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1 Introduction
Consider the equation

N abi(u,x,t)

U, = div(p“qulp(x)’ZVu) + v
1

, (%) eQr=2x(0,7), (1.1)

i=1

where  C R is a bounded domain with suitably smooth boundary 9%, p(x) = dist(x, 92)
is the distance function from the boundary, p(x) is a measurable function.
Ifa =0, bi(s,x,t) =0, (1.1) becomes the evolutionary p(x)-Laplacian equation

u = div(|VulP®2vVu), (vt)eQr=2x(0,7), (1.2)

which has been researched widely in recent years. The equation emerges in the so-called

electrorheological fluid theory, in which p(x) is as a function of the external electromag-

netic field (see [1, 2] and the references therein). Certainly, if p(x) = p is a constant in (1.2),

itis called the evolutionary p-Laplacian equation and emerges in the non-Newtonian fluid

theory. It has been studied by very many papers, we only quote some basic references [3—8]

here. By the way, the author also has researched (1.2) for a long time, ¢f. [9-19].
Throughout the paper we denote

p* = esssupp(x), p~ = essinfp(x).
o) Q
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To consider the posedness of the solutions to (1.1) and (1.2), a nature basic functional
space is W, ®(Q). Let us introduce some basic definitions and properties of the function
spaces with variable exponents; for more details, see [20-23].

1. IPW(Q) space,

IPW(Q) = {u : 1 is a measurable real-valued function,/ |u(x) |p(x) dx < oo}
Q

is equipped with the following Luxemburg norm:

u(x) p(x)

2] o) (R2) = inf{k >0 :/
Q

dxfl}.

The space (L#¥(Q), | - | 1r)(q)) is a separable, uniformly convex Banach space.
2. WM(Q) space,

WO(Q) = {u e [FD(Q) : [Vul € I9(Q))
is endowed with the following norm:
4] o = |I4|Uf(x)(g2) + |VM|LP(9‘)(Q)1 Yu e Wl’p(x)(Q). (1.3)

We use W/é’p(x)(Q) to denote the closure of C§°(£2) in Wlr),

A very important property of the function spaces with variable exponents was found by
Zhikov in [24]. He showed that

Wo (@) # {v e W (@) : vlag = 0} = WHO(Q).

Hence, the property of the space Wé’p ®(Q) is different from that of the case when pisa
constant. The following lemma gives some basic properties of W*® ().

Lemmal.l
(i) The spaces (LPP(RQ),] - | pwc)s (WPD(RQ), | - | yipw o)) and Wl'p(x)(Q) are reflexive
P 1PR)(Q) wlr(Q) 0
Banach spaces.
(ii) We have p(x)-Holder’s inequality. Let q1(x) and q,(x) be real functions with
P q 92 q q
ﬁ + % =1 and qi(x) > 1. Then the conjugate space of L1'¥(Q) is L12¥)(Q). For
any u € L"W(Q) and v e L12%(Q), we have
/ uvdx
Q
(iii) If |2t oy () = 1, thien [, |u|i’(x) dx=1. )
If ] jpioo ) > 1, then |u|lz},(x) </ |ulP® dx < |u|f}j(x).
If |l p ) < 1, then |u|§m) < fq lulP® dx < |u|‘;,(x).
(iv) If p1(x) < pa(x), then

= 2|u|Lq1(x)(Q)|V|Lq2(x)(g)~

Lpl(x)(Q) > LPz(x)(Q).
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V) If ;1(x) < pa(x), then
lep2(x)(9) s Wl,p1(x)(s-z)‘

(vi) We have the p(x)-Poincaré’s inequality. If p(x) € C(2), then there is a constant
C >0, such that

|l ) (R) < C|Vatl piorgy, Vi € Wo"@(<), (1.4)
This implies that |V u| pw () and |ul wipt)(q) are equivalent norms of Wol’p(x).

