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Abstract
An analytical study of a laminar unsteady magnetohydrodynamic flow of a viscous
incompressible and electrically conducting Newtonian non-Gray optically thin fluid
between two infinite concentric vertical cylinders influenced by time dependent
periodic pressure gradient subjected to a magnetic field applied in azimuthal
direction and in the presence of appreciable thermal radiation and periodic wall
temperature is presented. The governing equations of motion and energy are
transformed into ordinary differential equations which are solved in closed form in
terms of the modified Bessel functions (of first and second kind) of order zero. The
induced magnetic field is neglected, assuming the magnetic Reynolds number to be
considerably small. A parametric study accounting for the effects of various physical
parameters on the velocity and temperature fields and on the coefficient of skin
friction, the rate of heat transfer at the surface of the cylinders, and mass flux across a
normal section of the annulus is conducted and the results are discussed graphically.
MSC: 76W05

Keywords: annular region; thermal radiation; periodic pressure gradient; periodic
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1 Introduction
The magnetohydrodynamic flow and heat transfer problems in an annular region have
assumed considerable industrial significance in the light of advancements in hydraulics
and nuclear technology. Several authors have studied the magnetohydrodynamic (MHD)
flows and heat transfer in channels and circular pipes. Chamkha [] studied the unsteady
laminar MHD flow and heat transfer in channels and circular pipes under the influence
of two different applied pressure gradients (oscillating and ramp). Singh [] analyzed the
problem of MHD mixed convection periodic flow in a rotating vertical channel with heat
radiation and presented an exact solution. MHD heat transfer problems with periodic
wall temperature are also frequently encountered. Israel-Cookey et al. [] investigated the
problem of MHD free convection and oscillating flow of an optically thin fluid bounded
by two horizontal porous parallel walls with a periodic wall temperature. Reddy et al. []
also introduced a periodic wall temperature into their study. Marin and Marinescu []
proceeded with an analysis of thermoelasticity of initially stressed bodies with asymptotic
equipartition of energies. Marin et al. [] also carried out a theoretical investigation of
thermoelasticity taking into account the heat conduction in deformable bodies depend-
ing on two different temperatures viz. a conductive temperature and a thermodynamic
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temperature. Othman and Zaki [] studied the effect of a vertical magnetic field on the
onset of a convective instability in a conducting micropolar fluid layer heated from below
and confined between two horizontal planes under the coupled action of the rotation of
the system and a vertical temperature gradient.

In this study, the problem of an unsteady MHD flow of a Newtonian non-Gray optically
thin fluid within the annulus of two infinite concentric vertical cylinders is analyzed. The
current is set up within the annulus due to the application of a time dependent periodic
pressure gradient and this is subjected to a magnetic field applied in the azimuthally direc-
tion. Heat is simultaneously applied to both walls of the annulus in the form of periodic
wall temperature whence the thermal radiation too is considered. The magnetic Reynolds
number is considered to be small enough, as a result of which the induced magnetic field
can be neglected. The introduction of a cylindrical polar coordinate system renders the
resulting governing equations of motion and energy to a form which can be solved exactly,
thus obtaining the expressions for velocity and temperature fields. Subsequently, the mass
flux coefficient, the skin friction coefficient, and the coefficient of heat transfer (Nusselt
number) are derived and are depicted graphically.

2 Basic equations
The fundamental equations governing the motion of an incompressible, viscous, radiating,
and electrically conducting fluid are:

Equation of continuity:

�∇ · �q = . ()

MHD momentum equation:

ρ

[
∂�q
∂t

+ (�q · �∇)�q
]

= – �∇p + μ∇�q + �J × �B + ρ�g. ()

Energy equation:

ρCp

[
∂T
∂t

+ (�q · �∇)T
]

= KT∇T + ϕ – �∇ · �qr . ()

Ohm’s law for an electrically conducting fluid:

�J = σ (�q × �B). ()

All the physical quantities are described in the list of abbreviations.
Consider a laminar, radiative flow of an incompressible, Newtonian, electrically con-

ducting, non-Gray and optically thin fluid within an annulus, influenced by a time de-
pendent periodic pressure gradient and a periodic temperature applied to the walls of the
annulus. The annulus is assumed to be bounded by two cylinders of radii a and b, where
a < b.

