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Abstract

In this paper, the perturbed elliptic system with critical exponents —&? Au + V(x)u =
Fix,u) + J‘TﬁK(x)|u|“’2u|v|ﬂ,x eRN &2 Av+V(x)v =glx,v) + %K(X)|u|“|\/|5’2v,

x € R" is considered, where a > 1, B > 1 satisfy a + B = 2%, and 2* = 2N/(N - 2)

(N > 3) is the Sobolev critical exponent. Under proper conditions on V, f, g, and K, the

existence result is obtained by using variational methods.
MSC: 35B33;35J60; 35J65

Keywords: perturbed elliptic system; energy functional; Sobolev critical exponents;
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1 Introduction
In this paper, we obtain the results of nontrivial solutions of the following perturbed ellip-
tic system:

—2Au+V(x)u=f(x,u)+ #K(x)|u|“‘2u|v|ﬂ, xRN,
—&2Av+ V(x)v=glxv) + %K(x)|u|“|v|’3’2v, xeRYN, (1.1)
u(x),v(x) > 0 as x| — oo,

where « > 1, B8 > 1 satisfy o + B = 2%, 2* = 2N/(N — 2) (N > 3) is the critical Sobolev expo-

nent, and V' (x), K(x), f(x, u), g(x,v) satisfy the following conditions:

(Vo) V € C(RN,R), V(0) = inf,gn V(x) = 0, and there exists b > 0 such that the set b=
{x € RN : V(x) < b} has a finite Lebesgue measure;

(Ko) K(x) € C(RN,R), 0 <infK < supK < oc;

(Hy) f.g € CRN x R), f(x,u) = o(|u]), g(x,v) = o(|v|) uniformly in x as u — 0, v — 0;

(Hy) there exist 2 < g < 2* and ¢( > 0 such that

V(x, u)‘ <c¢ (1 + |u|q_1) for all (x, )
and
|g(x, v)’ <c¢ (1 + |v|q_1) for all (x, v);

(Hs) there exist ag > 0, p > 2, and 2 < u < 2* such that F(x,u) > ao|ul?, G(x,v) > ap|v|?,
WF(x,u) < uf(x,u) for all (x,u), and uG(x,v) < vg(x,v) for all (x,v), where F(x,u) =
Jof(x,5)ds, G(x,v) = [; g(x,s)ds.
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Recall that there have been many papers devoted to the study of the scalar equation
—&?Au+ V(x)u=gxu), xecH (RN), (1.2)

where one seeks for the standing waves solutions for the following nonlinear Schrédinger

equation:
dp n?
jh— =——A w - flx, . 1.3
ih="> == 8¢+ Wxe ~f(xlel)e (13)

A standing wave of (1.3) is a solution of the form ¢(x, ) = u(x) exp(—iEt/L). Equation (1.2)
has been studied extensively by many authors. We would like to cite the works of [1-23],
and references therein.

For elliptic systems, there are a lot of works. Han [24] established the existence of posi-
tive solutions of the following elliptic system:

“Au=224% L iy ing,
a+f

—Av = %u”‘vﬂ‘l +uv in €,

u(x) >0, v(x)>0 in €,
u=v=0 onas,

where A > 0, u > 0 are parameters, and « > 1, 8 > 1 satisfy o + B = 2%; 2* = 2N/(N - 2)
(N > 3) denotes the critical Sobolev exponent.

For a semilinear elliptic system involving subcritical exponents, there are a lot of results.
Lin [25] obtained a multiplicity of positive solutions of the following semilinear elliptic
system:

—&2Au+u = Ag(x)|ul2u + ﬁf(x)u|u|“’2|v|’3 in RN,
—&2Av+v=uh(x)|v|i%v + %ﬁf(x)vnd‘)‘|1/|ﬂ‘2 in RY,
u,v e HY(RN),

wherea >1,8>1,2<g<p=a+p<2*=2N/(N -2).

