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Abstract

In this paper, we study new fractional-order multivalued problems supplemented
with nonlocal nonlinear flux type integral boundary conditions. Some existence
results are obtained for convex as well as non-convex multivalued maps by applying
standard fixed point theorems for such maps. We also discuss examples for the
illustration of our results.
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1 Introduction
In this paper, we investigate the existence of solutions for a fractional differential inclusion

‘Dix(t) € F(t,x()), te€[0,1],1<q<2, (1.1)

supplemented with nonlocal nonlinear flux type integral boundary conditions

&
x(0) = Bg(x'(n)), ®(1) = a/o X (s)ds, 0<&,n<l, (1.2)

and

&
%' (0) = a/o x'(s)ds, x(1) = Bg(x'(n), 0<&n<l, 1.3)

where D7 denotes the Caputo fractional derivative of order ¢, F: [0,1] x R — P(R) is a
multivalued map, P(R) is the family of all nonempty subsets of R, g : R — R is a continu-
ous function and «, 8 are appropriate real constants with «§ # 1.

Fractional differential equations are found to be of great interest in view of their exten-
sive applications in various scientific disciplines such as fluid mechanics, biomathematics,
ecology, visco-elastodynamics, aerodynamics, control theory, electro-dynamics of com-
plex medium, thermodynamics, electrical circuits, electron-analytical chemistry, etc. For
details, we refer the reader to the books [1-6].
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The subject of boundary value problems has an enriched history, and several kinds
of problems have been discussed over the years. In the past few years, fractional-order
boundary value problems have received much attention, and the subject has been devel-
oped in an extensive manner. In fact it is a hot topic of research in mathematics and its
applications. For some recent results on boundary value problems of fractional differential
equations, we refer the reader to a series of papers [7-18] and the references cited therein.

Differential inclusions (multivalued differential equations), regarded as the generaliza-
tion of single-valued differential equations, are found to be important mathematical mod-
eling tools in certain problems of economics, optimal control, etc. and are widely studied
by many authors; for instance, see [19-21] and the references therein. Examples and de-
tails of some recent works on differential inclusions of fractional order can be found in
[22—28] and the references cited therein.

In this paper, we extend the study on fractional boundary value problems further by in-
troducing a new class of problems of fractional differential inclusions supplemented with
nonlocal nonlinear flux type integral boundary conditions. We obtain some existence re-
sults for the given problems for the cases of convex as well as non-convex multivalued
maps. Our results are based on some standard theorems dealing with multivalued maps.
The methods used here are well known, however their exposition in the context of prob-
lems (1.1)-(1.2) and (1.1)-(1.3) is new.

The paper is organized as follows. In Section 2 we present some related preliminary
material from fractional calculus and multivalued analysis. We also describe the details
of the proposed work. The main existence results for problem (1.1)-(1.2) are obtained in
Section 3, and the examples illustrating the results of Section 3 are given in Section 4. We

indicate the results for problem (1.1)-(1.3) in Section 5.

2 Preliminaries
This section is devoted to some preliminary concepts of fractional calculus and multival-
ued analysis. We also describe the work proposed in this paper together with the allied
techniques.

Let us first recall some definitions of fractional calculus [1, 2] and prove an auxiliary
result needed to define the solution for problem (1.1)-(1.2).

Definition 2.1 For an (n — 1)-times absolutely continuous function g : [0,00) — R, the

Caputo derivative of fractional order ¢ is defined as

1 t
‘Dig(t) = F(Tq) / (¢ —s)”"q_lg(")(s) ds, n-l<qg<nn=[q]+1,
- 0

where [g] denotes the integer part of the real number g.