A cylindrical polar coordinate system (r, θ , z) is introduced with the axis of the coaxial
cylinders as the z-axis. A magnetic field of intensity H (constant) is applied in the az-
imuthal direction. In order to make the physical model idealized, the present investigation
is restricted to the following assumptions:



Ahmed and Dutta Boundary Value Problems  (2015) 2015:11 Page 3 of 17

(I) All the fluid properties are considered constants except the influence of the
variation in density in the buoyancy force term.

(II) The viscous dissipation of energy is negligible.
(III) The radiation heat flux (qr) in the vertical direction is considered to be negligible in

comparison to that in the normal direction.
We recall that the fluid moves parallel to the z-axis, suggesting us to take �q as (, , Vz).
Equation () in (r, θ , z) system becomes 

r
∂
∂z (rVz) =  which yields Vz = Vz(r, t), due to sym-

metry of the model. Proceeding with the analysis, the momentum equation takes the form

ρ
∂Vz

∂t
= –

∂p
∂z

+ μ

(
∂Vz

∂r +

r
∂Vz

∂r

)
– σμ

e H
Vz – ρg. ()

The equation of state on the basis of classical Boussinesq approximation (Bergman et al.
[]) is

ρs � ρ
[
 + β(T – Ts)

]
. ()

In the static condition, () renders  = – ∂ps
∂z – ρsg , where ps is the static fluid pressure.

Utilization of this in () produces

ρ
∂Vz

∂t
= –

∂(p – ps)
∂z

+ μ

(
∂Vz

∂r +

r
∂Vz

∂r

)
– σμ

e H
Vz – g(ρ – ρs). ()

With p∗ = p – ps, the application of () leads to the following equation of motion:

∂Vz

∂t
= –


ρ

∂p∗

∂z
+

μ

ρ

(
∂Vz

∂r +

r
∂Vz

∂r

)
–

σμ
e H


ρ

Vz + gβ(T – Ts). ()

In lieu of the assumptions (II) and (III), the energy equation takes the form

ρCp
∂T
∂t

= KT

[
∂T
∂r +


r
∂T
∂r

]
– I(T – Ts). ()

On account of the axial symmetry and the annulus being infinite in the z-direction, the
temperature field is independent of θ and z. In (), the rate of radiative heat flux in the
optically thin limit for a non-Gray gas near equilibrium is due to the following formula
attributed to Cogley et al. []:

∂qr

∂r
= I(T – Ts), ()

where I =
∫ ∞

 (Kλ′ )w( ∂eλ′h
∂T )w dλ′.

The boundary conditions to be satisfied by () and () are

Vz =  at r = a,
Vz =  at r = b,
T = Ts + Tsneiαt at r = a,
T = Ts + Tsneiαt at r = b.

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

()
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The following non-dimensional quantities are introduced in order to normalize the model:

V ′
z = Vza

ν
, r′ = r

a , z′ = z
a , p∗′ = p∗a

μν
,

t′ = tν
a , λ = b

a , α = αa

ν
, ψ ′ = T–Ts

Ts
,

Gr = gβa

ν Ts, Pr = μCp
KT

, Q = Ia

μCp
.

⎫⎪⎪⎬
⎪⎪⎭

()

The dimensionless forms of (), (), and () are (removing the primes):

∂Vz

∂t
= –

∂p∗

∂z
+

(
∂Vz

∂r +

r
∂Vz

∂r

)
– MVz – Grψ , ()

Pr
∂ψ

∂t
=

∂ψ

∂r +

r
∂ψ

∂r
– QPrψ , ()

Vz =  at r = ,
Vz =  at r = λ,
ψ = neiαt at r = ,
ψ = neiαt at r = λ,

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

()

where M = μeHa
√

σ
μ

is the Hartmann number and  ≤ r ≤ λ.