However, as far as we know, there are almost no results on the problem (1.1) involving
critical exponents in the whole space. In our work, the coupled terms of the system (1.1)
are the critical nonlinearities K (x)|u|*2u|v|? and K (x)|u|*|v|f~2v (a + B = p*). We consider
the problem (1.1) and use variational methods to get positive solutions. The main difficulty
is that the corresponding functional to the problem (1.1) lacks compactness because of the
unbounded domain RY and the critical exponent. We can prove the functional associated
to (1.1) obeys the (PS), condition at some energy level c. To overcome the difficulty, we
follow some ideas explored in [15] and also use arguments developed in [26, 27].

The main result of this paper reads as follows.

Theorem1 Assumethat (Vy), (Ko), and (Hy)-(Hs) hold. Then, for any o > 0, thereis e, > 0

such that if ¢ < &,, the problem (1.1) has at least one solution (u.,v.) which satisfies

nw—2

2 s e (IVate” + Ve ?) + V() (Jue |* + [ve]?) < oV, (1.4)
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This paper is organized as follows. In Section 2, we describe the analytic setting where we
restate the problem in an equivalent form by replacing £ =2 with A other than the usual scal-
ing. In Section 3, we show the corresponding energy functional satisfies the (PS), condition
at thelevel c. Section 4 gives the fact that the energy functional possesses a mountain-pass

geometry structure. The last section contains the proof of the main result.

2 An equivalent variational problem
Let A = £72. The problem (1.1) reads

—Au+AV(®)u = Af (x, u) + 22 K(x)|u|*2ulv|f, xeRN,

o+

—Av+ AV (x)v = Ag(x, v) + 2L K(x)|u*|[v|f2v, xeRN, (2.1)

a+f
ulx),vix) > 0 asl|x| - 0o

for A sufficiently large. We are going to prove the following result.

Theorem 2 Assume that (Vy), (Ko), and (Hy)-(Hs) hold. Then forany o > 0, thereis A, >0
such that if . > A, the problem (2.1) has at least one solution (u,,v,) which satisfies

nw—2 _N
—_— N(|Vul|2+ |Vvk|2+)»\/(x)(|uk|2+|V)\|2)) <oAl 2. (2.2)
R

2u

In order to prove Theorem 2, we introduce the necessary notations. The space
E = {u e H'(RY) ;/ AV (x)u® < 00, A > o}
RN

is a Hilbert space equipped with the inner product

(u,V)g, = f (VuVv + 1V (x)uv)

RN
and the associated norm ||u||? = (i, u), . Set E = E; x E;, the Hilbert space with the norm
2
|G|z = el + V113 = /N(|Vu|2 + AV (@) + [ Vv|? + AV (x)v?)
R

for any (u,v) € E. It is obvious that, for each 2 < p < 2%, there exists ¢, > 0 such thatif A > 1,

lully < cpllull, forall u € E,
where the L?(RN), 1 < p < 00, denote Lebesgue spaces and the norm for L? is denoted by
Il -1l forl<p<oo.

We will show the existence results of nontrivial solutions of (2.1) by looking for critical
points of the associated functional

1
L v) = 2 /N(Wm2 + AV @)U + Vv + AV (x)v?)
R

A
_ _ a8
A/}RN(F(x,u)+G(x,v)) o:+,6,/RNK(x)|u| [v]”.
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In fact, the critical points of the functional J; are the weak solutions of (2.1). By a weak

solution (u,v) of (2.1), we mean that (u, v) € E satisfies

/N(Vquo + AV (®)ugp + VvV + AV (x)vr)
R

p¥o%
/ K@) ul*2ulv|Po
B Jrn

o+

- A/ (f G, ) + g, v)¥r) +
RN

2P / Kl F vy
o+ /3 RN
for all (¢, V) € E.

3 Compactness condition
In this section, we will find the range of ¢ where the (PS), condition holds for the func-

tional ;. For convenience, we give some notations.

Notations
The dual space of a Banach space E will be denoted by E*.
B, := {x e RN : |x| <r} is the ball in RY.
¢, ¢; represent various positive constants, the exact values of which are not important.
Let C3°(RN) denote the collection of smooth functions with compact support.
o(1) denotes o(1) — 0 as n — .