Definition 2.2 The Riemann-Liouville fractional integral of order g is defined as

qu(t) - L ' ﬂ

ds, 0,
T Jo t-spa™ 17

provided the integral exists.
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Lemma 2.3 Let y € C([0,1],R) and x € C%([0,1],R) be a solution of the linear boundary

value problem
Dix(t) = y(t), te01],1<q=<2, o
%(0) = Bg(x'(n)), ¥ =af;(s)ds, 0<&n<L '
Then
(1) = / G S)q 1y(s) ds
t § (S (s—1)12 L(1—-s)at
+1—as(“/ | T | g y()ds)
”(n—S)”2 (s—7)2
( - 1) y(s)ds +1 aS/ / Fg- 1) y(t)dt ds
(1 —s)q 1
l—ozé / y(s) ds) (2.2)

Proof 1t is well known that the general solution of the fractional differential equation in
(2.1) can be written as

t -1
x(t) = co + 1t + / (t;(sq);? y(s) ds, (2.3)
0

where ¢y, c; € R are arbitrary constants.
Applying the given boundary conditions, we find that

N (n—g)d-2
o= ﬁg(/o (g(qs_)_l) y(s) ds + Cl),

1 § S (s—1)12 L(1-s)12
C = 1_00;: (a/o ; m_y(f)dl’ds—v/(; my(S)dS).

Substituting the values of ¢y, ¢; in (2.3), we get (2.2). This completes the proof. O

and

Now we outline some background material on multivalued maps [29, 30].

For a normed space (X, || - ||), let Py(X) = {Y € P(X) : Yisclosed}, Pp(X) = {Y €
P(X) : Y is bounded}, P, (X) = {Y € P(X) : Y is compact}, and P, (X) = {Y € P(X) :
Y is compact and convex}. A multivalued map G : X — P(X) is convex (closed) valued
if G(x) is convex (closed) for all x € X. The map G is bounded on bounded sets if G(B) =
U, G(®) is bounded in X for all B € P,(X) (i.e., sup,cg{sup{lyl : ¥y € Gx)}} < 00). G is
called upper semicontinuous (u.s.c.) on X if for each xy € X, the set G(x,) is a nonempty
closed subset of X, and if for each open set N of X containing G(x,), there exists an open
neighborhood N of xp such that G(AVy) € N. G is said to be completely continuous if
G(B) is relatively compact for every B € Py(X). If the multivalued map G is completely
continuous with nonempty compact values, then G is u.s.c. if and only if G has a closed
graph, i.e., x, = X4, Y = Y4 Yu € Gl(x,) imply y, € G(x,). G has a fixed point if there is
x € X such that x € G(x). The fixed point set of the multivalued operator G will be denoted
by Fix G. A multivalued map G : [0,1] — Py(R) is said to be measurable if for every y € R,
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the function
t+—> d(y,G(¢)) =inf{|y — 2| : z € G(¢)}

is measurable.
For each y € C([0,1], R), define the set of selections of F by

Spy:={veL'([0,1,R) : v(t) € F(t,y(t)) for a.e. £ € [0,1]}.

Next we characterize the proposed work and provide the necessary details for achieving
the main results.

To discuss the existence of solutions for problem (1.1)-(1.2) with a nonconvex valued
right-hand side (the Lipschitz case), we need the following auxiliary material.

Let (X,d) be a metric space induced from the normed space (X;|| - ||). Consider H; :
P(X) x P(X) - R U {00} given by

H,(A, B) = max { supd(a, B),supd(A, b) } ,

acA beB

where d(A,b) = inf,c4 d(a; b) and d(a, B) = infyepd(a; b). Then (Py(X), Hy) is a metric
space and (Py(X), H;) is a generalized metric space (see [31]).

Definition 2.4 A multivalued operator N : X — P,(X) is called:
(a) y-Lipschitz if and only if there exists y > 0 such that

Hy(N(x),N(y) < yd(x,y) foreachx,y€X;
(b) a contraction if and only if it is y -Lipschitz with y < 1.

Lemma 2.5 ([32]) Let (X, d) be a complete metric space. If N : X — P(X) is a contraction,
then Fix N # (.

To establish the existence result when the multivalued map F in (1.1) is convex-valued
(the upper semicontinuous case), we recall the following definitions and known results.