3 Exact solution
We consider the temperature as ψ(r, t) = f (r)eiαt . With this form of ψ , () reduces to the
ordinary differential equation r df (r)

dr + r df (r)
dr – ηrf (r) =  where η = Pr(iα + Q). The

substitution z = irη, f ( z
iη ) = f(z) leads us to Bessel’s differential equation of order :

z df(z)
dz + z

df(z)
dz

+ zf(z) = . ()

The general solution to () is f (r) = AJ(irη) + BY(irη), in which J and Y are Bessel’s
function of order  of the first kind and of the second kind, respectively, and A and B are
constants to be determined subject to (). Utilizing the established identities J(ix) = I(x)
and Y(ix) = – 

π
K(x) – 

i I(x), and the boundary conditions () we are able to arrive at

ψ(r, t) =
[

AI(rη) + B

{
–


π

K(rη) –

i

I(rη)
}]

× eiαt , ()

where A and B are defined as

A =

π
{nK(η) – nK(λη)} + 

i {nI(η) – nI(λη)}

π
{I(λη)K(η) – I(η)K(λη)} ,

B =
nI(η) – nI(λη)


π
{I(λη)K(η) – I(η)K(λη)} .

We now employ the complex variable technique used by Messiha [] and also by Vajravelu
and Sastri [] to solve the boundary value problem in closed form. Assuming that the
pressure gradient is a periodic function of t, we formulate

–
∂p∗

∂z
= Peiαt , ()
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where α is the frequency parameter and P is a constant which equals the pressure gradient
at time t = .

Due to the assumptions made previously, we consider the velocity to be interpreted as
Vz(r, t) = g(r)eiαt . All these considerations in () finally present us with the following ex-
pression for the velocity field:

Vz(r, t) =
[

P

δ + AI(rδ) + B

{
–


π

K(rδ) –

i

I(rδ)
}

+


δ – η

×
{(

GrA + GrB

i

)
I(rη) +

GrB

π
K(rη)

}]
eiαt ()

with A and B in the form

A =



π

[I(λδ)K(δ) – I(δ)K(λδ)]

×
[

P

δ

π

{
K(λδ) – K(δ)

}
+

P

δ

i
{

I(λδ) – I(δ)
}

+


δ – η

(
GrA + GrB


i

){

π

}
× {

I(η)K(λδ) – I(λη)K(δ)
}

+


δ – η

(
GrA + GrB


i

)

i
{

I(η)I(λδ) – I(λη)I(δ)
}

+
GrB

δ – η


π

{
K(η)K(λδ) – K(λη)K(δ)

}

+
GrB

δ – η

π i

{
K(η)I(λδ) – K(λη)I(δ)

}]
,

B =



π

[I(λδ)K(δ) – I(δ)K(λδ)]

×
[

P

δ

{
I(λδ) – I(δ)

}
+


δ – η

(
GrA + GrB


i

)

× {
I(η)I(λδ) – I(λη)I(δ)

}
+

GrB

δ – η

π

{
K(η)I(λδ) – K(λη)I(δ)

}]
,

where δ = M + iα.
It may be noted that only the real part of Vz contributes to the fluid velocity, so far as

the numerical calculations are concerned.