Sa,p is the best Sobolev embedding constant defined by

(3.1)

s o Jen (IVul® +1Vv%)
o, =

wreHl ) ([ JufeP)7F

We can obtain

B o
so-((5)7+ ()7

where S is the best Sobolev embedding constant defined by

Vul|?
S= inf M'z.
HNEN) ([ ")

Based on the assumptions of Theorem 2 in [27], we can show that I, € C'(E,R) and the
critical points of I, are weak solutions of the problem (2.1).

Recall that we say that a sequence {(u,,v,)} C E is a (PS) sequence at level ¢ ((PS),. se-
quence, for short) if I (#,,, v,) = cand I (4, v,) — 0.1, is said to satisfy the (PS), condition

if any (PS), sequence contains a convergent subsequence.

Lemma 3.1 Ifthe sequence {(u,,v,)} C E is a (PS). sequence for L,, then we find that ¢ > 0
and {(u,,v,)} is bounded in the space E.
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Proof We have

1
Ly, vi) - plﬁ(un,vn)(umvn)

1

1 2 _ _ apy 1B
=2 [ (Fs i 6wn) - = [ K,

- %[H(um Vn)||;_XAN (f(xrun)un +g(x:vn)vn) _)L/]RN 1<(x)|un|a|vn|ﬁ:|
= (% - %) I (un,vn)”fY + A/H{N(i(f(x, )ty + (%, Vi) V) — F(x, 1) — Gz, V,,))

1 1
+ (_ _ _>x/ K ()|t [val”.
n a+p RN

Together with (Kp), (Hs), and 2 < u < 2%, we get

1 1 1 2
Ik(um Vn) - ﬁl)i(um Vn)(um Vn) = (5 - ;) || (un; Vn) ||E

By the fact that I, («,,, v,) = c and I} (i, v,) = 0, we easily obtain the desired conclusion.
d

Lemma 3.2 There exists a subsequence {(u,,/., V,,j)} such that for any € > 0, there is re > 0

withr > r,,

hm Sup/ (luﬂ/|d + |Vﬂ/|d) S &,
B;

jeo \Br
where 2 < d < 2*.

Proof Together with Lemma 3.1, the (PS), sequence {(u,, v,)} for I, isbounded in E. So, we
assume (4, v,;) = (4, v) in E, u, — u,v,, — v a.e.in RN and (u,,v,) — (u,v) in L (RN) x
K (RN) for any 2 < d < 2*. Note that, for each j € N, we have

loc

[ Gttty = [ ()

B;

Thus, there exists 7y € N such that

1
/(|un|”’+|vn|”’—|u|d—|v|"’)<—.
B; J
for all # > ny + 1. Without loss of generality, we may choose #; = 1y + j such that
d d d ay_ 1
(It |+ 1) * = 1) = 0| < =
Bj J

It is easy to see there is r; satisfying

/ (|u|d+ |v|d) <g forallr>r,.
RN\B,
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Since
[ gy < [ Qi) [ (= 1 )
B\Br j o Jrvg, 5,

and
(s V) = (w,v) in Lf (RN) x Lff (RY),

and the lemma follows. O

Let n € C*°(R*,[0,1]) be a smooth function satisfying 0 <n(t) <1,£>0.7n()=1ift <1
and n(¢) = 0 if t > 2. Define i;(x) = n(2|x|/j)u(x) and V;(x) = n(2|x|/j)v(x), then

i — u, Vj—v inEjasj— oo. (3.2)

Lemma 3.3 One has

i [ (sy) =000, - )5 1) 0
and
Jlim fR e vy) —gw vy - 7) - g, D1'))1/f‘ =0

uniformly in (¢, ) € E with ||(p, V)|l <1.