However, if the exponent p(x) is required to satisfy a logarithmic Holder continuity con-
dition

lp() - p)| < o(lx - 1), (1.5)

Vx,y € Qr, |x—y| < % with

S 1
lim a)(s)ln(—) =C <00,
s

s—0%
then (see [25])
Wé'p(x)(Q) = W@ (Q). (1.6)

By (1.5) and (1.6), Antontsev-Shmarev [26] established the existence and uniqueness re-
sults of (1.2). Since then, using the logarithmic Holder continuity condition, there were
many papers in studying the solvability and the regularity of the equation related to (1.2);
for examples, see [27, 28] etc. When p~ > 2, Peng [29] had studied the existence of the
solutions of the equation

diV(|Vu|P(x)_2Vu) +f(x,u)=0, x€, 1.7)

without the condition (1.3). By adopting a time difference method, Lian et al. [30] gener-
alized the method of [29] to study

Uy = div(|Vu|”(x)_2Vu) +f(x tu), @xt)eQr=2x(0,T), (1.8)
provided that f satisfied some restrictions.
In our paper, we want to consider the initial boundary value problem of (1.1). By the
paper of Yin and Wang [31], which studied the diffusion equation
U, = div(,o“|Vu|”‘2Vu), (x,1)eQr=2x(0,T), (1.9)

we know that the initial value condition

ul=o =uo(x), x€€Q, (1.10)
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is always required. But due to the degeneracy of the diffusion p* on the boundary, whether
we can require the usual boundary value condition

ulx,t)=0, (xt)edQx(0,T), (1.11)

is uncertain. From the point of physics, if we regard (1.9) as a heat transfer equation, since
the diffusion coefficient vanishes on the boundary, it seems that there is not heat flux
across the boundary. However, Yin and Wang [31] proved that, if « > p — 1, the existence
and uniqueness of solutions can be obtained without any boundary value condition. In
other words, the solution of the equation is completely controlled by the initial value con-
dition. Thus, whether there is heat flux across the boundary is unknown actually.

The first aim of our paper is to probe how to give a suitable boundary value condition
of (1.1). We first review Fichera-Oleinik theory, and then we use it to discuss the suitable
boundary value condition related to (1.1). The main point is that, to assure the posedness of
the solutions to (1.1), instead of the whole boundary value condition (1.11), we can require
only a partial boundary value condition,

ulx,t)=0, (xt)eX,x(0,7), (1.12)

where X, is a subset of 9. In some cases, X, can be expressed clearly, whereas in some
other cases, it is difficult to write out its explicit formulas.

We assume the following.

(A) We call a bounded domain €2 has the integral non-singularity, if there are constants

a >0, p >2,such that

f pfl% dx <c. (1.13)
Q

(B) Foranyie{1,2,...,N}, b(s,x,t) isa C! function on R x € x [0, T], and there are

constants S, ¢ such that
|bi(s, %, 0)| <cls|"P,  |bi(s,xt)| <clslP, |bi(s,x0)| <c, (1.14)

. _ 0b; o _ b
where b;, = 3% by, = Fr usual.
The main results in our paper are the following theorems.

Theorem 1.2 If p~ > 2 and o < '%_2, the bounded domain Q is with the integral non-
singularity (A), bi(s,x, t) and its partial derivatives satisfy the condition (B), and ug satis-

fies
up €L(Q),  p%Vuol’" € LX), (1.15)

then (1.1) with initial boundary values (1.10)-(1.12) has a solution. In particular, when
¥, = 082, then the solution is unique.

Remark 1.3 The explicit formula of X, of (1.12) used in the theorem is listed in Sec-
tion 4.
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Theorem 1.4 Ifp~ >2and o > 1, let u be a viscous solution of (1.1), then there are constants
1, ¢ such that

apx) <ulx,t) <cpx), (1.16)
when x is near the boundary.

2 The stage of formal operation
Consider the second order equation with the form

L(u) = a"* (%) thy, s, + " (%) 1y, + c(x)s = f (). (2.1)
If for any real vector & = (§1,&,...,&,,) and any point x € 2,
a”§&>0 (2:2)

is true, then it is called the second order equation with nonnegative characteristic form
in Q. Obviously, it entails an elliptic equation, a parabolic equation, a first-order equation
(the case a™¢,&; = 0), ultra parabolic equation, Brown motion equation, Tricomi equation
on the half-plane and so on.

