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Abstract

We prove the existence results in the setting of Orlicz spaces for the following
nonlinear elliptic equation:

Al) +gx,u,Du) = u,

where A is a Leray-Lions operator defined on D(A) C W&LM(Q), while g is a nonlinear
term having a growth condition with respect to Du, but does not satisfy any sign
condition. The right-hand side w is a bounded Radon measure data.
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1 Introduction
Let © be a bounded domain in RY. In the classical Sobolev space Wé'p (2), Porretta [1]
studied the solution of the following problem:

—diva(x, u, Du) = H(x, u, Du) + u, 1)

where a is supposed to satisfy a polynomial growth condition with respect to u and D,
H has natural growth with respect to Du without any sign condition (i.e., H(x,s,&)s > 0),
that is, 2 and H satisfy

@) la(x,s5, )| = BKE) + s + [6P), k@) € 17/(@), > 0,p>1, 1+ L =1,

(H) |H(x,s,£)| < y(x)+g(s)|EP, y(x) € LH(RQ), and g : R — R* is continuous, g > 0,

geL'(R),

for almost every x € R, for all s € R, £ € RN, The right-hand side  is a nonnegative
bounded Radon measure on 2. The model example is the equation

—Ap(u) + g()|Dul’ =

in Q coupled with a Dirichlet boundary condition.
Aharouch et al. [2] proved the existence results in the setting of Orlicz spaces for the
unilateral problem associated to the following equation:

A(u) + g(x,u,Du) = f, (2)
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where A(u) = —diva(x, u, Du) is a Leray-Lions operator defined on D(A) C WLy (R), a
and g satisfy the following growth conditions:
(@2) la(x,s,)| < c(x) + kP (Mkss)) + ksM ™ (M (ko |€1)), Ky, ko, ks, kg > O,
c(x) € Ejy(2),
(8) lg(x,s,&)| <yx)+p(s)M(E]), y(x) € L), and p : R — R* is continuous, p > 0,
p € L'(R),
for almost every x € , for all s € R, & € RN, where M and P are N-functions such that
P < M. The right-hand side f belongs to L}(Q2). The obstacle is a measurable function.
Youssfi et al. [3] proved the existence of bounded solutions of problem (2) whose prin-
cipal part has a degenerate coercivity, where g does not satisfy the sign condition and f is
an appropriate integrable source term.
Some elliptic equations in Orlicz spaces with variational structure of the form

/Q M(|Dul) dx

have been studied, where u : @ — RN, Q@ C R” is a bounded open set (see, e.g., [4—7]). The
associated Euler-Lagrange system is

_d1v<M/(|Du|) |Du|> =0 (seeeg,[5]).

In this case methods from the calculus of variations can be used and regularity of solutions
can be shown. However, the assumptions are strong. For example, it is needed that M
satisfies A, condition in [4] and [6].

The purpose of this paper is to study the existence of a solution for the following non-
linear Dirichlet problem:

A(u) + g(x, u, Du) = u, 3)

where A(u) = —div a(x, u, Du) is a Leray-Lions operator defined on D(4) C W} L(£2) hav-
ing the following growth condition:

’a(x,s,§)| < ,B[c(x) +1\_/I_1(M(|s|)) +1\_/I_1(M(|“§|))], B >0,c(x) € Ejy(2)

for almost every x € Q, foralls € R, & € RV, g is a nonlinear term having the growth condi-
tion (g) without any sign condition, and u is a nonnegative bounded Radon measure on €.
When trying to relax the restriction on 4 and H in Eq. (1), we are led to replace Sobolev
spaces by Orlicz-Sobolev spaces without assuming any restriction on M (i.e., without the
A, condition). The choice M(t) = #?, p > 1, t > 0 leads to [1]. A nonstandard example is
M(t)=tIn(1 +¢t), t >0 (see, e.g., [8, 9]). Taking M(¢) = €' — 1, t > 0, M does not satisfy A,-
condition. Moreover, the elimination of the term g in Eq. (3) can lead to [10]. A specific
example to which our result applies includes the following:

. M(|Du|)Du 1Pl p1(t
—d1v<az( ) —————— Dl ) a(u )/ —dt—

where a(s) is a smooth function, and § is a Dirac measure.
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This paper is organized as follows. In Section 2, we recall some preliminaries and some
technical lemmas which will be needed in Section 3. In Section 3, we first prove that there
exist solutions in W} Ey(Q2) for approximate equations by using a linear functional analysis
method; next, following [1-3, 10], we prove the existence results for problem (9)-(10) and
show that solutions belong to Orlicz-Sobolev spaces WELz(S2) for any B € Py, where Py
is a special class of N-functions (see Theorem 3.1 below).

For some classical results on equations, we refer to [11-18].

2 Preliminaries
2.1 N-function
Let M : R* — R* be an N-function; i.e., M is continuous, convex with M(«) > 0 for u > 0,
Mu)/u — 0 as u — 0, and M(u)/u — oo as u — 0o. Equivalently, M admits the rep-
resentation M(u) = fou ¢(t)dt, where ¢ : R* — R* is a nondecreasing, right-continuous
function with ¢(0) = 0, ¢(¢) > 0 for £ > 0, and ¢(t) - oo as t — o0.

