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Abstract

We consider the evolution of the free boundary separating two immiscible viscous
fluids with different constant densities. The motion is described by the Stokes
equations driven by the input pressure and gravity force. For flows in a bounded
domain € C R?, we prove existence and uniqueness of classical solutions and make
an emphasis on the study of properties of the moving boundary separating the two
fluids.
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1 Introduction

We consider a flow of two immiscible viscous fluids with different constant densities in
a single capillary Q = {x € R? : -1 < x; <1,k < x, < h}. The evolution is driven by in-
put pressure and the gravity force. More precisely, in this problem one has to find veloc-
ity u(x, ) = (u1(x, t), ua(x, t)) € R?, pressure p(x, t), and density p(x,¢) from the system of
equations for velocity and pressure

uhAu-Vp+gpe=0, @)

V-u=0, (2)

where p = const is a viscosity of liquids, e is a given unit vector and g is acceleration due
to gravity, and the transport equation for density

dp 0p op

—=—+V-(pu)=—+u-Vp=0. 3

Frialiey (o) = -~ P (3)
At the initial moment ¢ = 0, the density is piecewise constant and assumes two positive
values characterizing the distinct phases of the flow,

* e 2%(0),
p(x,0)=pox) =" ¥ (©) p* =const,p” > p* > 0.
P, x€Q(0),

Time ¢ enters the equations for velocity as a parameter, so these need no initial condition.

The boundary condition on the lateral part $° = {x € R?: -1 < x; < 1,x, = £k} of the
boundary S = 9€2 is

u(x, t) = 0. (4)

© 2015 Meirmanov et al,; licensee Springer. This article is distributed under the terms of the Creative Commons Attribution 4.0 Inter-
national License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in
any medium, provided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons
license, and indicate if changes were made.


http://dx.doi.org/10.1186/s13661-015-0334-4
http://crossmark.crossref.org/dialog/?doi=10.1186/s13661-015-0334-4&domain=pdf
mailto:anvarbek@list.ru

Meirmanov et al. Boundary Value Problems (2015) 2015:71 Page 2 of 14

’

The boundary condition on the ‘entrance’ S~ = {x € R? : x; = -1, -} <&, < h} C S and ‘exit
St={xeR*>:x=1,-h<xy<h}CSis

P(up) -n=-p’n, p=p*xeS*. (5)
Here,

P(u,p) =2uD(u) - pl, D(u) = %(Vu + (Vu)*),

I is a unit tensor, p°(x) is a given function, and n = (1,0) is a unit normal vector to S*.
Note that one needs the boundary condition for the density only at points x € S*, where
F+u-n<0.

The initial and boundary conditions for density are equivalent to specifying the surface
Iy that separates the two subdomains % (0) initially occupied by different fluids. For the
sake of simplicity, we suppose that I'© = (x € Q:x; =0, <xy < h}, Q* = {x € Q:0<
+x <1},

If the velocity u(x, £) is sufficiently smooth, then the Cauchy problem

dx

dar u(x,t), t>t, X|i=ty = § (©)

determines a mapping

x=y(E twty), y:Q— Q. (7)
In particular, the free boundary I'(¢) is determined as a set

()= {xe Q:x=p(E,w0),& F(O)},
and subdomains Q¥ (t) = {x € Q: p(x,£) = p*} as sets

Q*(t) = {xe Q:x=yp( tw0),& € Qi}
N {x eQ:x=yE bwty), & € ST(0),8 > 0}.

The problem treated here is that of finding the velocity u(x, ¢), pressure p(x, £), and den-
sity p(x,t) from the above equations and initial and boundary data. Note that it is non-
linear because of the coupling term u - Vp in (3).

To simplify our considerations, we pass to the homogeneous boundary conditions

P(u,p) - n=0, xeS* (8)
by introducing a new pressure p — p — p°(x):
phu-Vp=£f=vp’—gpe, )

where Vp? is a bounded function

’Vpo(x, t)| < P = const. (10)
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It is shown below that the evolution described by the above equations preserves the ex-
istence of two subdomains Q*(¢), each occupied by one of the fluids, that are separated
at time ¢ > 0 by a regular free boundary I'(¢). Thus, the problem studied is equivalent to
finding u, p, and the moving boundary I'(¢).

Theorems on the existence of generalized solutions to the Navier-Stokes system for non-
homogeneous incompressible fluids were obtained in, e.g., [1-8] (without detailed analysis
of the set where the density is discontinuous). The existence and uniqueness of the classical
solution for the Stokes equations and homogeneous Dirichlet data were proved in [9], and
the Muskat problem at the microscopic level with corresponding homogenization was
considered in [10].