Consider the first boundary value problem of (2.1) in €2, Fichera [32] first made thorough
research in this problem. In what follows, we use the notations in [33, 34], especially, the
pairs of the indices imply summation. Suppose on Q = QU X, all the points x and all & € R"
satisfy the condition (2.2), Q is appropriately smooth, a” € C?(Q), " € CY(R), c € C*(Q).
Let {n,} be the unit inner normal vector of 9< and denote that

>0 = {x €X:a"nn; = 0}.
In %9, let us consider the Fichera function

b(x)= (b" —a)n,. (2.3)
We denote

Y= {xe =0, (b,—a;ss)n, > 0},

Ezz{xe Zoz(b,—as)n,<0}

x
and
%o ={xex%: (b, —a})n, =0},

¥\ X? is denoted as 3.
The first boundary value problem of (2.1) is quoted as follows: in Q = Q U %, to find a
function u such that

Lu)=fx), xe€9, (2.4)

u=g, x€3UZs, (2.5)
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where f is a given function, and g is a given function on X; U X5. Clearly, if (2.1) is an elliptic
equation, then (2.4)-(2.5) is the usual Dirichlet problem. For the cylindrical region, (2.4)-
(2.5) consists of the mixed problem, also known as parabolic equations with the initial
boundary values.

Now, if we consider (1.1) in our paper,

u, = div(p®|VulP®2vu) + W (x,t) € Qr, (2.6)
i
then we can rewrite it as
u, = a’(x,t) aij:x, + Bilx, t)s—;i +y(ux,t), (2.7)
where

a¥(x,t) = p"‘|Vu|”(x)_2[8ij + (p(x) - 2)|Vu|_2uxiuxj],
Bi = ap* VP2 oy, + 0% | VulP® 2 log | Varlpy, + b, %, 1),
)’(M; x) t) = bixi(ur x’ t)

If comparing (2.7) with (2.5), on the lateral boundary, when ¢ = 0, the initial value con-
dition (1.10) is required, and as we know when ¢ = T, no boundary value is necessary. The
more interesting phases appear on the bottom boundary. Generally, only a portion of the
bottom boundary can be required as the boundary value. Let us explain what happens as

follows.
By

al, = ap® oy VUl [85Vul® + (p(x) — 2) s us]
+ |Vu|p(x)_4 [pr |Vu|2 log |Vu| + (p(x) - 2)uxkux1<xj +plefixjuxi]
+ (p(x) = 2) 0% | VUl S tu 1ay, [ oy | Vit 10g |Via] + (p(%) = 4) th 1y, |

+ (P(x) - 2)pa |Vu|p(x)_4(ux,'x/ux/ + ux,' ux/x/):
if we notice that near the boundary ¥ = 9%, p%(x) = 0(p*™!), then

(B =) Yni = ap® IVl [0 | Vul? = pyy (851 Vtl® + (p(6) = 2) 4 ) | i
+ by, (1, %, t)1; + o(p"‘_l)
= —(p(x) - 2)ap“’1(|Vu|p(x)’4uxl. uxl.)n,»nj + by (u)n;(x) + o(p""l). (2.8)
Because the determinant of U, = (u,, ux},)NxN,
N
|uxiuxj|N><Nzl_lux,'|uxj|N><N=0; xEQ,

i=1

and ith order principal minor determinants are all equal to 0, except that i = 1. Then ac-
cording to the characteristic value theory, due to the symmetry of N x N matrix U, there
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exists an orthogonal matrix P such that (u,, Mx,)Nx ~ = PAnxnP7, where A is a diagonal
matrix which is just the characteristic matrix of U,. Let A; > 0 be the characteristic values

of U,. By a direct calculation, we get
a=|Vul?, 2=0,i=23,...,N. (2.9)
We have

(B =) )i = =(p(x) = 2)ap* VUl APAN N (P + b, 2, O)n; + 0(p* ™)

= —(p(x) - 2)ap*  Vulf®2m}

+ by, (1, %, £)1; + o(p"‘_l), x €08, (2.10)

where 1 = nP.
Then it can be divided into the following cases.
1. o > 1, then p%|3q = p* Y yq = 0.
1.1. b; = 0. Then X, = ¥, no boundary value is required.
1.2. b; is not identical to 0,

T, ={x€0Q:b;(0,x,0)n; < 0}. (2.11)

It shows that (2.6) still needs the partial boundary condition when « > 1, this is different
from the case of b; = 0, in which no boundary is required even when « > 1. For example,
considering the case of a one-dimensional space variable, and p = 2, x € (0,1), b(u,x,¢t) =
b(u), (2.6) becomes

Us = (,o“ux)x + b (w)uy, (2.12)

%, in (2.11) means that (2.12) needs to give the boundary condition at x = 0 when &(0) < 0
and needs to give the boundary condition at x = 1 when 5'(0) > 0.

In this case, certainly, when b;,(0,x, £)n;(x) > 0 is true for all ¥ € 3L, %, is an empty set,
then (2.6) does not require any boundary condition now.