The conjugated N-function M of M is defined by M(v) = f(;/ ¥ (s)ds, where ¢ : R* — R*
is given by ¥ (s) = sup{t : ¢(£) <s}.

The N-function M is said to satisfy the A, condition if, for some k > 0,

MQu) < kM(u), VYu=>0.

The N-function M is said to satisfy the A, condition near infinity if, for some k > 0 and
uog >0, M(2u) < kM(u), Yu > uy (see [19, 20]).
Moreover, one has the following Young inequality:

Yu,v>0, uv<Mu)+M@).

We will extend these N-functions into even functions on all R.

Let P, Q be two N-functions, P <« Q means that P grows essentially less rapidly
than Q; i.e., for each ¢ > 0, P(¢)/Q(et) — 0 as t — oo. This is the case if and only if
lim,_, oo Q°X(£)/P7L(¢) = O (see [19, 21]).

2.2 Orlicz spaces

Let Q be an open subset of RY and M be an N-function. The Orlicz class Kj;($2) (resp. the
Orlicz space Ly(2)) is defined as the set of (equivalence classes of) real valued measurable
functions « on 2 such that

u(x)

/M(u(x))dx<+oo (resp‘ /M(T)dx<+oo forsomek>0>.
Q Q

Ly(2) is a Banach space under the Luxemburg norm

loclan =inf{k >o:fQM(@> i < 1},

and Kj;(€2) is a convex subset of L,;(2) but not necessarily a linear space.
The closure in L;(£2) of the set of bounded measurable functions with compact support
in Q is denoted by E;(£2). The equality Ex () = Ly(R2) holds if and only if M satisfies the
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A, condition for all ¢ or for ¢ large according to whether €2 has infinite measure or not. The
dual space of Ex(2) can be identified with Lj;(€2) by means of the pairing fQ u(x)v(x) dx,

and the dual norm of L(S2) is equivalent to || - || -

2.3 Orlicz-Sobolev spaces

We now turn to the Orlicz-Sobolev spaces. The class WL(2) (resp., W'E,;(£2)) consists
of all functions u such that u and its distributional derivatives up to order 1 lie in L (<)
(resp., Epr(R2)). The classes WLy (Q2) and W'E () of such functions may be given the
norm

lullgar =Y |Du -

le|=1

These classes will be Banach spaces under this norm. We refer to spaces of the forms
WL (2) and WE(R2) as Orlicz-Sobolev spaces. Thus WL (2) and W'E(2) can be
identified with subspaces of the product of N + 1 copies of L;(€2). Denoting this product
by 1L, we will use the weak topologies o (I1La, I1Ej;) and o (I1Lag, T1L ;). If M satisfies
A, condition (near infinity only when € has finite measure), then W'Ly(2) = W Ex ().

The space WE(S) is defined as the (norm) closure of the Schwartz space D(€) in
WLE)(Q) and the space WiL(S2) as the o (ITLay, TIEj;) closure of D(2) in WLy ().

We recall that a sequence u, converges to u for the modular convergence in WL ()
if there exists A > 0 such that

D%u,, — D*
/M('bt}xibt')dxao asn— oo forall || <1.
Q

Let WIL;;(Q) (resp. WLE;;(2)) denote the space of distributions on © which can be
written as sums of derivatives of order <1 of functions in Lj;(2) (resp. Ej;(S2)). It is a
Banach space under the usual quotient norm.

If the open set  has the segment property, then the space D(R2) is dense in W L(€2)
for the modular convergence and thus for the topology o (I1Las, T1L ;). Consequently, the
action of a distribution in WL ;(2) on an element of W} Ls;(Q2) is well defined. The dual
space of W2 Ey(Q) is WL(S2) and the dual space of WEy () is WiLy(Q) (see [21,
22]).

For the above results, the readers can also be referred to [8, 23-25].

We recall some lemmas which will be used later.

Lemma 2.1 (see [26]) For all u € W)Ly (), one has

/ M(|u|/diam Q) dx < / M(|Du|) dx,

Q Q

where diam 2 is the diameter of Q.

Lemma 2.2 (see [22]) Ifthe open set 2 has the segment property, u € W} Ly (S2), then there

exists A > 0 and a sequence uy € D(2) such that for any |«| < 1, py(|D*ug — D*u|/1) — 0,

k — oo.
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Definition 2.1 (see [27]) Let V,, = span{wy,...,w,,}; then u,, € V,, is called a Galerkin
solution of A(u) = f in V,, if and only if

(A(um),v) =(f,v) VYveV,.
The proof of the following lemma can be found in Lemma 5.12.1 in [28].

Lemma 2.3 Let f : R”™ — R" be a continuous mapping with

x, f(x

(oSG _ W
lxl>o0  |x]

where a is a constant with —o0 <a <0 or 0 <a < +00, | - | is a norm in R™, (-,-)

is an inner product defined as (x,f(x)) = Y o, xfi(x) with x = (x1,%2,...,%,) and f(x) =
(Ax),2(x),....fm(x)). Then the range of f is the whole of R™.

Proof Let uy € R” and define f*(x) = f(x) — uo. Then f* satisfies (4). Consequently, it is
sufficient to prove that the range of any map satisfying (4) contains the origin.