4 Mass flux
The total discharge of flux per unit time is given by

Mf =
∫ π



∫ λ


Vzr dr dθ

= πeiαt
[(

A –
B

i

)

δ

{
λI(λδ) – I(δ)

}
–

B

πδ

{
K(δ) – λK(λδ)

}

+
P

δ


(
λ – 

)
+


δ – η


η

{(
GrA + GrB


i

){
λI(λη) – I(η)

}

+
GrB

π

{
K(η) – λK(λη)

}}]
. ()
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5 Skin friction
The viscous drags per unit area on the surface of the inner cylinder and outer cylinder,
respectively, are specified by Newton’s law of viscosity as mentioned below:

τ = –μ
∂Vz

∂r

∣∣∣∣
r=a

, ()

τ = –μ
∂Vz

∂r

∣∣∣∣
r=b

. ()

The non-dimensional form of () and () are

τ = –
μν

a
∂V ′

z
∂r′

∣∣∣∣
r′=

and τ = –
μν

a
∂V ′

z
∂r′

∣∣∣∣
r′=λ

.

The coefficients of the skin friction on the surface of the inner and outer cylinders are,
respectively, specified by

Cf  =
τ
μν

a
= –

∂Vz

∂r

∣∣∣∣
r=

= –
[
δ

{
AI–(δ) +

B

π
K–(δ) –

B

i
I–(δ)

}
+


δ – η

(
GrA + GrB


i

)
ηI–(η)

–


δ – η
ηGrB

π
K–(η)

]
eiαt , ()

Cf  =
τ
μν

a
= –

∂Vz

∂r

∣∣∣∣
r=λ

= –
[
δ

{
AI–(λδ) +

B

π
K–(λδ) –

B

i
I–(λδ)

}
+


δ – η

(
GrA + GrB


i

)

× ηI–(λη) –


δ – η
ηGrB

π
K–(λη)

]
eiαt . ()

6 Nusselt number
The heat fluxes q∗ from the surface of the inner and outer cylinders into the fluid region
are given by the Fourier law of conduction as stated below:

q∗
 = –KT

∂T
∂r

∣∣∣∣
r=a

, ()

q∗
 = –KT

∂T
∂r

∣∣∣∣
r=b

. ()

Using non-dimensional quantities defined, as in (), we deduce q∗
 = – KT Ts

a
∂ψ ′
∂r′ |r′= and

q∗
 = – KT Ts

a
∂ψ ′
∂r′ |r′=λ.

The coefficients of heat transfer (Nusselt number) on the surface of the inner and outer
cylinder are, respectively,

Nu =
q∗

 a
KT Ts

= –
∂ψ

∂r

∣∣∣∣
r=

= –
[

AηI–(η) – Bη

{

π

K–(η) –

i

I–(η)
}]

eiαt , ()

Nu =
q∗

a
KT Ts

= –
∂ψ

∂r

∣∣∣∣
r=λ

= –
[

AηI–(λη) – Bη

{

π

K–(λη) –

i

I–(λη)
}]

eiαt . ()
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7 Results and discussion
In order to have a clear insight of the physical problem, it is imperative to carry out numer-
ical computations from the analytical solutions for the velocity field, temperature field, the
mass flux coefficient, the coefficient of skin friction, and the Nusselt number by assign-
ing some arbitrarily chosen specific values to the physical parameters like the Hartmann
number M, Prandtl number Pr, radiation parameter Q, Grashof number Gr, the frequency
parameter α and time t, and the results are presented in Figures  to . In most of the
cases of our investigation, the value of the Prandtl number Pr is chosen to be . which
corresponds to mercury at ◦ C and at  atmospheric pressure. In Figures  and , Pr
is specified to be ., which represents air at ◦ C and at  atmospheric pressure.

Figures  to  demonstrate the velocity profiles under the influence of M, Pr, Q and
Gr, respectively. The Hartmann number M is associated with the ratio of the magnetic
body force (Lorentz force) to viscous force. Figure  shows that an increase in the values
of the Hartmann number M causes retardation to the fluid flow indicating the fact that
the imposition of the azimuthal magnetic field decelerates the flow and consequently the

Figure 1 Velocity versus r for Gr = 10, Pr = 0.025, α = 0.01, Q = 5, t = 0.5, λ = 2, n1 = 1, n2 = 2, P0 = 1.