Definition 2.6 A multivalued map F: [0,1] x R — P(R) is said to be Carathéodory if
(i) £+ F(t,x) is measurable for each x € R;
(i) x+— F(t,x) is upper semicontinuous for almost all ¢ € [0,1];

Further a Carathéodory function F is called L!-Carathéodory if
(iii) for each p > 0, there exists ¢, € L'([0,1],R*) such that

HF(t,x) || = sup{|v| (v e F(t,x)} <o,(t)
for all ||x|| < p and for a.e. t € [0,1].

We define the graph of a multivalued map G to be the set Gr(G) = {(x,y) e X x Y,y €
G(x)} and recall two results for closed graphs and upper-semicontinuity.

Lemma 2.7 ([29], Proposition 1.2) If G: X — Py(Y) is u.s.c., then Gr(G) is a closed subset
of X x Y; i.e., for every sequence {x,}neny C X and {yu}uen C Y, if when n — 00, x,, — x4,
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Y = Vi and y, € G(x,), then y, € G(x,). Conversely, if G is completely continuous and has
a closed graph, then it is upper semicontinuous.

Lemma 2.8 ([33]) Let X be a Banach space. Let F : [0,1] x X — Py, (X) be an L'-
Carathéodory multivalued map, and let ® be a linear continuous mapping from
LY([0,1],X) to C([0,1], X). Then the operator

© 0 Sp: C([0,1],X) = Pepe(C([0,1],X)), x> (O 0 Sp)(x) = O(SE)
is a closed graph operator in C([0,1],X) x C([0,1],X).

Lemma 2.9 (Nonlinear alternative for Kakutani maps) [34] Let E be a Banach space, C be
a closed convex subset of E, U be an open subset of C and 0 € U. Suppose that F : U —
Pep,(C) is an upper semicontinuous compact map. Then either

(i) F has a fixed point in U, or

(ii) thereisu € 0U and A € (0,1) with u € AF(u).

Finally, we study the case when the multivalued map F in (1.1) is not necessarily convex-
valued (the lower semicontinuous case). In this case, the background material is outlined
as follows.

Let X be a nonempty closed subset of a Banach space E and G : X — P(E) be a multi-
valued operator with nonempty closed values. G is lower semicontinuous (l.s.c.) if the set
{y € X: G(y) N B # @} is open for any open set B in E. Let A be a subset of [0,1] x R. A is
L ® B measurable if A belongs to the o -algebra generated by all sets of the form J x D,
where J is Lebesgue measurable in [0,1] and D is Borel measurable in R. A subset A of
L([0,1],R) is decomposable if for all %, v € A and measurable 7 C [0,1] = J, the function
uyg +vy-g € A, where x 7 stands for the characteristic function of 7.

Definition 2.10 Let Y be a separable metric space and let N : Y — P(L'([0,1],R)) be a
multivalued operator. We say N has a property (BC) if N is lower semicontinuous (l.s.c.)
and has nonempty closed and decomposable values.

Let F:[0,1] x R — P(R) be a multivalued map with nonempty compact values. Define
a multivalued operator F : C([0,1] x R) — P(L}([0,1], R)) associated with F as

Fx) = {w € Ll([O, 1],R) :w(t) € F(t,x(t)) fora.e. t € [0, 1]},
which is called the Nemytskii operator associated with F.

Definition 2.11 Let F: [0,1] x R — P(R) be a multivalued function with nonempty com-
pact values. We say F is of lower semicontinuous type (Ls.c. type) if its associated Ne-
mytskii operator F is lower semicontinuous and has nonempty closed and decomposable

values.