If 0 < a < +00, using (4) we see that we may choose r large enough so that

x|

>0 for|x|=r. (5)

But from (5), it follows that the mapping

@

&)= e

El<r.

Then w: B(0,r) — B(0,r) is continuous where B(0,r) = {x € R", |x| < r}. By the Brouwer
fixed point theorem, f is continuous from B(0, ) C R™ into B(0, r), and f has a fixed point,
i.e., there exists x € B(0,r) such that x = w(x). Then

~ | e
= oo = |- =
which implies that
of@) o =7f@D  f@Iwx) @ )] 0
el r '

It is a contradiction with (5). Therefore, f is surjective.
If —oo <a <0, then let g = —f. Thanks to (4), we have

(x,g(x))

lxl>c0  |x|

From this we deduce that g is surjective. Therefore —g is surjective, too. Immediately, f is

surjective, i.e., the range of f is the whole of R™. O
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Remark 2.1 Let V be a vector space of finite dimension and A : V' — V* be a continuous

mapping with

(A, ) _

a, (6)
lully—o0 | x|
where « is the constant in Lemma 2.3 and V* is the dual space of V, then A is surjective.

Clearly, condition (4) is weaker than the one of Lemma 5.12.1 in [28].

Remark 2.2 If condition (4) is replaced by

@G _

’
%] — 00 |x|

then f is not surjective. For example, let f(x) = |«|, then f : R — R is continuous and

[ f ) -

x| ||

=|x| > +o00 as |x| > +00.

However, the range of f is [0, +00). Therefore, Lemma 1 in Landes [27] should be without

absolute.

Lemma 2.4 (see [20] and [21]) If a sequence u, € Ly(2) converges a.e. to u and if u,
remains bounded in Ly(2), then u € Ly(2) and u,, — u for o (L, Ej;).

Lemma 2.5 (see [22]) Let uy,u € Lp(2). If ux — u with respect to the modular conver-

gence, then uy — u for o (Lag, L)

For N-function M, 7,"" () is defined as the set of measurable functions u : 2 — R such
that for all k > 0 the truncated functions Ti(x) € WLy (2) with Ti(s) = max(—k, min(k, s)).

The following lemmas will be applied to the truncation operators.

Lemma 2.6 (see [2, 23] and [24]) Let F:R — R be uniformly Lipschitzian with F(0) = 0.
Let M be an N-function, and let u € WLy (Q) (resp. WLEp(Q)). Then F(u) € WLy ()
(resp. WYEp (). Moreover, we have aix’,F(u) = F’(u)aixiu, a.e. in {x € Qlu(x) ¢ D}, and
8%F(u) =0, a.e. in {x € Q|u(x) € D}, where D is the set of discontinuity points of F'.

Lemma 2.7 (see [29]) Ifu € W'Ly(R), then u*,u™ € WLy (Q) and

Du, ifu>0, 0, ifu=>0,
i and Du” = i

0, ifu<o, —Du, ifu<0.

Du' = (7)

Lemma 2.8 (see [2]) For every u € %I'M(Q), there exists a unique measurable function
v:Q — R such that DTi(u) = vx{u<ky almost everywhere in Q for every k > 0. Define the
gradient of u as the function v, and denote it by v = Du.
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3 Existence theorem

Let Q C RN be a bounded domain with the segment property, N > 2, M be an N-function,
M be a complementary function of M. Assume that M is twice continuously differentiable.
Denote by Py the following subset of N-functions defined as:

Pu = {B :R* — R" : N-function : B is twice continuously differentiable,
1
B'IB <M"IM’; f BoH ' (1/¢"N)dt < oo},
0
where H(r) = M(r)/r. Assume that there exists Q € P, such that
Qo H™' is an N-function. 8)

Let 1 be a bounded nonnegative Radon measure on 2. We consider the following

Dirichlet problem:
A(u) +g(x, M,Du) =u in€, (9)
u=0, onoas, (10)

where A : D(A) C WLy () — WLj(Q) is a mapping given by A(u) = —diva(x, u, Du).
a:Q xR x RY — RN is a Carathéodory function satisfying for a.e. x € Q and all s € R,
£,n e RN with & # n:

|ax,s,)| < Blcx) + M7 (M(Is])) + M~ (M(1§1))], (12)
[a(x,s,é) - a(x, S, 77)] [‘i: - 77] > O, (12)
alx,5, )€ > aM(£]), (13)

where a, 8 >0, ki, k, > 0, c(x) € Ej(2).
2:9Q x R x RY — R is a Carathéodory function satisfying for a.e. x € Q and all s € R,
£ eRN:

lgtx5,8)] < v () + ps)M(81), (14)
where p : R — R* is a continuous positive function which belongs to L!(R) and y (x) be-
longs to L}(2). For example, g(x, u, Du) = y (x) + | sin u|e *M(|Du)) (see [2]).

We have the following theorem.

Theorem 3.1 Assume that (8)-(14) hold. Then there exists at least one solution of the fol-
lowing problem:

ue TyM(Q) N WELs(SQ), VB e Py,
(A(w),d) + [ u, Du)pdx = (1, 4), V¢ € D().
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Remark 3.1 It is well known that there exists a sequence u, € D(2) such that u, con-
verges to u in the distributional sense with ||, [l1(q) < |l A, @) and w, is nonnegative

if ;© is nonnegative.