Figure 2 Velocity versus r for Gr = 10, M = 0.4, α = 0.01, Q = 5, t = 0.5, λ = 2, n1 = 1, n2 = 2, P0 = 1.
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Figure 3 Velocity versus r for Gr = 10, Pr = 0.025, α = 0.01, M = 0.4, t = 0.5, λ = 2, n1 = 1, n2 = 2, P0 = 1.

Figure 4 Velocity versus r for M = 0.4, Pr = 0.025, α = 0.01, Q = 5, t = 0.5, λ = 2, n1 = 1, n2 = 2, P0 = 1.

thickness of the velocity boundary layer gets diminished. This observation is consistent
with the physical fact that the Lorentz force that appears due to the interaction of the
magnetic field and the fluid velocity resists the corresponding fluid flow, resulting in the
velocity to decrease gradually. Pr (Prandtl number) is the ratio of the momentum diffusiv-
ity (kinematic viscosity) to thermal diffusivity. Figure  indicates how the velocity field is
affected corresponding to an increase in the values of Pr. We recall that an increase in Pr
means a fall in thermal diffusivity for the model under consideration. It is learnt from this
figure that when the thermal diffusivity of the fluid is reduced, the flow gets decelerated
substantially which may be linked to the fact that a low thermal diffusivity leads to a corre-
sponding decrease in the kinetic energy of the molecules of the fluid, which in turn affects
the fluid velocity adversely. The radiation parameter Q registers the effect of thermal radi-
ation. Retardation in fluid flow under the effect of thermal radiation is also observed and
this is visualized in Figure . Thermal radiation results in a fall in thermal energy and the
physics of this situation indicate a loss in kinetic energy of the fluid; as a consequence the
fluid velocity is inhibited substantially. Gr (Grashof number) is the ratio of the buoyancy
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Figure 5 Temperature versus r for Q = 5, α = 0.01, t = 0.5, λ = 2, n1 = 1, n2 = 2.

Figure 6 Temperature versus r for Pr = 0.025, α = 0.01, t = 0.5, λ = 2, n1 = 1, n2 = 2.

force to viscous force. Figure  uniquely indicates that buoyancy force causes the fluid flow
to accelerate and this is in good agreement to the observations of known theory. We may
conclude that the behavior of the velocity profile is fairly consistent with the known laws
of physics.

Figures  to  outline the influence of Pr, Q and α on the temperature profile of the fluid.
It is inferred from Figure  that the reduction in fluid temperature is directly proportional
to the diminution in thermal diffusivity. Further, Figure  registers the fact that the fluid
temperature gets lowered with an increasing dissipation of thermal energy caused due to
thermal radiation. An interesting observation is made from Figure  which suggest that
the fluid temperature can be diminished comprehensively by raising the magnitude of the
frequency parameter associated with the fluid flow. This presents us with an innovative
mechanism for controlling and regularizing the fluid temperature on enhancement of the
frequency parameter.

The effects of Gr, Pr, and Q on the mass flux with increasing time are presented in
Figures , , and , respectively. These figures demonstrate that the mass flux changes
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Figure 7 Temperature versus r for Pr = 0.025, Q = 5, t = 0.5, λ = 2, n1 = 1, n2 = 2.

Figure 8 Mass flux versus time t for Pr = 0.025, Q = 5, α = 0.01, M = 0.4, λ = 2, n1 = 1, n2 = 2, P0 = 1.

Figure 9 Mass flux versus time t for Gr = 10, Q = 5, α = 0.01, M = 0.4, λ = 2, n1 = 1, n2 = 2, P0 = 1.



Ahmed and Dutta Boundary Value Problems  (2015) 2015:11 Page 11 of 17

Figure 10 Mass flux versus time t for Gr = 10, Pr = 0.025, α = 0.01, M = 0.4, λ = 2, n1 = 1, n2 = 2, P0 = 1.