Lemma 2.12 ([35]) Let Y be a separable metric space and let N : Y — P(L}([0,1],R)) be
a multivalued operator satisfying the property (BC). Then N has a continuous selection,
that is, there exists a continuous function (single-valued) g : Y — L1([0,1],R) such that
g(x) € N(x) foreveryx €Y.
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3 Existence results

Definition 3.1 A function x € C%([0,1],R) is said to be a solution of the boundary value
problem (1.1)-(1.2) if x(0) = Bg(x'(n)), #'(1) = « fo x'(s) ds, and there exists a function v €
Sk such that

t(t_s)q—l
' aé( f / (S_’)qz W) dr ds - /(l_s)qlv()ds)
T(n-s)"? (s—f)”‘
+/3g(/0 m 1 OlS V(r)drds
1 -1
_1_1a$ /0 (1;(2: v(s)ds), t€[0,1]. 31)

For the sake of convenience, we set

1 o, al§7+
—F(q+1)<1+|ﬂ|qn" AT %_'( Iﬁl)) (3.2)

Now we are in a position to present our first existence result for problem (1.1)-(1.2) which
deals with a nonconvex valued right-hand side of (1.1).

Theorem 3.2 (The Lipschitz case) Assume that

(A1) F:[0,1] x R = Py, (R) is such that F(-,x) : [0,1] — Pg,(R) is measurable for each
xeR;

(Ay) Hy(F(t,x),F(t,%) < m(t)|x — x| for almost all ¢ € [0,1] and x,5 € R with m €
C([0,1],R*) and d(0, F(¢,0)) < m(t) for almost all t € [0,1];

(As) g:R — Ris continuous and |g(v)| <|v|, Vv e R.

Then the boundary value problem (1.1)-(1.2) has at least one solution on [0,1] if |m| A <1,
where A is given by (3.2).

Proof Define the operator Qr : C([0,1],R) — P(C([0,1],R)) by

heC(0,1,R):
fot (H)q_l v(s)ds

Qp(x) = He) - 1a§( fo 5 Fql 2 (v)dr ds — fo v(s)ds)
+ Ba(f) "rj"n V) ds + iz Io o 55 v(r)drds
1 (1-5)?
1—Lg 0 (lr(;) v(s) ds)
for v e Sg,.

Observe that the set Sr, is nonempty for each x € C([0,1],R) by the assumption (A;),
so F has a measurable selection (see Theorem II1.6 [36]). Now we show that the operator
Qr satisfies the assumptions of Lemma 2.5. To show that Qr(x) € P,((C[0,1],R)) for each
x € C([0,1],R), let {u,},>0 € Qr(x) be such that u, — u (n — o0) in C([0,1],R). Then
u € C([0,1],R) and there exists v, € Sg,, such that, for each ¢ € [0,1],

Page 6 of 16
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~ t (l’ S)q—l
un(t) = /(; F(q Vy,(S) ds

- aé( /[ S")qzvn(r)d ds /(l‘s)ql (s)ds>
N (n—g)d2 —1)72
+ﬁg(/ (77( 9 )V,,(s)ds+1 055./ / 5 T) vu(t)dt ds

T1- aé/ r() v”(s)ds)'

As F has compact values, we pass onto a subsequence (if necessary) to obtain that v,
converges to v in L1([0,1],R). Thus, v € Sr,. and for each ¢ € [0,1], we have

vu(t) = v(t) = /Ot (t;(sq);ll v(s)ds

t § o f-97!
*1_ag(°‘/ o Tig-1 " I(g) SMS)
”(77—5)‘” (s—r”

< @D v(s)ds+1_ 5/ / rg-1 v(t)dt ds

(1—S)‘11
1—as/ )ds)

Hence, u € Qr(x).
Next we show that there exists § < 1 such that

Hy(Qp(x), Qp(x)) <8llx—%|| for eachx,x € C*([0,1], R).

Letx,x € C%([0,1],R) and /; € QF(x). Then there exists v; (¢) € F(t, x(t)) such that, for each
te[0,1],

t (t _ S)q—l

(s)ds

1 a§< / / (S_T)q2v1(t)drds /%vl(s)ds>
(n —S)q2 (s— r)q2
+ﬂg(fo rg-n "% asf/ v)drds

g1
1 as/ - S)q Vl(s)ds)

By (A;), we have

Hy(F(t, %), F(t, %)) < m(t)|x(t) - 2(¢)|.
So, there exists w € F(t, x(¢)) such that

’Vl(t) - w! < m(t)‘x(t) —x( € [0,1].