Remark 3.2 (1) Benkirane and Bennouna [30, Remark 2.2] give some examples of N-
functions M for which the set P, is not empty. For example, assume that the N-function
M is defined only at infinity, and let M(¢) = t2logt and B(t) = tlogt, then H(¢t) = tlogt
and H7!(¢) = t(log#)™! at infinity (see, e.g., [30] or [20]). Hence, the N-function B belongs
to Par.

(2) Let M(t) = |t|? and B(t) = |t|9, then Be Pyy & 1<g<p = le[p__ll) and p > 2 - % So
that we find the same result given in [1]. Our theorem gives a refinement of the regularity

result. For example, take B;(¢) = with « > 1.

74
log¥ (e+t)

We have the following proposition.

Proposition 3.1 Assume that (8)-(14) hold. Then, for any n € N, there exists at least one
solution u, € W}Ep(S2) of the following approximate equation:

/ [a(x, u, Du)Dv + g, (x, u,Du)v] dx = / wavdx, Yve WiLy(Q), (16)
Q Q
where g,(x,s,€) = %.

Proof Denote V = W&EM(Q). Define A, : V — V*,
(A u,w):= / [a(x, u, Du)Dw(x) + g, («, u,Du)w(x)] dx, VYweV.
Q

Then A, is well defined. Indeed, from (11) we have

[ A_/I<$|a(x,u,Du)|)dx§ | St(et) + M (1) + 2 D) s < .

Therefore, a(x,u, Du) € (Lj;(2))N. On the other hand, for every fixed #, fQ M(|g, (%, u,
Du)|)dx < M(n) meas(R2) < oo. Thus g, (x, u, Du) € L ().

There exists a sequence {w;}72; C D() such that {w;};2, dense in V. Let V,, =
span{wy,...,w,,} and consider 4,|v,,. fQ |Du| dx and || Du|| () to be two norms of V,,, equiv-
alent to the usual norm of finite dimensional vector spaces.

Claim: the mapping u — A,|v,,u: V,, — V} is continuous. Indeed, if #; — u in V,,, and

there exists g9 > 0 such that
1Anl v, 5 = Aulv,, ull vz > o, (17)

and since u; — u strongly in V,,,

/M(2|uj—u|)dx—>0 and /M(2|Duj—Du|)dx—> 0,
Q Q
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then there exists a subsequence of {u;} still denoted by {u;} and fi,f> € L'(£2) such that
M(2|u; — ul) < f and M(2|Du; — Dul|) < fo. By the convexity of M, we deduce that

1 1 1, 1
M(lul) < 5M(2|u, —ul) + EM(2|u|) <A+ EM(2|u|). (18)
Similarly,
1. 1
M(|Duy;l) < 5f2 + EM(2|Du|). (19)

For Vw € V,,,, by (11), (18), (19) and Young inequality, one has

|a(x, uj, Duj) Dw(x) + g, (%, u;, Duj)w(x)|
< Blex) + M (M(|wjl)) + M~ M(1Dw;|) || DW| + nlw|

< B[M(c(x)) + 3M(IDwl) + M(|uj]) + M(1Du;l) ] + [M(n) + M(Iw]) ]
_ 1 1 1 1
< B| M(c(x)) + 3M(IDwl) + §f1 + =M(2|ul) + =f» + =M(2|Dul)
2 2 2
+M(n)+M(|w|). (20)
Hence (A,|v,,u;, w) < oo for all w € V,,,. By the Banach-Steinhaus theorem {||A,|v,, 4|l vz };
is bounded. Hence {A,|v,,4;}; is relatively sequently compact in V. Passing to a subse-
quence if necessary, there exists 1, € V}; such that
”An|Vmuj - nn”\/;; — 0.
On the other hand, passing to a subsequence if necessary,
uj(x) > u(x) ae. inQ and Duj(x) - Du(x) a.e.in Q.
By the Lebesgue theorem, we know that for each w € V,,,,

lim (A, v, u;, w) = (Aulv,,u, w).
]—)OO

Hence A, |v,,u = n,, it is a contradiction with (17).
Thanks to (13) and Lemma 2.1, for all u € V,,,,

(A u,u) = /[a(x, u, Du)Du + g, (x, u, Du)u] dx
Q
2/[0{M(|Du|) — nlul||dx
Q

2a/QM(|Du|)dx—L[M(%(ndiamﬂ)) +M(a0dilﬂ9):|dx

_ /1
za/M(|Du|)dx—M(—(ndiamQ)> measQ—/aoM(|Du|)dx
Q oo Q

= (oz—oco)/QM(|Du|)dx—M((%(ndiamQ)) meas £2, (21)
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where @y = min{7,1}. By Lemma 2.1, one has ||| < diam Q|| Du]|a. It follows that
letll@mr < (1 + diam 2) || Du||(ar). We have

Jo M(|Dul) dx - 1 Jo M(IDul) dx N 1

> - > - (22)
]l . 1+diamQ  |[Du|lwy 1+ diam Q
since fQ M(u) dx > || ullary whenever ||u]|a) > 1. Combining (21) and (22), one has
(A, u,u) - 1 (23)

lulloar — 1+diamQ’

By Remark 2.1, A, is surjective, i.e., there exists a Galerkin solution u,, € V,, for every m
such that