Proof Note that (3.2) and local compactness of the Sobolev embedding imply that for any

r>0,

lim
j—o0

o (f(xr Mn,') _f(x: Un; — ﬁ/) _f(xr ﬁ}))(p =0

uniformly in ||¢|| < 1. For any ¢ > 0, it follows from

d+ d £
/RN\B,(M lv|?) <

that

lim supf |ﬂj|d§/ lul* <e forallr>r,.
J=00 Bj\By RN\B,

By using Lemma 3.2 and the assumption (Hj), we get

lim sup / (F (e, s) = f (2, — 187) = f (3, ﬁ;))‘ﬂ‘
Jj—>00 RN
= lim sup (f(x, u,,/.) —f(x, Up; = u;) —f (%, ﬁj))ﬁl)‘
j—00 Bj\B;
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< ¢y lim sup
Jj—>00

/ (It + |ﬁ,|)|<o|‘
B\B,

)

/ (|un,|q-1+|a,|q—1)|¢|}
Bj\By

]

+ ¢ lim sup

J—> 00

< i U;
< Czjlggo sup(||u,,]. l2878,) + ||'4;||L2(B,\B,)) el
. q-1 ~ 14-1
+ 03]1_1)1?0 Sup(”un,”Lq(B].\B,) + ””‘J”Lq(B,-\Br)) llelly
1 q-1
7

<C4€?2 +cC5€ 1,

which implies that

llm (f(x, I/lnj) _f(xr Up; — Zt}) _f(x’ ﬂ/))w =0.
RN

j—o0
Similar to this proof, we can prove that the other result is correct.
Lemma 3.4 Passing to a subsequence, we have
L. (thy = Uy Vi = V) = ¢ = L (u,v)
and
L (uy — by, vy —,) > 0 inE*.
Proof Together with the fact that (u,, v,) — (&, V), (¢4, V4) = (&, v) in E, we get

IA(un - Ijin) Vi — vn)

= IA(un: Vn) - I)L(lzm 1ﬁ}rz)

A

+ /1<(x)(|un|°‘|vn|ﬁ—|un—an|a|vn—ﬁn|ﬂ—|an|°‘wn|ﬁ)
+ﬂ RN

o
+ A/ (F(x, u,) — F(x,u, — it,) — F(x, Zt,,))
RN
+ A/ (G, Vi) = G(%, v — V) — G(x, 7)) + 0(1).
RN
Similar to the proof of the Brézis-Lieb lemma [28], we easily get
lim / K@) (] 10l = Vg = 11| [V =l = [11]* [7]) = 0,
n—>o0 JpN
lim | (F(x,u,) — F(&, ty — ihy) — F(%, 1)) = 0
n—>o00 JpN

and

lim (G, vi) = G, vy — V) = G(x, 7)) = 0.

n—>o0 JpN

Page 7 of 13
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Observing the fact that I, (v, v,) — ¢ and I, (&, v,) — L, (14, v), we obtain
Ik(un - i;tnr Vi — an) —>C —IA(M, V).
In addition, for any (¢, ) € E, we get

I)/‘(un - i:tnr Vn — vn)(gl)’ lﬁ)
= I)/\(un’ Vn)(QD, l/f) - I)/\(ljim ;/n)(go’ 1/f)

Ao R o~ e - -
+ / I((x)(|un|a 2”n|vn|ﬂ_|un_un|a 2("‘71_Mn)|Vn_Vn|/3
o+ B JrN
— |1t 11| )
A - - - g -
+ / I((x)(|un|alvn|ﬁ 2Vn_ un_un|a|Vn—Vn|ﬁ 2(Vn—Vn)
o +,B RN

— i |* 0P 20, )

+k/ (f e, 1) = f (%, 14y — 1) — f (%, 1) )
]RN

A / (605 ) — g6, Vi = T) — g5, 7)) V-
RN

It is standard to check

im [ KG) (|l tnlval? = [t = 0|* 7> W = 00|V = V|? = [80|* 0| 70)P ) = O
n—>o0 JpN

and

n—00

lim N 1<(x)(|un|a|vn|ﬂ_zvn =ty — 1| Vi — 1~/n|ﬁ_2(Vn — V) - |Ztn|a|1~}n|ﬁ_21~)n)w =0
R

uniformly in ||(, ¥)|| g < 1. By the fact of Lemma 3.3 and I} (&, v,) — 0, we complete the
proof of Lemma 3.4. d

Set ul = u, — i1, and v}, = v, — ¥, then u,, — u = ul, + (&4, — ) and v, —v = v} + (¥, — v). We
easily get (u,,v,) > (#,v) in E if and only if (u},v}) — (0,0) in E.