Define U : [0,1] - P(R) by

Ut = {w eR: |v1(t) —w| < m(t){x(t) —5c(t)|}.
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Since the multivalued operator U(£) NF(¢, x(¢)) is measurable (Proposition I11.4 [36]), there
exists a function v,(¢) which is a measurable selection for U. So v,(¢) € F(¢,x(¢)) and for

each t € [0,1], we have |v(£) — vo(2)] < m(2)|x(¢) — x(¢)].
For each t € [0,1], let us define

t _ \g-1
hz(t)=/ %Vz(s)ds

_ )2 _ )1
1 aé( / / (;‘(q)l vo(t)dr ds — /(1 9 (s)ds>

"(n—S)“ s—r)qz
< T 1) 1/2(s)ds+1 a&/_/ r-1) ——w(t)dtds
1 L1 -s)t
1-at Jy Tl(q)

Vo (s) ds) .

Thus,

ne) — a(0)] < / (t |vl(s)—vZ(s>|ds

- 05§|<| |_/_/ r(q 1) |"1(T) va(t)|dt ds

el
/ (lr(s): |v1(s)—V2(s)|ds)

g2
+|ﬂ|g<fn%’m —na(s)|(s) ds

o] (s—1)72
* |1—oz.§|/ / rg-1) ‘Vl(f)—vz(r)‘drds
(1-
- aél/ r( ) |V1(S)—V2<S)I(S)ds>

B 1 1 || 1
= ”m"{r(qn) g (F(q+1) * F(q+1)>

el g 11 ]
+"gl(r(@ "M-a&T(q+1) |1—océ|r(q+1>)}”x_x”

= [lml|| Allx - xI|.

Hence,
71 = hall < Il Allx = %I|.

Analogously, interchanging the roles of x and %, we obtain
Ha(Q2p(x), (X)) < lml|Allx -,

where § = |m||A < 1. So Qr is a contraction. Hence it follows by Lemma 2.5 that 2 has a
fixed point x which is a solution of (1.1)-(1.2). This completes the proof. O
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Our next result concerns the existence of the solutions for problem (1.1)-(1.2) with a

convex-valued multivalued map.

Theorem 3.3 (The upper semicontinuous case) Assume that (As) holds. In addition we

suppose that

(H1) F:[0,1] x R — P(R) is Carathéodory and has nonempty compact and convex values;
(Hy) there exists a continuous nondecreasing function ¥ : [0,00) — (0,00) and a function
¢ € C([0,1], R*) such that

||F(t,x)H7, = sup{|y| 1y € F(t,x)} < ¢(t)1ﬁ(||x||) foreach (t,x) € [0,1] x R;

(H3) there exists a constant M > 0 such that

M
YADlA

’

where A is defined by (3.2).

Then the boundary value problem (1.1)-(1.2) has at least one solution on [0,1].

Proof Consider the operator Qr : C([0,1],R) — P(C([0,1],R)) defined in the beginning of
the proof of Theorem 3.2. We will show that QF satisfies the assumptions of the nonlinear
alternative of Leray-Schauder type. The proof consists of several steps. As the first step,
we show that Qr is convex for each x € C([0,1],R). This step is obvious since Sg, is convex
(F has convex values), and therefore we omit the proof.

In the second step, we show that Qf maps bounded sets (balls) into bounded sets in
C([0,1],R). For a positive number p, let B, = {x € C([0,1],R) : ||x|| < p} be a bounded ball
in C([0,1],R). Then, for each & € Qr(x), x € B,, there exists v € Sg, such that

t(t_s)q—l

1o aé( / / (S_T)qzv(r)drds /(1_5)111 ()ds>
'7(77—S)q2 (s—f)"2

+,3g(/0 ﬁ ds + 1= Ol%' g~ l)v(r)drds

_g)-1
1 aé/ (11"(2) v(s)ds), t€[0,1].