(Anum) V) = (Mn: V)¢ Yve Vm (24‘)
We will show that the sequence {u,,} is bounded in V.
In fact, for every u,, € V, if ||uy|lom — 00, then by (23), (A, 4y,) — 00. It is a con-
tradiction with (24). Therefore {u,,} is bounded in V.
It follows from (20) that we can deduce {||A,|v,, 4|l v+ }m is bounded. So we can extract
a subsequence {u;}72, of {#,, )5, such that
up — ug in V for o ([1Lyg, TIEj;), Ajup — &, inV*foro (L, TIEy), (25)
as k — oo and (&, w) = (u,, w) forall w e Uil{wm}. By the density of {w,,}, we get
Enw) = (Uww), YwelV.
By the imbedding theorem (see, e.g., [31]) we have
ur — uy  strongly in L (2) as k — oo. (26)
Hence, passing to a subsequence if necessary

ur(x) > up(x) a.e.x € Qask— oo. (27)

On the other hand, thanks to (26), we have

/Qg,,(x, Ui, Dug ) (g — o) dx — 0 and /on,,(uk —ug)dx — 0
as k — o0o. Thus we obtain that

/g a(x, uy, Dug)(Duy — Dug) dx

= / Mo (g — 1) dox — / (%, wr, Dug) (uxe — uo) dx — 0. (28)
Q Q
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Fix a positive real number r and define Q, = {x € Q : |Duy(x)| < r} and denote by y, the
characteristic function of €2,.

Taking s > r, one has

0< / [a(x, uy, Duy) — al(x, uk,Duo)](Duk — Duyg) dx
Q
< / [a(x, ur, Dui) — a(x, ug, Duo) | (Dug — Dusg) dx
Qg

= / [a(x, uy, Duy) — a(x, ux, Dug Xs)] (Duy — Dug ;) dx
< L[a(x, i, D) — a(x, ux, Dug xs) | (Dui — Dug 5) dx.
On the other hand,
/Q a(x, ur, Duy)(Duy — Dug) dx
= L[a(x, i, Duge) — alx, u, Dug x5) | (Dug — Dug xs) dx
- /Q a(x, ug, Dug)Dug xo\q, d% + /Q a(x, ug, Dug xs)(Duyg — Dug xs) dx.
Therefore
/;Z[a(x, i, D) — alx, ux, Dug xs) | (Dug — Dug ) dx
= /Qa(x, uy, Duy)(Duy — Dug) dx
+ /Q a(x, ug, Dug)Dug xo\, d% — /Q a(x, ug, Dug xs)(Duyg — Dug xs) dx. (29)

In view of (28) the first term of the right-hand side of (29) tends to 0 as k — oo.
{a(x, ux, Duy)} is bounded in (L;(R2))N. Indeed, for every w € (Ep ()N,

/a(x,uk,Duk)wdx
Q
:/ ,uy,wdx—/g,,(x,uk,Duk)wdx
Q Q

< lewallr - Wlany + 17l g - Iwliany = (el iz + Il i) 1wl ay < +oc.

By the Banach-Steinhaus theorem, {||a(x, ux, Dux) | i}« is bounded.
Thus, there exists & € (L (22))N such that (for a subsequence still denoted by {u4})

a(, ug, Dug) = h in (Li(Q))" for o (TIL, TIEy).

It follows that the second term of the right-hand side of (29) tends to fQ\Qs hDugy dx as
k — oo.
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Since a(x, ur, Dugxs) — alx, uo, Dugxs) strongly in (Ej())N, while by (25) Duy —
Dugxs — Dug — Dug xs tends weakly in (Ep ()N for o (Ly ()N, (EM(Q))N), the third
term of the right-hand side of (29) tends to —fQ a(x, ug, Dug xs)(Dug — Dugxs) dx =
- fQ\Qs a(x, ug, 0)Dug dx.

Therefore,

/ [a(x, ur, Dux) — a(x, ur, Dug xs) | (Du — Dug xs) dx
Q

= / [h — al(x, uo, 0)]Du0 dx + (k).
Q\Qs
We have then proved that

0 <lim sup/ [a(x, u, Duy) — a(x, uk,Duo)](Duk — Duy) dx

k— o0

= / [h —a(x, ug, O)]Duo dx.
Q\Q

Using the fact that [k — a(x, ug,0)]Duy € L) and letting s — oo, we get, since
meas(2\€2;) — 0,

/ [a(x, ur, Duy) — a(x, uk,Duo)](Duk —Dug)dx — 0 ask— oo,
Q2
which gives
[a(x, Uy, Duy) — a(x, uk,Duo)](Duk —Dugy)dx — 0 a.e.in Q, (30)

(for a subsequence still denoted by {u}), say, for each x € Q,\Z with meas(Z) = 0. As the
proof of Eq. (3.23) in [32], we can construct a subsequence such that

Duy(x) — Dug(x) a.e.in Q. (31)
Consequently, we get
a(x, ug, Duy) — a(x, ug,Dug) a.e.in ,
and
gn(x, ug, Duy) — g, (x, o, Dupg)  a.e.in Q.
By Lemma 2.4, we get
a(x, ug, Dug) — a(x, ug, Dug)  in (LM(Q))N for o((LM(Q))N, (EM(Q))N),
and

n(%, g, Dug) — g, (%, uo, Dug)  in (LM(Q))N for o ((LM(Q))N, (EM(Q))N).
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Then