Finally we explain our motivation to study exactly this problem. It is well known [11] that
the Darcy system of filtration, describing the macroscopic flow of a homogeneous incom-
pressible liquid, is a result of exact homogenization of the Stokes system for an incom-
pressible viscous liquid occupying periodic pore space in an absolutely rigid solid body.
More complicated macroscopic motion of two immiscible incompressible liquids is gov-
erned by the Muskat problem. In this model one looks for the free boundary I'(¢), which
separates two different domains Q*(¢) and Q7 (¢) occupied by different fluids. In each of
the domains the liquid motion is described by its own Darcy system of filtration. Thus
we may expect that, as in the case of the simple filtration, the Muskat problem should
be obtained as a homogenization of the above mentioned free boundary problem for the
Stokes system. That is why the Muskat problem at the microscopic level for the Stokes
system, in addition to its incontestable value, is very important in the theory of filtration
of underground fluids.

2 The main result
Let QM = {x e Q: -1+ % <xp<1- i}, where m > 1 - any real positive number.
Our principal result is the following theorem.

Theorem 1 Under condition (10) problem (2)-(4), (8)-(9) has a unique solution on the
interval [0, T) for some T > 0. The elements of this solution enjoy the following properties.

(i) For arbitrary positive m e N, g >2 and A =1— %, the velocity w and pressure p satisfy
the regularity conditions

ue Ly (0, T; W*(Q")) NLo (0, T;CY(Q2)),  peLs(0,T; WH(Q™)),

equations (2), (9) almost everywhere in Qr = Q x (0, T), boundary condition (4) in a usual
sense, and boundary condition (8) in a sense of distributions as an integral identity

/Q(P(u(t),p(t)) :D(p) +f- (p) dx=0 (11)

for almost all 0 < t < T and for any smooth solenoidal functions @ vanishing at x € S°.

(ii) The free boundary T(t) is a surface of class C** at each time t € [0, T), and the nor-
mal velocity V,(x,t) of the free boundary in the direction of its normal n at position X is
uniformly bounded,

sup ‘V,,(x, t)’ < 00.
te(0,7)
xel'(¢)
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(iii) The density p has bounded variation
p € Lo (0, T;BV(2™)) N BV(24”)

and satisfies the transport equation (3) in the sense of distributions

oy
/QTIO<¥ +u~V1/f> dxdt:—/g,oo(x)l//(x,O)dx (12)

for any smooth functions \r vanishing at t = T and x € S*.

The time T of the existence of the classical solution depends on the behavior of the free
boundary T'(t). Namely, let §*(t) be the distance between T'(t) and the boundary S* and
8(t) = min(8=(£),8*(¢)). Then 8(t) >0 forall0 <t < T and §(t) > Oast— T.

Throughout the article, we use the customary notation of function spaces and norms
(see, e.g, [12]). Thus, for 1 < g < 0o,

uely, Q) = (||'4||Lq(sz))q:/|u|qu<oo,
Q

2

ou
uew(Q) = (lullwioe)’= / <|u|q+2 o
Q P i

q

dx < 00,
q

dx < 00,

2
uew*(Q) = (||u||W2v4(Q))q:/<|u|q+Z
Q

ij=1

%u
8x,»xj

T
wel,((0,T5B) = / ()] e < .
0
For g = oo,

ueLo((0,T:B) = sup |u®)],<oo.
0<t<T

CY(Q) for 0 < A < 1 consists of functions u € C'(2) whose first derivatives satisfy the
Holder condition with exponent 2,

du ou
|3_xl,(xl) - 3—,Ci(x2)|
sup —— < o0,

amea  1xi—xolt

In the list of references, the order is alphabetical.

3 Proof of the main result

We divide the proof of Theorem 1 into several steps.
First, we show that the problem of finding u and p has at least one classical solution if
the initial density is smooth, pg € C*°(2). The reasoning is based on the Schauder
fixed point theorem.
Next, we specify a class of functions with certain regularity properties and using a
compactness argument establish the convergence of smooth solutions to the solution
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of the original problem with piecewise constant initial density po. We then show the
existence of a smooth surface separating the parts of the domain occupied by the two
different fluids.