2.« =1, then

I= (B —al)ni = —(px) = 2) | VulP ™ mi + biu(0, %, 6)n; + o(p).
21.b;=0,
1= (8" = ol )n; == (p(x) = 2) |Vl m} + o(p).
If N =1, then
3, = {x €9 :px) > 2}.

If N > 2, then

X, = {x € 0Q: p(x) > 2, my(x) #O}.
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2.2. b; is not identical to 0,
I= (ﬁi - ag)ni =—(px) -2) IVulP®2m? + by, (0, %, )n; + o(p).
If N =1, when for all x € 02,
plx)>2, b, (0,x,t)n;(x) <0,
then X, = 9Q2. Generally, it is only a subset of €2 and it is difficult to write out the explicit
formula.
If N > 2, when for all x € 02,

px) >2, biwu(0,x,t)n;(x) <0, m(x) #0,

then X, = 9Q.
If N > 2, when forall x € 0€2,

bi(0,x,)ni(x) =0,  m(x) =0,
then X, = . Generally, it is only a subset of 92 and it is difficult to write out the explicit
formula.
3.a<l.
31.b;=0.
When N =1, (2.10) becomes

I=—-a(p(x) - 2)p“’1|u’(x)|p(x)_2mf +0(p%).

If p(x) =p, whenp>2,1<0,then £, =9Q. Whenp <2,1>0, then £, = .
If p(x) is just a continuous function, then

X, = {xe 02 : p(x) > 2}.
When N > 2, if p(x) = p > 2, then
¥, = {x € 0 : my(x) 7/0}.

If p(x) =p <2,then X, = 0.
If p(x) is just a function, then

%, = {x €0Q: p(x) > 2,my(x) 7’0}.

3.2. b; is not identical to 0.
When N =1, (2.10) becomes

I=—a(p(x) - 2)p°"1|u’(x)|p(x)_2mf + by (0,x,t)n + O(p%).
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If p(x) = p, when p > 2,1 <0, then X, =9Q. When p =2,
¥, = {x € 0Q: b(u)(0,x,8)n < 0},

When p <2,1>0,then X, =0.
If p(x) is just a function, then

¥, = {x €0Q: p(x) > 2} U {x €0Q:px) =2,b,(0,x,t)n; < O}.
Let N > 2, if p(x) = p, when p > 2, then
%, = {x € 092 : nmy(x) 7’0},
when p =2,
%, = {x €02 : b, (0,x,t)m;(x) < 0},

when p < 2, when for all x € 9%, m;(x) #0, then I > 0, =, = . In general, it is just a subset
of 3R, and it is difficult to write out the explicit formula.
If p(x) is just a continuous function, then

T, ={x€0Q:p)>2} U{redQ:p) =2,b4(0,xt)n; <0}
U {x € 0Q: p(x) <2,my(x) #0,b;,(0,x,t)n; < O}.

In other words, the boundary value condition of (1.1) is so complicated; it may depend
on whether « > 1,=1,0r < 1, whether N =1, or N > 2, whether p(x) > 2 or not, whether
b; =0 or not. In Sections 3 and 4, we only consider the existence and the uniqueness of
the solutions when p~ > 2. In last section, we only consider the behavior of the solutions
near the boundary when « > 1 and b, =0.

Certainly, as we already know that a degenerate parabolic equation generally only has a

weak solution, the above linearization is only formal. We only give some ideas of how to
give the partial boundary value condition to assure the posedness of the weak solutions.

3 The existence of the solution related to the initial value
Let

up € L=(Q), % | VuolPr € LY(R). (3.1)

Definition 3.1 A function u(x, t) is said to be a solution of (1.1) with the initial value con-
dition (1.10), if the initial condition is satisfied, in the sense of a trace, and u satisfies

uel™®Qr),  p*IVul™ el Qr),  w €L*Qr), (3.2)

and for any function ¢ € C°(Qr), the following integral equivalence holds:

// (—mpt + % | VulPW=2Vy - Vo + bi(u, x, t)(px,.) dxdt =0. (3.3)
Qr
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We consider the following regularized problem:

P2 Abi(u, %, ¢
e —div(p? ((Viee 2 + ) 7 Vaag) - % =0, (x0)eQrm (3.4)
w6, 8)=0, (x£)€d x(0,T), (3.5)
ue(x,0) = ugo(x), x€, (3.6)

where p, = p %8, + &, € >0, §, is the usual mollifier. For all ¢ > 0, selecting u.o such
that [z llz0() and || o2 [Vieo L 1(g) are uniformly bounded, and u.,y converges to ug
in Wltf (Q). For any u, € C(Q), p%|Vue ol € L1(RQ), it is well known that the above

problem has a unique classical solution [35]. Hence for any ¢ € C5°(Qr), u, satisfies the
following integral equivalence:

// (ustq) + o7 |V PO2Ty, - Vo + biug,x, t)%c,—) dxdt=0. (3.7)
Qr

Lemma 3.2 Ifp~ > 2, Q is a suitably smooth bounded domain, the assumptions (A) and
(B) are true, then the solution u. of the initial boundary value problem (3.4)-(3.6) is weakly
% (Qr), and its limit function u satisfies

(3.2) and is the solution of (1.1) with the initial value condition (1.10).

star convergent to u and strongly convergenttou € L

Proof By the maximum principle, there is a constant ¢, only dependent on ||u || () but
independent of ¢, such that

lete l| oo @) < c (3.8)

Multiplying (3.4) by u, and integrating over Qr, we get
1 2 2 o2 2
= | uidx+ P2 (IVue* +€) |V |* dxde
2 Ja Qr
0b;(ugx,t 1
:// usﬂdxdt+—/ u? y dx.
Qr 8xi 2 Q
By the fact
b;(ugx, t
/ / , 200 4y
Qr 0x;
0,
:—// o i, 1) dxdt
Qr 0x;
8 Ug Ug
:—// —/ bi(s,x,t)dsdx+// / bix, (s, x,t) ds dx
Qr 9%i Jo Qr Jo
:/f / by, (s, %, t) ds dx, (3.9)
Qr Jo

and by (B),

1 px)-2
5/ ugdx+// ,0;"(|Vug|2+8) T |Vu > dredt < c.
Q Qr
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Let Q) = {x € Q: dist(x, 92) > A}. Since p* > p~ > 2, we have

T T . -
// IVuSIdedt§c<// |V, |? dxdt) <c(h).
0 JQ, 0 JQy

Multiplying (3.4) by u,,, integrating over Qr,

//Q () dxde

abi £ , L
= // diV(pfquglp(")_ZVus) g dxdt + // ust(u—x) dxdt.
Qr i Qr 0%

We notice that

px)-2 1d Vg (x,8)|“+& P2
Vu?+¢) 2 Vu, Vi =—-— s 2 ds.
(Ve +) % Vit Vi = 5 /0
Thus,
2 px)-2
// div(,og (|Vug| ) 2 Vug)-ugtdxdt
5 pl)-2
// pd(IVus|* +&) 2 Vu, Vi, dxde
Qr

Vg (x t)l +& p(x)_z
=—= o ~ 2 dsdxdt.
or dt

By condition (B),

abi er Xy L
// ugt—(;txx ) xdt

// |btu Ue, X, 1) |u8x ||ust|dxdt+/ ble(us»x¢t)||u8t|dxdt

< —/ (ter)? dxdt+c// || 2P |V |2 dedt
4 Qr Qr

+ - // (tge)* dxdt +c.
4 Qr

Here, we have used the fact that |u,| is bounded, b;(s,x,t) € C'(R x € x [0, T]).

By Holder’s inequality and o < ’%‘2,

// e |2 | Vs, |2 de dt
Qr
2 -2 2o 2
<c |Vue|“dxdt =c¢ Pe P - pe? |V |” dxde
Qr Qr

_ 2« IL:Z 2
50(// et dxdt) ' (// ,of|Vug|p_dxdt)p <ec.
Qr Qr

Page 11 of 24

(3.10)

(3.11)

(3.12)

(3.13)
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Combining (3.11)-(3.14), we have

d [IVe@d?
(ter)* dxdt + pY— s 2 dsdxdt <cg,
“de
Qr Qr 0

by the inequality, we have

/ / (er)? dxdt <c+c / 0% Vit oP® dx < c. (3.15)
Qr Q

By (3.10), (3.15), we know that

T T
/ / Vi |2 dxedt < ¢, f / |t |2 dxde < c. (3.16)
0 Ja, 0 Ja

By (3.10), (3.15), and (3.16), we know that there exists a subsequence (still denoted ) of
u,, which is weakly star convergent to %, and strongly convergent to u € L? (Qr), and it
satisfies (3.2). In particular, #, — u a.e. in Qr, and there exists an n-dimensional vector

function E =(l1e 5 8n)s

o _plx)_
1¢| € LP®T(Qr),
such that
we —*u inl®Qr), w.—u inL} (Qr),

Vu, — Vu in Lp(x)(QT),

loc

) PR
Pe |Vbl5| Vus - ; in L7®) (QT)