/ [a(x, U, Dug)Dw + g, (x, uk,Duk)w] dx — / [a(x, uo, Dug)Dw + g, (x, uo,Duo)w] dx
Q Q

for every w € V. Thus, we get (A, uk, w) — (A,uo, w) for every w € V. It follows that A,,uo =
&,. Therefore,

(A,ug,w) = (U, w), VYwe W&EM(Q).
Furthermore, by Lemmas 2.2 and 2.5, we have
(Antto,v) = (U V),  YvE WoLu(Q).
Hence, for every , there exists at least one solution u, of (16) with u, € W} Ex(<Q). O

Remark 3.3 From Proposition 3.1, we have the following approximate equations:
/ [a(%, t4y, Dtt) DV + gy (%, 1, Duayy)v] dox = / wnvdx, Vve WoLy(S), (32)
Q Q

where u,, € WJEy(Q).

Remark 3.4 Clearly, condition (11) is weaker than

| atx5,8)| < Blel) + P (M(1sl)) + M (M(1))], (33)

whenever P <« M. If condition (11) is replaced by (33) in Proposition 3.1, the approximate
equations (16) has at least one solution u,, € WLy () by the classical result of [33].

The proof of the following proposition is similar to the proof of Lemma 2.2 in [34].
Proposition 3.2 Assume that (8)-(14) hold true, and let {u,}, be a solution of the approx-

imate problem (16). Let ¢ € WLy () N L®(Q) with ¢ > 0. Then
(1) exp(G(Tk(un)))p can be taken as a test function in (32) and

/ a(x, u,, Du,) exp(G(un))Dw dx
Q
< [ mnexp(Gu)ods+ [ v exp(Glun)o d (34)
Q Q
(2) exp(—G(Ti(un)))@ can be taken as a test function in (32) and

/ a(x, u,, Du,) exp(—G(un))D(p dx + / y(x) exp(—G(u,,))@ dx
Q Q

2/ wnexp(=Gluy,))p dx. (35)
Q
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Proof (1) Choosing exp(G(Tk(u,)))e as a test function in (32), we have

[ ats P (61 2T

DT (un)p dx
+/ a(x, un, Dity) exp(G(Ti(u4)) ) Dy dx

Q
+/Qg,,(x,u,,,Du,,)exp(G(Tk(un)))(pdx

- [ wwexp(6(Tutm)p (36)
Q
which implies by (13)

P(Tk(un))(pdx
o

/QaM(‘DTk(u,,)Dexp(G(Tk(un)))
< /Q (e, ), DTi ) exp(G(Tica))) 2T 7y ) i

= / a(x, u,, Du,) exp(G(Tk(u,,))) @DTk(unkp dx.
Q

Since Ti(u,) — u, and DTy (u,) — Du, a.e. in Q as k — oo, by the Fatou lemma, we get

/ aM(|Duy|) exp(G(un)) pltn) pdx
Q o

P(Ti(un))
Y

< liminf/QaM(’DTk(u,,)Dexp(G(Tk(u,,))) "

k—o00

dx

<Ilim inf/ a(x, u,, Du,) exp(G(Tk(u,,))) MDT/((MWW dx.
Q

k—00

On the other hand, the functions a(x, u,,, Du,) Dy, g,(x, u,, Du,)¢, and u,¢ are summable,
and the functions exp(G(Tk(u,))) are bounded in L*°(£2); so Lebesgue’s dominated con-

vergence theorem may be applied in the remaining integrals. Indeed, thanks to (11) and
Young inequality, one has

|a(x, Uy, Du,) exp(G(Tk(u,,)))D<p |

”p”Ll (R)

<e o Ble) + M (M(lunl)) + M (M(1Dunl))]|De|

”P”Ll (R)

< eTﬂ[A_/I(c(x)) +M(|u,,|) +M(|Du,,|) + 3M(|D<p|)].

Since a(x, u,, Du,) exp(G(Tk(u,)))De — a(x,u,, Du,)exp(G(u,))Dg a.e. in Q as k — oo,
and by Lebesgue’s dominated convergence theorem, we deduce that

/ a(x, uy, Duy,) exp(G(Tk(uy))) Do dx — / a(#, uy, Du,) exp(G(u,)) Dy dx
Q Q
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as k — oo. Since g,(x, u,, Du,) exp(G(Ty(u4,)))¢ — gu(x, u,, Du,) exp(G(u,))ep a.e. in Q as
k — oo, and

HPHLI(R)

|g (%, 14, Duty) exp(G(Ti(un)) )| <™ 9]0,

by Lebesgue’s dominated convergence theorem one has

/an(x,u,,,Dun)exp(G(Tk(un)))godx—>/;zgn(x,un,Dun)exp(G(un))godx

as k — oo. Since u, exp(G(Ty(u,)))p — w,exp(G(u,))e a.e. in Q as k — oo, and

e HLI (R)

|1 exp(G(Te(un))e]| <e o pull@lloss
we have

//Lnexp(G(Tk(un)))godx%//Lnexp(G(un))ﬁl’dx
Q Q

as k — oo.
Thus, letting k tend to oo in (36), we obtain

| M1D,) exp(G0,)) 0Dl
+/ a(x,u,,,Dun)exp(G(u,,))Dgodx+/g,,(x,un,Dun)exp(G(un))wdx
Q Q
< [ mnexp(Gun)g d. (37)
Q