Figure 11 Skin friction (inner wall) versus α for M = 0.4, Q = 5, Pr = 0.025, t = 2, λ = 2, n1 = 1, n2 = 2,
P0 = 1.

its direction periodically which may be accredited to the pressure gradient being periodic
in nature. Figure  depicts that an increase in Gr results in the mass flux to increase in
the direction of the fluid flow and this may be attributed to the buoyancy force acting on
the fluid. However, Figures  and  show a reverse trend in mass flux direction with an
increase in Pr as well as Q. The observations in Figures  and  are consistent with those
made in the case of Figures  and , respectively. All three figures lead us to conclude
that the parameters Gr, Pr, and Q have significant contributions in regulating the amount
of total discharge of fluid through the annulus and they may be adjusted conveniently to
control the mass flux.

The variations in skin friction with respect to the frequency parameter α under the influ-
ence of Gr, Pr and Q, in both the inner and the outer walls of the annulus are presented in
Figures  to . From Figures  and  it may be concluded that for a particular frequency
α and a fixed time, the friction at the inner and outer wall have a similar magnitude but
acting in opposite directions (a similar observation is made in the case of Figures  and 
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Figure 12 Skin friction (outer wall) versus α for M = 0.4, Q = 5, Pr = 0.025, t = 2, λ = 2, n1 = 1, n2 = 2,
P0 = 1.

Figure 13 Skin friction (inner wall) versus α for M = 0.4, Q = 5, Gr = 10, t = 2, λ = 2, n1 = 1, n2 = 2,
P0 = 1.

Figure 14 Skin friction (outer wall) versus α for M = 0.4, Q = 5, Gr = 10, t = 2, λ = 2, n1 = 1, n2 = 2,
P0 = 1.
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Figure 15 Skin friction (inner wall) versus α for M = 0.4, Gr = 10, Pr = 0.025, t = 2, λ = 2, n1 = 1, n2 = 2,
P0 = 1.

Figure 16 Skin friction (outer wall) versus α for M = 0.4, Gr = 10, Pr = 0.025, t = 2, λ = 2, n1 = 1, n2 = 2,
P0 = 1.

as well as Figures  and , respectively); and as the buoyancy force gets magnified, the
fluid velocity is uplifted, resulting in the friction at the walls also to increase substantially.
On the other hand an opposite trend of behavior is evident in Figures  and  when Pr
is increased and in the case of Figures  and  when Q is raised. This reverse trend may
be linked to a decline of thermal transport in the fluid in both cases. This suggests that if
one considers to reduce the friction at the walls, fluids with higher Prandtl numbers like
water (Pr = ) or various refrigerants (Pr between  and ) need be used. We note that the
effect of thermal radiation parameter is highly unpronounced on the friction at both walls
of the annulus (Figure  and ). This phenomenon is rooted in the fact that mercury is
a good carrier of heat and dissipates very little energy in the form of thermal radiation.
Fluids other than mercury will have different radiation properties and this needs further
investigation in this connection.
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Figure 17 Nusselt number (inner wall) versus Q for t = 0.5, α = 0.01, λ = 2, n1 = 1, n2 = 2.

Figure 18 Nusselt number (outer wall) versus Q for t = 0.5, α = 0.01, λ = 2, n1 = 1, n2 = 2.