Then for t € [0,1] we have
L(t—s)Tt
h(t)| < /o ) |v(s)| ds

‘ (5= (-
s aa(' '/ o Tla-1) |V(”|d’d”/ r() |(S)|ds)

"(n-s)"" || s—1)1
+|ﬂ|g<./o - \V(S” |1—oes|// T@-1 e ds
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(1—S)q1
|1 a§|/ v(s)|ds>
1 1 | |E7 1
< w(||x||)||¢||{r(q+1) T (r(q+1) + F(q+1))

+|ﬁ|<”ql+ ol &7 1 1 )}
M@ -o&ITq+D  T-afTqg+1)
= ¢ (Ixl) I$1A.

Consequently,

4l < ¥ (p)I@lA.

Now we show that Qr maps bounded sets into equicontinuous sets of C([0,1],R). Let
b, ty € [0,1] with t; < £, and x € B,. For each & € Qf(x), we obtain

|h(t2) = h(ty)|
< ‘ﬁ/z(tz—s)qlv(s)ds—ﬁfol(tl—s)qlv(s)ds

, a4l (S—f) 2 Ta-g)t
e as|<' '// ’)’d”l“/o I'(g) |V(S)’ds)

sﬁ (CEDICED 1]¢>(s)t/f<r>d“% tlz(tz—s)q-lqs(s)w(r)ds

|t2 t1| S—T )‘12 l(l_s)q—l
- as|< / / T POV indrds+ / @ ¢><s>w<r)ds>
_||¢>||w<p>/ (ts— 9 (1~ 5] ds + ||¢>||w p)/ s

|I¢Illﬁ(p)ltz—t1l< lo|E7 1 )
+ +
[1-a&] I'g+1) T(g+1)

Obviously the right-hand side of the above inequality tends to zero independently of x €
B, as t, —t; — 0. As Q satisfies the above three assumptions, therefore it follows by the
Ascoli-Arzela theorem that Qr : C([0,1], R) — P(C([0,1], R)) is completely continuous.

In our next step, we show that Qr is upper semicontinuous. To this end it is sufficient to
show that Qr has a closed graph by Lemma 2.7. Let x, — x, h, € Qr(x,) and h, — h,.

Then we need to show that /1, € Qr(x,). Associated with /1, € Qr(x,), there exists v, € Sg,
such that for each ¢ € [0,1],

L(t—s)1!
h,(t) = A an(s)ds
(1- )q i
e [ s
7 (77_ )q 2 T)q_2
+ ﬁg(/o ( _1) Vn(s)dS‘l' 1- a%' ml/n(f)d‘[ ds

(1-s)71
T1- as/ r@ V”(S)ds)'
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Thus it suffices to show that there exists v, € Sg,, such that for each ¢ € [0,1],

C[f st
h(t) = | Tw Vi(s)ds
t § S (s—1)12 T1-s)!
+ 1ot (a/ TG v*(r)dtds—/o r ) V*(s)ds)
2 2
ee( [ U v [ mara

a- S)q !
1—a$/ )ds>

Let us consider the linear operator ® : L}([0,1],R) — C([0,1],R) given by

vi— OW)(¢)

= ‘/Ot (t;(Sq):_l v(s)ds
(s—1)1 Lq-g)!
+ . ( / / V(‘L’)d ds — . T@ v(s) ds)

'7(77—8)‘72 (s f)‘”
( rg-1) v(s)ds + . a?;‘/ T)dt ds

1 [fa-srt
C1-at )y I'(q)

v(s) ds) .
Observe that

”hn(t) - h*(t)H
_ / g ; 9 (v(S) = v2(5)) ds

(/ o - ve)deds - [ LT as)
0

73 F(61 1) o TI'(g)
(/ F(q 1  (1,(5) = v.(9) ds
S(s—1)12

1—as ] T @) ) drds

1 _ g1
_l—lag 0 (1F(S(;) (vn(s)—v*(s))d5>

as n — Q.