By (14), (37) is reduced to (34).
(2) Similarly, taking exp(—G(Tx(u,)))¢ as a test function in (32), we obtain (35). O

Proposition 3.3 Assume that (8)-(14) hold true, and let {u,}, be a solution of the approx-
imate problem (16). Then, for all k > 0, there exists a constant C (which does not depend on
the n and k) such that

/ M(|DTi(u,)]) dx < Ck. (38)
Q

Proof Let g = Ty(u,)* in (34). Alsolet G(£00) = L foioo p(s) ds which are well defined since

o

p € L'(R), then G(-00) < G(s) < G(+00) and |G(£00)| < [|pll;1r)/e. We have

o171 ()

/ (%, 4, Dity) exp(Gl1t)) DTi(t)* dx < e K[l amyiey + |1 () ey )
Q
Immediately, by (13) we get

/ M(|DTi(uy)"|) dx < Ck. (39)
Q
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Similarly, let ¢ = Ty (u,)” in (35). We obtain
/ M(|DTi(u,)"|) dx < Ck. (40)
Q

Combing (39) and (40), we deduce (38). O

Proposition 3.4 Assume that (8)-(14) hold true, and let {u,}, be a solution of the approx-
imate problem (16). Then there exists a measurable function u such that for all k > 0 we
have (for a subsequence still denoted by {u,},),

1) u,— uae. in

(2) Ti(un) — Ti(u) weakly in W3En(2) for o (T1Lyg, TIE);

(3) Ti(uy) — Ti(u) strongly in Epf(2) and a.e. in Q.

Proof Since

k
M(diamQ) meas{ | Tk(un)| = k}

T,
:/ M(M> dxg/M(’DTk(un)Ddxka
(1T () =k} diam €2 Q

and {|u,| > k} C {|Ti(u,)| = k}, we get

Ck
meas; |u,| > kt <meas{|Tx(u,)| =kt < ——
{ } {| k | } M(dia/r(nn)

for all # and for all k. Similar to the proof of Proposition 4.3 in [2], assertions (1)-(3) hold.
O

Proposition 3.5 Assume that (8)-(14) hold true, and let {u,,}, be a solution of the approx-
imate problem (16). Then, for all k > 0,

(1) {a(x, Ti(u,), DTi(u,))}, is bounded in Ly (Q)N;

(2) Du, — Du a.e. in Q2 (for a subsequence) as n — 0.

Proof (1) Let w € (Ep(R2))N be arbitrary. By condition (11) and Young inequality, we have
/ a(x, Ti(un), DTy () ) w dx
Q

<pB /Q[M(c(x)) +M(k) + M(|DTi(un)|) + 3M(Iw|)] dx

< ;3|:/ 1\_/I(c(x)) dx + M(k) meas Q + / M(|DTk(u,,)|) dx + 3/ M(|w|) dx]
Q Q Q

< ﬁ|:/ M(c(x)) dx + M(k) meas Q + Ck + 3/ M(le)dx] = C(k) < +00,
Q Q

where C(k) is a constant independent of n.

By the Banach-Steinhaus theorem {||a(x, Tx(u,), DTy (1)) i1}» is bounded; this com-
pletes the proof of assertion (1).

(2) Let 2, = {x € Q||DTx(u,)| < s} and denote by x; the characteristic function of ;.
Clearly, €25 C Q25,41 and meas(2\2;) — 0 as s — oco.
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Step (i). We shall show the following assertion:

lim lim sup/ a(x, u,, Du,)Du, dx = 0. (41)
I n=oo J{-(i+])<un<-j}

Indeed, the term in (35) with p, can be neglected since it is nonnegative. Hence
—/ a(x, u,, Duy,) exp(—G(un))Dyl dx < / y(x) exp(—G(un))(a dx. (42)

Q Q

Taking ¢ = T1(u, — Tj(u,))” in (42), we obtain

/ a(%, Uy, D) Duty exp(~G(u,)) dx
{‘(i*l)funf—/}

< [ 79 exp(-60) T, - 1)
Q

Hl)HLl (R)

Since |y (x) exp(=G(un)) T1(1n — Tj(un))"| <€« |y (x)], we deduce

lim lim [ y(x) exp(—G(u,,)) T (un - Tj(un))_ dx =0,
]—)OO n—00 Q
by Lebesgue’s dominate convergence theorem, which implies (41).
Step (ii). Taking ¢ = (Tk(x) — T (vi))~[1 = | T1 (s — Tj(n))|] and ¢ = (Tie(vi) = Ti(u))~[1 -
|T1 (4, — Tj(u,))|] in (42) with j > &, as in [2], we can deduce that, by passing to a subse-
quence if necessary,

DTy (u,) — DT (u) a.e.in Q, (43)

and
Du,, — Du a.e.in Q. (44)
O

Proof of Theorem 3.1 (1) We are going to show that as n — oo,
8n(%, up, Du,) — g(x,u, Du)  in L'(R). (45)