So u satisfies (1.10) in the sense of a trace. In order to prove that u satisfies equivalence

(3.1), we notice that, for any function ¢ € C3°(Qr),
px)-2

f/ (—ug(pt + ,02‘(|Vu£|2 + S)T Vu, - Vo + bi(u,,x, t)gaxl.) dxdz=0. (3.17)
Qr
By u, — u a.e. in Qr, then b;(u,,x,t) — b;(u,x,t), and so
u -
// —@+¢-Vo+bi(uxt)p,, |dxdt =0. (3.18)
or \ 0f
Now, it is not difficult to prove that (cf. [36, 37])
// P4 VulPW2Vy - Vo deds = / Z -V dxdt, (3.19)
Qr Qr

for any function ¢ € C§°(Qr), then u satisfies (3.1) and it is the solution of (1.1) with the

initial value (1.10). Thus, we have proved Lemma 3.2. |

Page 12 of 24
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4 The existence and the uniqueness of solutions
Definition 4.1 Let o < p~ —1, p~ > 2. The function u(x, ) is said to be the weak solution
of (1.1) with the initial value (1.10) and with the boundary value condition

uls, 0,1 =0, (4.1)
if u satisfies Definition 3.1, and for any function

¢(xr t) € CZ(GT): SUPP¢(xr t) C 5 X (0: T):

¢ =0near £, =92 \ X, and the following integral equivalence holds:

/ymzh¢dxdt+/yn P VulPP2Vy . Ve dxds
Qr Qr

+/f bi(u,x,t)¢p,, dxdt
Qr

T
= —/ / b(0,x,t)m;¢ do dt, (4.2)
0 Js,

where %, is defined in Section 2 in detail. We quote it as follows.
(i) Ifa >1, then for any given ¢t € (0, T),

X, = {x €02: b, (0,x,0)n;(x) < 0}.
(ii) If @ <1, then for any given ¢t € (0, T),
%, = 0Q.
(iii) If o =1, then for any given £ € (0, T), ¥, is just a subset of 9€2, and it is difficult to

write out its explicit formula, except some special cases.
For examples, we have the following special cases.

Case 1. When N =1, for any given ¢ € (0, T), if for all x € 92, we have
biu(0,x,t)n; <0,
then
¥, =0Q.
Case 2. When N > 2, for any given ¢ € (0, T), if for all x € 92, we have
biu(0,x,)n; < 0, my(x) # 0,

then
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Theorem 4.2 Let a < 1%4, conditions (A) and (B) be true. Suppose
uo €L(Q),  p*IVuol” e LN(Q),

then there is a solution of (1.1) with the initial value condition (1.10) and with the partial
boundary value condition (4.1).

Proof For all ¢ > 0, selecting u, such that ||u. /10 and |||V |P* 1) are uni-
formly bounded, and u, converges to u in VV&){ (R2). Let u, be the solution of the initial
boundary value problem (3.4)-(3.6). By the condition « < 1%4, we have Lemma 3.2, and
u, converges to u in L%OC(QT), and the limit function u is a weak solution of (1.1) with the
initial condition (1.10). Now, just as in [31], we can prove that thereis y € (1,p~ — %) such

that

// |Vu |V dedt < c.
Qr

Here c is independent of €. So Vi, is uniformly bounded in L”(Qr), and u« has a trace
on the boundary.

Let ¢(x, ) € C*(Qy), suppp(x,£) C 2 x (0,T), ¢ = 0 near E;. Equation (1.1) is multiplied
by ¢(x, £) on both sides, integrated over Qr, then

/]‘zh¢dxdt+/y" P VulPP=2Vy . Vo dxds
Qr Qr
+// bi(u,x,t)px, dxdt
Qr

T
:—// b;(0,x, t)n;¢p do dt
0 Jsz,

That means (4.2) is true. a
Theorem 4.3 Let conditions (A) and (B) be true and a < p~ -1,

ug €L(Q),  p%|Vuol’" € LX(S).
If X, = 0R, the solution of the problem (1.1)-(1.10)-(4.1) is unique.