3.1 Smooth initial density
Throughout this subsection we fix a number g > 2, an integer m, and the initial density

,o((f) € C®(Q), ¢ > 0. More precisely, we put

pt, -1<x <-¢

o (%) =
P po, e<x <1,

and p~ < p((f)(x) <ptfor—e<a<e.
The function class M consists of all continuous functions 5 € C(Q7) such that

p~ < p(x,8) < p*. (13)

Now we define the following two linear operators. The first of them transforms a ‘frozen’
density into the corresponding field of velocities

M3 5> v=U[p] € Lo (0, T; W21 (Q™)).

The other one describes the evolution of density driven by a ‘frozen’ velocity field (and
starts from the initial smooth density specified in the beginning of the subsection):

Loo(0, T; W*1(Q)) 5 U 0 = R[p,v] € Loo(Q21).

Namely, the operator U transforms g into the solution of

MAV—Vp:?EVpO—gﬁe, xeQ,0<t<T, (14)
V.v=0, x€Q,0<t<T, (15)
vix,t)=0, xe8%0<t<T, (16)
P(v,p)-n=0, xeSt0<t<T. 17)

The operator o = R[pé”,v], which depends on the given initial density p((f), transforms v
into the solution of the initial boundary value problem

0

8—§+V~VQ:O,XES2(”’), 0<t<T, (18)

0x,0)=pf'(x), xeQ™, (19)

o(x,t) = p*, atxe Si,O <tg < T, where *vi(x,t) <0, v = (v1,12). (20)
Here,

Si—{xeﬁ-x —:l:<1 i)}
m = ‘A= - :
m
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Outside of QU we put

,oAl<wm<-1+1,0<t<T,
ot)={F " TEMET T wRers (21)
p, 1--<x=<10<t<T.
Let
&) (yv; ¢) = {xe Q:x=y(,v;0),& € I’(ig)}, &) = (g e Q& = e}, (22)

where y (€, t;v; ty) has been defined in (6)-(7).

In this problem we restrict ourselves with the time range T, satisfying the following
condition: for all 5 € M and ¢ > 0, there exist some 5 € M and ¢ > 0 such that ' (v; T},,)
touches S}, or =9 (v; T,,) touches S

It is clear that

T,<Tna VYm>O0.

For a smooth initial density p((f), the original problem of finding u and p from (2)-(4), (8)-
(9) reduces to finding a fixed point of the superposition of these two linear operators, the
operator F = R o U defined as

M 35+ FIp] = (RoU)[B] = R[p§’, UF]] € M.

We will show that the conditions of the Schauder fixed point theorem are satisfied for the
operator F on the time interval (0, T},,) where T}, > Ty and T > 0 do not depend on m,
p€M,ande.

3.1.1 Continuity of F
Below we use notation C for positive constants whose values do not depend on m and ¢
and notation K for positive constants whose values do not depend on €.

(a) For each function p € M, the linear problem (14)-(17) has a unique solution

veLy (O, T; WI’Z(Q)) N Lo (()7 T; WZ,q(Q(m))),
P € Loo(0, T; Ly(2)) N Lo (0, T; WH(QU)),

and for each g € (1, 00) and each value of the parameter ¢ € [0, T] the solution admits the

estimates
”p(t)”Lz(Q) + ”V(t) ” wizg) = C||?(t)HL2(Q)’ (23)
||p(t)|| wlaqom) T HV("‘) H w2a(qim)y = I(H’f(t)”Lq(Q)' (24)

These results originate in [12], ([13], Chapter 3, Section 5), [14-16], and [17].
In fact, the first estimate is a well-known result for the unique weak solution of this

problem in a form of the integral identity
/ (P(v,p) :D(p) +f- (p) dx=0
Q

for fixed ¢ € (0, T) and for any smooth solenoidal functions ¢ vanishing at x € S°.
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This identity contains equation (14) and boundary condition (17).

To prove (24) we consider an infinitely smooth function y " (x) such that

1, xeQWm),

(4m) (x) =
XK= 0 e ona®m,

It is easy to see that

A (x4 v) = v (x " p) =T xeGW, 0<t<T, (25)
V. (X(4m)v) = <p(4m), xeG*) 0<t<T, (26)

(x*"v)(x,t)=0, xe€dG*,0<t<T, (27)
where Q& c G c QUom §GA™M ¢ C>® and

flém) _ ZMVX(4'”) Vv + pchx“"” —pVX(4m) +fx (4m)

(p(4m) _ VX(4WI) V.
In fact, one just differentiates all terms on the left-hand sides of equations (25) and (26)
and uses corresponding equations (14) and (15) to get right-hand sides in (25) and (26).