Observe that

1
L (40 v2) = 5550 v,) (18 ,)

11 @
) (5 « +ﬁ)}L/]RNK(x)‘MH Mq’ﬂ
o f (l(f(x, )iy +8(v,)V,) = F (1) = G, V”)
RN\ 2

A p
= 2o [ Py,

where Kj = inf,gn K(x) > 0. In connection with I; (s}, V1) — ¢~ I, (u,v) and I} (u}, v}) — 0
in E*, we get

[l = R o), 63
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In addition, by (Ko) and (H;), for any b > 0, there is a constant Cj, > 0 such that
/D‘{N (K(x)‘uﬂa M,’ﬁ +f(x, ui)ui’ +g(x, vi)vi)
S R A R I
RN

Let Vj(x) := max{V/(x), b}, where b is the positive constant in the assumption (V). Since
the set v? := {x € RN : V(x) < b} has a finite Lebesgue measure and (u},v}) — (0,0) in
L? (RN) x L2 (RN), we have

loc loc

fV(x>(|u;|2+|v;|2)=f V@ (i]? + [V ) + o). (3.4)
RN RN

Thus

2
@B
sl [ i)
< [ (vl e viP)
RN

:/ (‘Vuﬂ2+|VV1,’2+)»V(x)|u1,|2+)»V(x)‘vi|2)—f )\V(x)(|ul,|2+ ’VHZ)
RN RN

=kf (1((x)‘u1,|a|vi|ﬂ +f (0, 1y utly + g (3, V) V)
RN
—)»f Vb(x)(’ui‘2+‘vﬂ2)+o(l)
RN
<64 [ AP+ 261 + A -2 1+ AT o0
skcb/ k[ A + (D).
RN

Together with (3.3), we have

Sup < Acb(/m‘”ﬂa’vﬂ's) " o)

<G, (Ni(c —)jg(u, V))> Y +0(1)
0

= Al_% Cb(%) v (c—I;\(u, V))% + 0(1).

0

N
2

_N
Setag=35,5C, 2 N71Kj. This implies aokl’¥ <c-L(u,v) +0(1).

Lemma 3.5 Assume that (Vy), (Ko), and (Hy)-(Hs) are satisfied. Then, for any (PS)., the
sequence {(uy,vy,)} for I, there exists a constant ag > 0 (independent of A) such that the
functional I, (u,v) satisfies the (PS). condition for all ¢ < ao)\l’%

Proof We can check that, for any (PS), sequence {(#,,v,)} C E with (u,,v,) — (&, v), either
(tnr Vi) = (,v) OF € = L (14, v) = Al 3 .
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On the contrary, if (u,,v,) - (u,v), this shows
limni_r}go H(u,,, V) ||E >0
and
c—Li(u,v)>0.

Based on the above mentioned conclusion, we easily find that the functional I, (u, v) satis-
fies the (PS), condition for all ¢ < Al . O

4 Mountain-pass structure
We consider A > 1and check that the functional /, possesses the mountain-pass structure.

Lemma 4.1 Assume that (Vy), (Ko), and (Hy)-(Hs) are satisfied. There exist oy, p;. > 0 such
that

L(u,v)>0 if0<H(u,v)”E<m and ©L(u,v) > a;, if”(u,v)”Ez,ok.

Proof Note that
1
L(u,v) = 3 / (IVul® + AV (x)u® + Vv + AV (x)v?)
]RN

—x/ (F(x 1) + G(x,v)) - K(x)|ul*v”.
RN

(X‘I'ﬂ RN

It is clear that, for each s € [2,2*], there is ¢, such thatif A > 1,
llulls < csllullg, forall u € E;.