Proof Let u and v be two weak solutions, u(x, 0) = v(x, 0). We have p%|Vu[?®, p*|Vy|P® ¢
LY(Q), and for all ¢ € C3°(Q7),

0 —
// v (uat : dxdt:'// P (IVulP 2 Vi — VP92 y) - Ve dade
Qr Qr

—// bi(u,x,t) - @y, dxdt.
Qr

For any given positive integer #, let g,(s) be an odd function. When s > 0 it is defined as

s) 1, s>
s) =
&n 2.2 1—n2s2’ s <
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Choosing g, (# — v) as the test function, then

//QTgn(u—V)

+ / / P (IVulP@=2Vy — | VyPI2Vy) - V(u - v)g, drdt
Qr

dxdt

o(u—-v)
ot

+ //(;T (bi(u)x¢ t) - bi(V¢ X, t)) . (u - V)xig;l d?Cdt =0.

Since for any given s > 0, g, (s) is a monotone increasing sequence of , and clearly

lim g,(s)=1, s>0
and
lim g,(s) = sgn(x), seR,

where sgn(x) is the sign function. Thus, we have

. (u—v) d
nlggo an(u - V)T dx = E”M_ vl

At the same time, it is clear that
// P (IVulP=2Vy — |[VuP@2Vy) . V(u - v)g, dxdt > 0.
Qr

Now, according to the definition of g,(s),

, c 1
|gn(5)| = 3 s| < P

We use the following facts:

‘// [b,»(u,x, t) - bi(v,x, t)]g,,(u - V), dx dt'
QrN{lu-vi<i}

i V / [biCut,%,2) = bilv, 2,1 (1 = ) = v),, dx dt‘
QN{lu—vi< %)

Qn{lu-v|<L)

o bi(u,x,t) —bi(v,x,t o
:C// ‘p—p- (U, x, t) (v, x )”,01’_ (u—v)xl.‘dxdt
QN{ju-v|<1}

u-v

[ff (‘ —o bi(u,x,t) — b;(v,x, t)
<c PP
QN{lu-vi<$} u-v

L

(f/ |p“V(u—v)}pdxdt)p :
QN{lu-v|<1}

bi(u,x, t) - bi(V’x; t)
u-v

|(u - v)xi| dxdt

r- r -1

-1 2
)" arer

Page 15 of 24

(4.3)

(4.4)

(4.5)

(4.6)
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Sincex < p™ -1,

P
Q@ bi ) ;t _bi b 1t p-1
A (e
QNflu-vi<1) u-v

< / / 7B, 0] 7T dadr <c / / p 7 dede <,
Q Q

where b(§,x,t) = % |s=¢, which is bounded by the assumption (B).

In (4.6),let n — o0o. If {x € Q: |u — v| = 0} is a set with 0 measure, then

lim /f | o7 b, %, )| dxdt
n=00 JJQnlu-v<L}

:// |P‘%h§(§,x,t)|dxdt: 0.
QN{lu-v|=0}

If the set {x € Q: |u — v| = 0} has a positive measure, then

lim /f ,0“|V(u—v)’p_dxdt
n=00 JJonflu-vi<i}

:// p®|V(u-v)|" dxdt=o0.
QN{lu—v|=0}

Therefore, in both cases, (4.6) tends to 0 as n — oo.
Thus we have

n—00

lim // (bi(u,x, t)—b,(v,x, t))g;,(u - v)(u—v),, dxdt = 0.
Qr
Now, let # — 00 in (4.2). Then, by (4.3)-(4.10), we have

d
—llu-vlp <0.

de

It implies that

fQ |u(x,t) —v(x,t)| dx < L lug —voldx=0, Vtel0,T).
By the arbitrariness of ¢,

ulx,t) =vix,t) a.e. (x,t) € Qr.
Theorem 4.3 is proved.

5 The behavior of solutions near the boundary
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(4.7)

(4.8)

(4.9)

(4.10)

Without loss the generality, we also assume that the boundary 9<2 is of class C2. That is,
there exists a number pg € (0,1) such that for all x5 € <2 the portion of 32 within the ball

B, (%9) can be represented, in a local system of coordinates, as the graph of a C* function

@#0) such that ¢*0)(xy) = 0, and for x € B,y (%0) N2 = {x = (x1,%2,...,%n_1,%N) 1 0n > 0}, x €
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B, (x0) N2 = {x = (%1,%0,...,%nv-1,%Nn) : ®x = 0}. We call this local coordinate transform

a planarization technique. In this section, we use some ideas of [38, 39].