Estimates (23) provide

9 € Lo (0, T;Lo(GY™)), ¢ € Lo (0, T; W2 (GH™)) :

[E4 @ g, + 14O lyraqgtom, = KIEO]

Therefore, due to the above-mentioned works, the pair {(x “"v), (x *"p)} as a solution
of problem (25)-(27) satisfies the estimates

| (x“p) @) wi2(gm) T | (x“"v) @ W22(G4m)

= ”?(4m)(t) ”Lz(G(‘W) + H‘/’Mm)(t) ” wi2(gtamy = KH?(t) ”LZ(Q)' (28)

These results are typical of elliptic systems and may be explained by the Dirichlet prob-

lem for the Poisson equation

Au=f, Xx€G@, u(x)=0, xe€dG.
Namely, if f € L,(G), then u € W>4(G) and

llztll w2a() < |[f||Lq(G) forg>1.
Coming back to the definition of X(4m), we obtain

[2@ | yraqgamy + VO | yaagam, < KIEO] 0 (29)

Page 7 of 14
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Combining with the embedding theorem for the pair of spaces W?(Q*") and L, (*™))
for any g > 2 (see [18], Chapter I, Section 3), we arrive at

||p(t)||Lq(sz<4m)) + ”V(t)” wha(@m)y = KH?(t) ||L2(Q)' (30)

Now we use estimates in W>7 and repeat all over again for the function x ) and domains
Q@M c G c QUM §G™ e C* and get

[E @, oy + [0 O g,

< [, ggom) *+ [ O yraiaiom,

<K([f0)] 0 + [FO] o) < KIFO], 0 (31)
| (x"p) @) wragomy * | (x"v)@| W2a(Gim)

< [E0)], gam, + [ O yaagam, < K[EO, o) (32)

12O [ wra@omy + VO y2agon) < K[EO], g (33)

Combined again with the embedding theorem for the pair of spaces W>7(Q("))
cl* (ﬁ(m)) (see [18], Chapter II, Section 3), this estimate shows that forg>2 and A =1 - %1’

V)| cas gomy =< CIVO L y2aom) < K[ED] 0 (34)

Whenever p is continuous with respect to ¢, the above estimates imply that v = U[p] is
continuous as a function of ¢ with values in W24(Q) (or C**(2™)), or as a real-valued
function of ¢ and x:

ve C(0,T; W>1(2)) c ¢(o, T; C*(@™)).
Last estimates and the arbitrary choice of m show that
ve C(0,T; W*(Q)) c C(0, T;C**(R)). (35)

(b) We establish now the existence of a regular solution p to the transport equation (18)
for a smooth initial density ,0(()8) € C*®(Q) such that p~ < Qgs)(x) <p*.
Given the velocity field v = U[p], we find the starting point (£, ¢y),

.
E=yl(xtvit) € Q'

of the characteristic of (18) which hits x = y(&,£;v; ty) € Q at time £

ad
TVttt yEtvit) =, (36)
where & = yN(x, £ v; £y).
By construction , = 0 for & € Q" and t, > 0 for & € SE.
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For given v = (v1,1,), let
G (1) = Q" U {(€,t0) £ € SE,0 < to < £ such that £ vy(€, %) < 0}
Then, for all 0 < ¢ < T, transformations

y: EZ(W’)(L‘) — ﬁ(m),

F(E, 1) = y(E v;0) for £ e Q"

x=y(&, )=y t;v;t) forEeSi,O<to<t (37)

and
1.2 5 8, E=9x0)

are continuously differentiable if v enjoys the regularity properties (34), typical of solutions
to (14)-(17):

% e,

9t + ||77("t)||clv*(s~z(m)(t)) + ”771(”) ”CM(QW)) =K. (38)

sup
Qm)

To see this, it suffices to consider the Cauchy problem, the linear system

9 (3)’5) B 2. 9vi 0y Vi

— , = 8ijs Y =)
85, 1 8xk 8x, 851 t=to

ot

and use estimates (34) for v = U[p].
Estimates for the inverse to (3—’;;) matrix follow from the estimates for the proper matrix

and the fact that the Jacobian |2—§| preserves its value due to incompressibility.
The above provides for the existence of a unique solution of (36) and an explicit repre-
sentation for solution of (18)-(20) for 0 < £ < T, using (36) is ([1], Chapter II, Section 2)