Thus, it follows by Lemma 2.8 that ® o Sr is a closed graph operator. Further, we have
hy(t) € O(SEg,,)- Since x, — x,, therefore we have

L—-s)tt
h.(t) = /0 ) Vi(s)ds

s—1)1? 1(q-s)?
<// Fig-1) v*(r)drds—/o 7F(q) v*(s)ds)
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" (n—s)17? (s—7)1~
+,Bg</ mv*(s)ds+ g// e 1) vi(t)dt ds

1- )q 1
1o asf MS)

for some v, € Sg, .

Finally, we show that there exists an open set U C C([0,1],R) with x ¢ Qp(x) for any
A€ (0,1) and all x € dU. Let A € (0,1) and x € AQr(x). Then there exists v € L}([0,1],R)
with v € Sg, such that, for £ € [0,1], we have

x(t) = A Ot (t;(sq);z_l v(s) ds
t § [ (s—1)1? T1-s)rt
Al—aé (a/o | —F(q—l) v(t)dt ds—/ —F v(s)ds)
" (n—s)1 (s-1)12
”ﬂg</o PR e F(q py VO drds

1 (1-s)11
"1—as/o @ V(S)ds)'

Using the computations of the second step above we have

1 1 o &7 1

(e )
(g N-a&|T(g+1) [1-a&|T(g+1)
=y (llxll) Pl A.

Consequently, we have

[l

_<1.
VADIGIA =

In view of (Hj), there exists M such that ||x|| # M. Let us set
U={xeC([0,1,R): x| < M}.

Note that the operator Qf : U — P(C([0,1],R)) is upper semicontinuous and completely
continuous. From the choice of U/, there is no x € U such that x € AQr(x) for some A €
(0,1). Consequently, by the nonlinear alternative of Leray-Schauder type (Lemma 2.9), we
deduce that Q has a fixed point x € U which is a solution of problem (1.1)-(1.2). This
completes the proof. d

Finally, we assume that the multivalued map F in (1.1) is not necessarily convex valued

and formulate (and prove) the existence result as follows.

Theorem 3.4 (The lower semicontinuous case) Assume that (Az), (Hy), (H3) and the fol-

lowing condition hold:
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(Ha) F:[0,1] x R — P(R) is a nonempty compact-valued multivalued map such that
(a) (t,x) —> F(t,x) is L ® B measurable,
(b) x> F(t,x) is lower semicontinuous for each t € [0,1];

then the boundary value problem (1.1)-(1.2) has at least one solution on [0,1].

Proof It follows from (H;) and (H,) that F is of L.s.c. type. Then, from Lemma 2.12, there
exists a continuous function f : C2([0,1],R) — L*([0,1],R) such that f(x) € F(x) for all
x € C([0,1],R).

Consider the problem

{Cqu(t) =f(x(t), tel0,1,l1<q<2, 63

x(0) = Bg(x'(n)), (1) =« fo x'(s)ds, 0<&n<l.

Observe that if x € C%([0,1],R) is a solution of (3.3), then x is a solution to problem
(1.1)-(1.2). In order to transform problem (3.3) into a fixed point problem, we define the
operator Q_p as

Qra(t) = f t “;S)q_lf(x@)) ds

(s-7)7? T)q 2 L1 —-s)at
1T aé( / / f (x(7)) dr ds—/(; ) f (x(s)) ds)

(n- )q2 S(s—1)17?
Bg (/ Moy x(s))ds+1 oF Sq—Tl)f(x(r))dtds

_g)-1
-1 —lot$ / (IF(S)) x(s)) ds), t € [0,1].

It can easily be shown that Qf is continuous and completely continuous. The remain-

ing part of the proof is similar to that of Theorem 3.3. So we omit it. This completes the

proof. d

4 Examples
Consider the problem

:CDMx(t) e F(t,x(), 0<t<l, (4.1)

x(0) = Le('(3/4),  ¥()=1 [P (s)ds.