Indeed, taking v = exp(-G(Tx(u,))) f;)k(un) 0(8) X(s<—n) ds as a test function in (32), we have

0
/Q a(x, umDun)DTk(un)M exp(—G(Tx(u4))) / 0(8) Xs<—ny ds dx

Tk(un)

+ /Q a(, n, Ditn) DT (14n) exp (=G (T () 0 (T W) X () <) A%

0
= / &n(%, 4, Dus,y) exp(—G(Ti(u,))) / P(8) X (s<—n) ds dx
Q Tk(”n)
0

- / tin exp(—G(Tx(un))) / 0(8) X{s<ny ds dx.
Q

Tk(”n)
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Using (13) and by Fatou’s lemma and Lebesgue’s theorem, we can deduce that

0
Uy
p(a ) / P(8) Xis<—ny ds dx

/Qon(IDu,,l)exp(—G(u,,))
[ a(1D]) exp(-600) plt) 1
Q

0
< / Zn(%, 1y, D) exp(—G(u)) / P(8) X(s<—y ds dx
Q Un

0

_/ Mnexp(_G(Mn))/ p(s)X{S<—h} dsdx,
Q

Un

which implies that

/Q aM(|Dunl) exp(=G(un)) o (1) X i<y A%

0

< /Q y (x) exp(=Glu) / ()Xo ds

n

0
- / tn exp(—G(uy)) / 0(8) X(s<—n) ds dx.
Q Un

Since p > 0, we get

0 —h
/ P(8) X(s<—ny ds < f p(s) ds.
Un _

00

Hence we have
fg M(1Duty]) exp(~G11)) 1) X ety

1 el -h I
<L / P ds(1¥ Il + il ay@) = C / p(s) ds.

o oo oo
Consequently, one has

-h
[ Do ds=C [~ pods
Q

—00

Letting 1 — +00, one has

—h
/ o(s)ds — 0.

o]

Therefore,

lim sup/ M(|Duy) p(u) dx = 0.
{un<—h}

h—+00 yeN



Dong and Fang Boundary Value Problems (2015) 2015:18 Page 19 of 22

Taking v = exp(G(T(u,))) fOTk (een) 0(8) xis>m ds as a test function in (32), similarly we obtain
that

lim sup/ M(IDu,,l)p(u,,)dx:O.
{un>h}

h—>+00 yeN

Hence,

lim sup/ M(|Du,,|),0(u,,)dx =0. (46)
{lotn|>h}

h—+00 yeN
Following the proof of step 1 in Theorem 3.1 of [2], we can deduce (45).

(2) We will prove that a(x, u,, Du,) — a(x, u, Du) weakly for o (T1Lq,p-1, HEQ 1)
By (44), we have

a(x, u,, Du,) — a(x,u,Du) a.e.in Q. (47)
By Q € Py and (8), one has Q"/Q' < M”/M'. Then

/! M//
/Q(t)dtif (t)dt
Q) M'(t)

Thus, there exists a constant C such that In|Q'(¢)| < In|M'(¢)| + C. Therefore,

Q'(t) < CM'(¢).

It implies that

Q(r) :/ Qt)dt < C/ M'(t)dt = CM(r). (48)
0 0
Lets=H(r), thens = le’IH—l By Young inequality we have
BYE s BYE 1- 1 (s
MoHY )= HY2)<=Ms)+-MoH™(2).
2 2 2 2 2 2

Hence

MoH™ (2> < M(s). (49)

In view of (48) and (49), we get
4(1 4(1 _
_/QQOH (Ec(x)> dxfC/QMoH (EC(JC)> dxfC/ﬂM(c(x)) dx < 00. (50)

Since M (M(|Du,,|)) < 21\4‘(1')?4”’( , we have
M(|Du,|)

1- -1
EM (M(IDuy))) < Do
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Hence

/QoH ( (M (1Du) )dx<fQ H™ (%)dx fQQ(|Dun|)dx,

and

[ aen ( (M) )dx</o|un|

For t > 0, by taking T} (u, — T;(u,)) as a test function in (32), from (14) and (46), we can
deduce that

f a(x, u,, Du,)Du, dx < Ch,
{t<|up|<t+h}

where C is a constant independent of #, 4, ¢, which gives

1
- M(|Duy,|) dx < C,

B Jiecumizeemy
and by letting # — 0,

d

- |Du,|) dx < C.
at J{juy|>t) M )

Let now B € Py;. Following the lines of [35], it is easy to deduce that

/B(|Du,,|)dx§C, Vn.
Q

This implies that {u,} is bounded in W3Lq(2) and converges to u strongly in Lo(2). Con-
sequently, using the convexity of Q o H™! and by (50), we have

/QQOHI(W) dx
< %/;ZQoH_1<%c(x)> dx+%/QQoH’l(%A_/I’l(M(mnD)) dx
- %/QQOH"1<%M"1(M(|DL¢,,|))> dx
< %[C/QA_/I(c(x))dx+/S]Q(|u,,|)dx+/QQ(|Dun|)dx:| <c

where C is independent of n. Thus we get

a(x, uy, Du,,) — a(x,u, Du) weakly for o (I1L o1 TIE5 (51)

Qo H—l)

Thanks to (45) and (51) we can pass to the limit in (32) and we obtain that u is a solution
of (15). O
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