2900 = o5 (77 (0 0)). (39)
It shows that 5®)(x, ) is uniformly bounded,

pm =890 =i (7 ) < " (40)
Now we find the time T, using transformation y of the domain Q7% onto the domain

Qo (vit) = {x e Q:x=p(§,5v0),& € QD).
By construction

p <89 (x0)<p" forxe Qe(vit)
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and
0¥ (x,t)= p* forxe Q\Q(e) (V3 ).
In fact, if x € Q(’”)\(Q(g)(v; t)), then
x=y(&,tv;0), whereé ¢ Q(’”)\(Q(ﬁ))
or
x=yp(&,t;v;ty), whereé e S,f,,O <ty <t
In both cases 3 (x,t) = p*.
Outside of Q, 5)(x, £) has been already defined by (21).
Thus, one defines T,, from
Qu(v;t) Q" for0<t< Ty, Qo) (v; T,n) N SE+#0. (41)
The density inherits from p((f) the existence of bounded derivatives
0
ad

90
sup( ——(x,t)
(x0) ¢

It follows from representation (39), equation (36), and estimates (38).

+ |V5(8)(x, t)|) =K Sup|Vp(()8)(x)i' )

Note that due to (34) the time range T, is bounded from below independently on ¢ and
peM:

T,>Ty>0 forallpe Mande>D0. (43)

To prove it we just note that |v(x,¢)| < K, and due to this restriction cross-sections of

I'®)(¢) by the planes {x, = const} are bounded from below by the line x; = —& — Kt. This
1-2¢
K

(c) The operator U is evidently continuous as a linear one. To see that the operator F =

fact results in T > > % fore < i. The same restriction is valid for T8 (¢).

R o U is continuous, we have to prove the continuity of R[v] for v = U[p].
To do that we consider two different solutions Ef) = R[v;] and 55’3) = R[v,] to (18), (19)

and put
0=2"-28, V=vi-w. (44)

The function 9 solves the inhomogeneous transport equation

90 N

_Q +vi-Vop=-v. VQ(ZS) (45)
ot

with the homogeneous initial condition.

Integration of the last equation along characteristics results in

sup|o(x,8)| < Tow sup|V'§§E)(x, t)| - sup|¥(x, )], (46)
(x,£) (x,t) (x,£)
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which proves the continuity of F. Moreover, estimate (42) shows that F is completely con-
tinuous, and estimate (40) shows that F transforms M into itself.

Applying Schauder’s fixed point theorem, we find at least one fixed point p® of F, which
defines a solution {p° p°u’}, u® = U[p?] to problem (2)-(4), (8)-(9) for smooth initial
density ,0(()8) on the time interval (0, 7,,) such that for all positive integer m and for all

t€(0,T,),
p~ < p¥(x,t) < p*, (47)
|2* O]y + 10 @ 2y = CIED] 0 (48)
12O yraiqomy + 19O yyaggomy + [0 @] 1 qomy < K[£@) ”Lq(Q)’ (49)

where f¢ = Vp°? —gp®e.

This solution satisfies equations (2) and (9) in a usual sense almost everywhere in Qr =
Q2 x (0, T), boundary condition (4) in a usual sense, and boundary condition (8) in a sense
of the integral identity

(P(us(t),pg(t)) :D(@) +£°- (p) dx=0 (50)
Q

for almost all 0 < £ < T and for any smooth solenoidal functions ¢ vanishing at x € S°.
The density p° is defined as

(8)(x,t) _ ip(()s)(g): x=y(&,tu’0),§ € o IL o

piv Xe Q\Q(as)( ; )

3.2 W' Bounds for density
For a smooth initial density pg, both velocity and density are smooth on the time interval
(0, T,,), and the derivatives p’ = g—; (we omit for simplicity index ¢) satisfy the equations

2

dp’ » - : dpo
— +u-Vp'= ap, “x,0 s
o p 1:21 ip p'(x,0) = Z72(x)
where a]’: = —g—Z, i,j =1,2,u = (u1, uy). By the previous estimates (50),
|ai(x, )| <K forij=1,2,xeQ",0<t<T,. (52)

Note also that p! = 0 in Q\Q". Therefore p'u vanishes on the boundary 9.
We multiply the ith equation by \/ﬁ with 8 > 0 and integrate over Q. The result

is

2 l
/ 2
+8 dx+/ u- V\l/ f Zl +52dx,

where ¥(p fo 5% + 82)712 gs. Since u is solenoidal and p’u = 0 on 9Q

/ u~V\IJ(pi)dx:—/ \If(pi)V~udx+/ \IJ(pi)u~ndS:O
Qm) Qlm) aQ(m)