Here, g=3/2, 0 =1/2,& =1/3, B =1/3, n = 3/4 and

v, |vl<l

o)~ {ﬁ, V=1,

With the given values, we find that A & 2.3980168.
(i) Consider the multivalued map F: [0,1] x R — P(R) given by

1 1
F(t,x) =10, —(t +1)si —|.
(t,%) [ 6( + )s1nx+6]
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Then we have

sup{lvl (v eF(t,x)} < %(t+1) + %,
and
Hy (F(t x), F(t, x)) %(t+1)|x—5c|.

Let m(t) = (t +1). Then ||m]| = 3 and ||| A =~ 0.7993389 < 1. Hence by Theorem 3.2
problem (4.1) has a solution.
(ii) Let F: [0,1] x R — P(R) be a multivalued map given by

_ %3 _ x|
F(t,x)=|e* +9]),2¢7t +1])1.
(&%) [ <|x|3+5 |x]3 + 3

For v € F, we have

3 3
|v(t)|§max<et<| :fl = +9>,2€t(| :f' 2 +1>> <10e, xeR.
X3+ x| +

Thus

|E(t, %) = sup{Iyl -y € F(t,x)} < 10e” = p()w (I1x1)),

with ¢(¢) =™, Y (lIxll) =
By assumption (H3), we find that M > 23.980168. It follows by Theorem 3.3 that problem
(4.1) has a solution.

5 Existence results for problem (1.1)-(1.3)
To define the solution for problem (1.1)-(1.3), we need the following lemma.

Lemma 5.1 Let y € C([0,1],R) and x € C*([0,1],R) be a solution of the linear boundary
value problem

{”qu(t) =y(t), tel0,1],1<g<2, (5.1)

¥(0)=afyx'(s)ds,  x(1)=pg (), 0=<&n<=<l

Then
x(t) = /t (t;s)qily(s) ds

t_

— )12 (1-s)at
1= as F(q Tq-n"" d”ls_f I'(g)

7 (U—S)q 2 (s -L-)q -2
+ﬂg(/0 m ds+ 37— ag// drds). (5.2)

Proof We omit the proof as it is similar to that of Lemma 2.3. O

y(s) ds
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In relation to problem (1.1)-(1.3), we define an operator Gr : C([0,1],R) — P(C([0,1],R))
by

heC(0,1,R):
fo ” V(s)ds
h(t) = +(t—1)1 v N OS(SF; - v(T) afrds—foz1 I (s) dis
+,3g(f0 ;’,;)_ql) v(s)ds + % as fo Os Sr;ql V(r)dtds)

Gr(x) =

for v € Sg,, and set

A= (2 +qlBIn™ + (3)

|aK1+|ﬁD$q)
I'(g+1) )

1-aé|

With the above operator and estimate (5.3), we can reproduce all the existence results
obtained in Section 3 for the boundary value problem (1.1)-(1.3).

6 Conclusions

We have studied the existence of solutions for fractional-order differential inclusions sup-
plemented with new nonlocal nonlinear flux type integral boundary conditions for differ-
ent types of multivalued maps involved in the given problems. Precisely, Section 3 contains
some existence results for problem (1.1)-(1.2): the first one (Theorem 3.2) deals with non-
convex valued maps (the Lipschitz case) and is obtained by applying a fixed point theorem
for multivalued maps due to Covitz and Nadler; the second result (Theorem 3.3) takes into
account the convex-valued maps (the upper semicontinuous case) and relies on nonlinear
alternative of Leray-Schauder type; and the third one (Theorem 3.4) involves multivalued
maps which are not necessarily convex-valued (the lower semicontinuous case) and is ob-
tained by jointly using the nonlinear alternative of Leray-Schauder type and the selection
theorem of Bressan and Colombo [37] for lower semicontinuous maps with decomposable
values. These results have been illustrated with the aid of examples in Section 4. Finally,
we have provided the platform for proving the existence results for problem (1.1)-(1.3). We
emphasize that our results are new, and several special results can be obtained by fixing

the parameters «, 8, &, n involved in the problems at hand.
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