Figures  to  illustrate how the rate of heat transfer from the walls to the fluid is in-
fluenced by Pr and α with an increase in radiation parameter Q. Figures  and  indicate
that at a given time t, while the rate of heat transfer increases in one of the walls (say inner
wall), a reverse behavior gets played on the other wall. This is attributed to the periodic
nature of the wall temperature. From Figures  and  it is observed that as thermal dif-
fusivity of the fluid gets reduced, increased rate of heat transfer from one of the walls is
evident, provided that the thermal radiation is assumed to be constant. Figures  and 
suggest that an enhancement of the frequency parameter leads to a comprehensive growth
in the rate of heat transfer at the walls. This property is, in fact, dependent on the Prandtl
number of the fluid. When air is used (Figures  and ), a completely different behavior
is marked for Nusselt number at the walls of the annulus. This motivates us to comment
that the fluid must be carefully selected if different rates of heat transfer are desired at the
inner and the outer walls of the annulus.
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Figure 19 Nusselt number (inner wall) versus Q for t = 0.5, Pr = 0.025, λ = 2, n1 = 1, n2 = 2.

Figure 20 Nusselt number (outer wall) versus Q for t = 0.5, Pr = 0.025, λ = 2, n1 = 1, n2 = 2.

Figure 21 Nusselt number (inner wall) versus Q for t = 0.5, Pr = 0.71, λ = 2, n1 = 1, n2 = 2.
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Figure 22 Nusselt number (outer wall) versus Q for t = 0.5, Pr = 0.71, λ = 2, n1 = 1, n2 = 2.

8 Conclusions
The following are the significant outcomes of the preceding analysis:

• An increase in the Hartmann number M causes the fluid flow to be retarded.
• The flow gets decelerated and therefore mass flux gets reduced corresponding to a

reduction in the thermal diffusivity of the fluid.
• Retardation in the fluid flow and a decrease in mass flux are observed with an increase

in thermal radiation.
• The buoyancy force causes the fluid flow to accelerate, thereby causing the mass flux

to increase proportionately.
• A reduction in fluid temperature is directly proportional to the diminution in thermal

diffusivity.
• Fluid temperature can be reduced by increasing the frequency parameter associated

with the fluid flow.
• Viscous drags at the inner and outer walls have identical magnitude but they act in

opposite directions.
• Friction at the walls increases with an increase in thermal Grashof number, but it

diminishes with an increase in Prandtl number and radiation parameter, respectively.
• The rate of heat transfer at either walls of the annulus with increasing frequency

parameter depends on the Prandtl number of the fluid.

Abbreviations
a: radius of inner cylinder; b: radius of outer cylinder; �B: magnetic flux density; Cf1 : coefficient of skin friction on the
surface of inner cylinder; Cf2 : coefficient of skin friction on the surface of outer cylinder; Cp : specific heat at constant
pressure; eλ′h : Planck function; �g: gravitational acceleration vector; g: acceleration due to gravity; Gr: Grashof number;
H = (0,H0, 0): magnetic field vector; H0 : intensity of the applied magnetic field; i: imaginary unit; I0 : modified Bessel
function of order 0 of first kind; I1 : modified Bessel function of order 1 of first kind; I–1 : modified Bessel function of order –1
of first kind; �J: current density vector; J0 : zeroth order Bessel function of first kind; J1 : first order Bessel function of first kind;
J–1 : Bessel function of order –1 of first kind; K0 : modified Bessel function of order 0 of second kind; K1 : modified Bessel
function of order 1 of second kind; K–1 : modified Bessel function of order –1 of second kind; KT : thermal conductivity;
(Kλ′ )w : absorption coefficient; M: Hartmann number; Mf : mass flux per second; n1 : non-zero constant; n2 : non-zero
constant; Nu1 : Nusselt number at the surface of the inner cylinder; Nu2 : Nusselt number at the surface of the outer
cylinder; p: fluid pressure; ps : fluid pressure in static condition; P0 : dimensionless pressure parameter; Pr: Prandtl number;
�q = (Vr ,Vθ ,Vz ): velocity vector; qr : radiative heat flux; Q: dimensionless radiation parameter; r̂: unit vector in r-direction;
r, θ , z: cylindrical polar coordinates; t: time; T : dimensional temperature; Ts : temperature of the fluid in static condition;
Vz : velocity in z-direction; Y0 : zeroth order Bessel function of second kind; Y1 : first order Bessel function of second kind;
Y–1 : Bessel function of order –1 of second kind; ẑ: unit vector in z-direction. Greek symbols: α : dimensionless frequency
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parameter; α1 : dimensional frequency parameter; β : coefficient of volume expansion for heat transfer; ϕ : viscous
dissipation of energy per unit volume; ψ : non-dimensional temperature; θ̂ : unit vector in θ -direction; λ′ : wavelength;
λ: non-dimensional parameter; μ: coefficient of viscosity; μe : magnetic permeability; ν : kinematic viscosity; σ : electrical
conductivity; ρ : fluid density; ρs : density of the fluid in static condition; τ1 : viscous drag per unit area on the surface of
inner cylinder; τ2 : viscous drag per unit area on the surface of outer cylinder; ∇2 : dimensional Laplacian operator.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.