By the Young inequality, we have

B

o
ul“ P < ——|u|**? + —|v|**P.
o

+ B oa+p

Furthermore, we get

w2 (4.1)

fN1<(x)|u|“|v|ﬂ <a(lul3 +vI3:) < ac
R
Combining (H3) and (4.1), there is a constant ¢ such that
1 2 2 1 2 2%
L) z 2| - e @y = 1@ -de 6], ™).
Setting p; = (%)ﬁ implies

29,50 ifH(u,v)”Ez,oA.

I)\ (ux V) > /0)%

| =

The proof is completed. d
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Lemma 4.2 For any finite-dimensional subspace F C E, we have
L(u,v) > —00 as || (u, V)“E — oo for (u,v) € F.
Proof By the assumptions (Ky) and (Hj), it follows that
L(u,v) < 1 | )| 7 = rao| wv)|? forall (u,v) € F.
2 p

In connection with the fact that all norms in a finite-dimensional space are equivalent and
p > 2, we easily get the desired conclusion. O

Lemma 4.3 For any o > 0, there is Ay > 0 such that for each . > A, there exists e, € E
with |ley||g > oy, and we have

Li(e) <0
and
_ 1-N
mag(lk(tek) <oA 2,
t>
where p, is defined in Lemma 4.1.
Proof Define the functionals
1
@, (u,v) = 5 / (IVul? + AV @) ul® + [ Vv]* + AV (x)|v]*)
RN
- Mo/ (lul? + vIP)
RN
and

W, (u,v) = %/N(sz VP + V(7 2x) (Jul® + [v]?))
R

~ay /RN(IMI"+ ).

We obtain &, € CY(E) and L, (&, v) < @, (u,v) for all (i, v) € E.
Observe that

inf{/ IVoI*: ¢ € CF(RY,R), [ $]l, = 1} =0.
RN
For any § > 0, there are ¢, 5 € C°(RY, R) with [|@s]l, = 15|, = 1 such that

supp(¢s, ¥5) C B,;(0) and || Vg3, [IVs]l3 < 6.

Let e; (x) = (qﬁg()\%x), wtg()\%x)), then suppe; C BY% (0). Furthermore, we get
rs

D, (tey) = Ay W, (ts, trs).
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It is clear that

p—2 2 -1 2 -
max W, (t¢s, ts) < ———5— (|V¢5| + V(A 2x)|¢6| )
t>0 Zp(lﬂﬂo)m RN
p
-2 1 -2
+ ”7_{/ (Vs + V(Afx)ll//5|2)}
2p(pag) 72 RN
Combining V(0) = 0 and supp(¢s, ¥s) C B,;(0), there is As > 0 such that, for all A > A,
we have
N (p-2) 2
max @, (¢, 1s) <A77 ————(28)72.
=0 plpag)r2
Thus, for all A > Ag,
-2
max I, (te;) < A% L)z(za)ﬁ (4.2)
=0 p(pag)r?

For any o > 0, we can choose § > 0 so small that

(r-2)
p(pac) ™

(26)72 <o

and ey (x) = (¢>5(k%x), l/fg()»%x)). Taking As = A, there is £; > 0 such that ||£; e, ||z > o and
I, (tey) <0 forall £ > £,. By (4.2), e, = fye; satisfies the requirements. O

5 Proof of main theorem
Proof of Theorem 2 Define

¢ = inf max L(y®),
where I'; = {y € C([0,1,E): (0) = 0,y(1) = &, }.
In addition, for any o > 0 with o < «, there is A, > 0 such that for A > A,, we can
choose c; which satisfies ¢; < oAl %,
From the above mentioned results, the functional J, satisfies the (PS),, condition if c; <
o21"% and has the mountain-pass structure. Hence, there is (u;,v;) € E such that

L(w,vi)=c. and I, (u,v;)=0.
That is to say, (u,,v,) is a weak solution of (2.1). Similar to the arguments in [4], we also

find that (u,,v,) is a positive least energy solution.
Furthermore,

1
L (3, vi) = L(uy,va) — ;Ii(uk,m)(ux,v,\)

1 1
> (5 - ;) )
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This shows that
n—2 2 _N
— | (MA,V,\)”E <L(uv)=c, <or" 7.
2u
We complete the proof of Theorem 2. O
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