f(vA))
1 1 2w p*
+A/}£W<2mu - 2wp*)1<(x)V(Vx)} ,

where u is the constant in (hs). Taking v = p yields

N

S

- 1 op
M;Tp ]RNH(x,f(V;L))+ = /R NK(x)[f(vm2 P < g

and taking v = u gives

1N

m-p [IVVM" + AV(x)[f(VA)’p] <ol 7.
RN

pr

Then
fR O V@) < /R [Vl V@l <ont

which means f(v;) — 0 in W (RN) as A — oc. The proof is completed. O

Remark 5.1 By the same arguments as applied to J;, we can obtain the existence of posi-
tive solutions for (2.3).
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In order to obtain the multiplicity of critical points, we will apply the index theory de-
fined by the Krasnoselski genus. Denote the set of all symmetric (in the sense that —A = A)
and closed subsets of E by X. For each A € X, let gen(A) be the Krasnoselski genus and

i(A) = ng:l gen(h(A) N Ek),

where ¥ is the set of all odd homeomorphisms # € C(E, E) and E, is the closed symmetric
set

E; = {v eE:/ [|Vv|" +)\V(x)[f(v)‘p] = p"}
RN
such that /; [z, > a; > 0. Then i is a version of Benci’s pseudoindex [40]. Let

¢j= inf sup/i(v), 1<j<m. (5.1)

i(A)>] yea

If ¢); is finite and J;, satisfies the (PS)% condition, then we know all ¢,; are critical values
for J;.

Proof of Theorem 2.2 Consider the functional /;, from (h;)-(hs), we know, for each A, there
is a closed subset E; of E and «; > 0 such that J;, Iz, = o >0.
In the same way as we have done in Lemma 4.2, for any m € N and § > 0, we can choose

m functions gog € C(RYN) such that supp ¢} N supp <p§ =gifi#k, |<p§|1 =1and |V(p§ < 8.
Let r}" > 0 be such that supp ¢ C Bym (0),1<j<m.Set

e/k(x) = gaé()d%x), 1<j<m
and
H}'(x) := spann{e},...,e}'}.

Then i(H;") = dim H" = m. Observe that, for each v =37, tje’vA e H}",

m

JL(v) = Z]x (t,»e’g)

Set
Bs =max{‘¢é’§:l <j=< m}
and choose Ag” such that

1 ) o
V()f!l’x) < b forall |x| < r{" and A > A}
s
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Thus it is easily to obtain

L N
p )

sup () < —=p)

(25)
veH;" Ip([ZCh 7

for all A > /A\g” Choose § > 0 such that

—m(l_p),, 26)% <o.
Ip(leyChT=r

Thus, for any m € N and o € (0, ), there exists [\g’ such that A > ]\g”, we can choose an
N
m-dimensional subspace H}" with max J, (H}") < ol T,

N
Since ;. |z, > @, >0 and max J, (H}") < o277, we deduce

1-N

) <cu=<ca=<--Zcm=sup L(v)<or 7,
veH!"
A

where c;; defined by (5.1).
N
It follows from Lemma 3.7, J; satisfies the (PS). condition if ¢ < ozo)nlff. Then all ¢,; are
critical values and J, has at least m pairs of nontrivial critical points satisfying

w <5 () <odr, 1<j<m,

Therefore, (2.3) has at least m pairs of solutions and u; = f(v,;) must solve problem (2.1).
d
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