Author details
1Department of Mathematics, Gauhati University, Guwahati, Assam 781014, India. 2Department of Applied Sciences,
Gauhati University, Guwahati, Assam 781014, India.

Acknowledgements
The authors are thankful to the honorable reviewers for their valuable suggestion and comments, which improved the
paper. This work is partially supported by unassigned grant of Gauhati University, India.

Received: 7 July 2014 Accepted: 30 December 2014

References
1. Chamkha, AJ: Unsteady laminar hydromagnetic fluid-particle flow and heat transfer in channels and circular pipes.

Int. J. Heat Fluid Flow 21, 740-746 (2000)
2. Singh, KD: Exact solution of MHD mixed convection periodic flow in a rotating vertical channel with heat radiation.

Int. J. Appl. Mech. Eng. 18, 853-869 (2013)
3. Israel-Cookey, C, Amos, E, Nwaigwe, C: MHD oscillatory Couette flow of a radiating viscous fluid in a porous medium

with periodic wall temperature. Am. J. Sci. Ind. Res. 1, 326-331 (2010)
4. Reddy, TS, Raju, MC, Varma, SVK: Unsteady MHD free convection oscillatory Couette flow through a porous medium

with periodic wall temperature in presence of chemical reaction and thermal radiation. Int. J. Adv. Sci. Technol. 1,
51-58 (2011)

5. Marin, M, Marinescu, C: Thermoelasticity of initially stressed bodies, asymptotic equipartition of energies. Int. J. Eng.
Sci. 36, 73-86 (1998)

6. Marin, M, Agarwal, RP, Mahmoud, SR: Modeling a microstretch thermoelastic body with two temperatures. Abstr.
Appl. Anal. 2013, Article ID 583464 (2013)

7. Othman, MIA, Zaki, SA: Thermal relaxation effect on magnetohydrodynamic instability in a rotating micropolar fluid
layer heated from below. Acta Mech. 170, 187-197 (2004)

8. Bergman, TL, Lavine, AS, Incropera, FP, Dewitt, DP: Fundamentals of Heat and Mass Transfer, pp. 597-598. Wiley, New
York (2011)

9. Cogley, AC, Gilles, SE, Vincenti, WG, Ishimoto, S: Differential approximation for radiative heat transfer in a non-Gray
gas near equilibrium. AIAA J. 6, 551-553 (1968)

10. Messiha, SAS: Laminar boundary layers in oscillatory flow along an infinite flat plate with variable suction. Math. Proc.
Camb. Philos. Soc. 62, 329-337 (1966)

11. Vajravelu, K, Sastri, KS: Free convective heat transfer in a viscous incompressible fluid confined between a long
vertical wavy wall and a parallel flat wall. J. Fluid Mech. 86, 365-383 (1978)


	Heat transfer in an unsteady MHD ﬂow through an inﬁnite annulus with radiation
	Abstract
	MSC
	Keywords

	Introduction
	Basic equations
	Exact solution
	Mass ﬂux
	Skin friction
	Nusselt number
	Results and discussion
	Conclusions
	Abbreviations
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