Meirmanov et al. Boundary Value Problems (2015) 2015:71 Page 12 of 14

(here, n is the unit normal to Q2%), and we arrive at

/ o'
+82dx / Z/ (p)2+82dx

One can sum these identities in i and get the equation

/ Z,/ +52dx /Q(m i%dx

e (pz)Z + 82

Letz(t) = fQ(m) Zil V()2 + 82 dx. Then the last relation by means of estimates (52) trans-

forms to

/ Zl \|odx <Kz, 2(0) =z,

where

2 2
= 3'00 2 / £
zO_fQ(m);degc Q(]Vpo!+1)dxsc. (53)

Applying the Gronwall inequality and keeping in mind the equalities p’(x,t) = 0 in
Q\Q", we establish that for each ¢ € (0, T,,),

/|Vp8(x,t)|dx§z(t)§l(/(|Vpé|+1)dx§](. (54)
Q Q

By the transport equation (3)

‘ < max [0 (60| [V 0], o (55)
Combining this estimate and (54), we conclude finally that

mtax” ot @) @ =G (56)

ax ( o _slvrol, (m) <K V6], o <K- (57)

3.3 Passage to non-smooth initial data, existence of a regular free boundary
Let {u®, p®, p®} be the solution of problem (2)-(4), (8)-(9) that corresponds to the initial
density p§. The estimates (56), (57) allow us to extract a subsequence {p°} (we preserve
the same notation for this subsequence for the sake of simplicity) which converges strongly
in L,(S27,,) to p(x,t) for some r > 1. This can be done by the embedding theorem for the
pair of spaces W(Qr,,) < L,(QT,,).

Since the densities p*(x, t) satisfy (56), the same subsequence {o°} converges strongly in
Loo((0, Ty); Ly(R2)) for each g > 2. According to estimates (48)-(50), this implies for every
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positive integer m the strong convergence of the corresponding subsequence of velocities
{u®} to some function u in the space

Loo (0, T3 W24(2)) N Loo (0, T; C* (")) M Lo (0, T3 WH2(2))

withA=1- % and the strong convergence of the corresponding subsequence of pressures
{p°} to some function p in the space

Loo(0, T5 L () N Lo (0, T; WH(Q)).
Indeed, for p = p®1 — p*2, the difference u = u’! — u®?, p = p° — p* satisfies the problem

uwAu—-Vp+gpe=0, V-u=0, xeQ,
u=0, xe8°

P(u,p) - n=0, xeS%,

and estimates (48)-(50) for the solution of this system imply the above mentioned conver-
gence.

The direct limiting procedure as ¢ — 0 in equations (9), (2) and boundary condition (4)
for functions {u®, p®} show that the pair {u, p} satisfies these equations almost everywhere
in Q7 and boundary condition (4).

Passing to the limit as ¢ — 0 in the integral identity (50) in the form

T
/ &() </ (P(us(t),pg(t)) :D(@) +£° - (0) dx) dt=0
0 Q

for any smooth function & (£), one sees that the limit functions satisfy the original problem
and boundary condition (8) in a weak sense (11).

It is clear, that for all £ > 0 functions u® and p°® satisfy integral identity (12) with initial
function p§(x). The limit there as ¢ — 0 results in the integral identity (12) for functions
u and p with initial function pg(x).

On the other hand, the density p° is defined by (51) and p®(x, t) = p™ for fixed 0 < t < T},
outside of Q,(u;¢).

By construction the curves I'®®)(u;£) are the part of the boundary Q. (u®;¢) and due
to (38)

r*9(u%¢) > () ase— 0.
Let
I(u'5t) = {xe Q:x=y(§5u50),6 1O}
Then I'(u®;£) C Q. (u’;£) and by the same reason
I'(u'5t) > T(6) = {xeQ:x=pE w0),§eT?) ase—o0.

The desired smoothness of I'(¢) follows from (38).
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Thus, I'(¢) divides £ by two subdomains ¥ (£) and due to properties of the obtained
limits p®(x,t) = p* outside of I'(¢).

3.4 Existence of the maximal time interval and uniqueness of the solution
By definition §(T},) > % Therefore we may extend characteristics

x=y(E w0), £el®,
which form ['(¢), up to time T, where

8(1)\yO ast /T.

Uniqueness of the solution is proved in the same way as in [9].
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