Definition 5.1 If u,(x) satisfies (3.1), u is the limit of the solutions {u,} of the following

equations:
9 1 Nea
o div[(p“ + —) (|Vu|2 + —) Vu:|, (x,t) € Qr, (5.1)
ot n n
u(x,0) =up,x), x€, (5.2)
ulx,t)=0, (x1t)€dQx(0,T), (5.3)

where u,(x) is the smoothly mollified functions of u(x). Then we say u is a viscous so-
lution of (1.1).

We shall get estimates above and near 9.

Theorem 5.2 Let u, 0 < u < M, be a nonnegative bounded viscous solution of (1.1) in the
sense of Definition 5.1. If o« > 1, then for any given s € (0, T), we have

u(x,t) <kCp(x), (xt)eQx(s,T), (5.4)

where the constant C depending upon M, N, p, s, and the constant k is a constant indepen-
dent of s, M.

Proof Fix (xo,tp) € 02 x (s, T). By the planarization technique, we may assume that
(0, t0) = (0,0) and in the vicinity of (0,0), after flattening of 9Q near xy, without loss
of generality, let us assume that Q2 coincides with the portion of hyperplane {xy = 0},
and the inclusion Q N {|x| < po} C {xn > 0} is true. Let y = (0,...,0,-1), and define the set

1
&kz{(x,t):xN>O,1<|x—y|<1+%,—sn§t§0}. (5.5)

We assume £ is so large that Ry C B}, o X (s,0]. Consider the following problem:

px)-2

0 1 1 2

g div|:(p°‘ + —) <|V1/|2 + —) Vvi|, (%, 2) € X, (5.6)

Jat n n

VX, —=Su) = Un(¥,—sy), x € B, (5.7)
1

v, t) = uu(x, t) — —,  (%,¢) € OB X [=s,,0], (5.8)
n

where u, is the solution of the problem (5.1)-(5.3), 0 <5, <s < T, s,n is small enough, and

B =1{x: 0,1 1 1 NB*
L= 1x:an>0,1<|x—y| < +% o

By the comparison theorem ([40], p.119), we have

V< ity (5.9)

Page 17 of 24
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Let us construct a barrier for u in X;. Consider the function
Ml 0) = e,
and the barrier is given by
W= CM(1—ni(x,0)) + yE, (x,8) € Ry,
where the constants y, C are to be chosen later so large that v < W, on the parabolic

boundary of 8. This holds true on the portion of such a boundary lying on the hyperplane
xy =0,

Wy = CM(l — e, t)) +yt> CM(l - e‘k(‘x‘”‘l)) —ys, > —%

provided that y < i On the portion {|x —y| =1+ %} N {xn > 0}, we have
> CM(1-e™) —ys, > 2M > v,

if C > 3(1-e™!)™!. On the bottom of 8; we have

V> CM(1-€7) —ys, >2M > v,

provided that
Cc> 2M +ys .
T MQA-e)

By direct calculation,

P
W, = kKCM =2,
lx — |
(% — y7) (% — 1) 1 (% — y) (% — 1)
W =~k CMg 22T I Mgy —— | Sy =y - 2T
lx =yl lx =yl [ =yl
1
Wiz, = —k*CMny + kCMﬂkm(Mx —yl-lx-yl)
N-1
= kCMny (—k + ),
lx =yl
p(*)-2
1 2
|:<|V‘I’k|2 + —> ‘I’k,xi]
n x[,
() -2 1\
7z (|V\I}k|2 + _> 2\pk,xl \Ijk,xlx,' qjk,xi
2 n
px)-2

2 1) 7 2 1 Xi— )i
(VWP 4 =) Wi, +In( VWP + = )y (6) - =2 KCMing
n n o =yl

px)—4

= (p®) -2) [(kCMﬂk)z + %] i (kCMnk)ZW

lx — y|?
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. {—/(ZCM'?k (x; y,i(xl2 1) . X n;( [5/l|x—)’| y y,)_(xz J’l):“
% =yl lx =yl % =yl
px)-2

1] 2 N-1
+ [(kCMr)k)2 + —] kCMny (—k + )
n v =yl

Xi—Yi KCMu,
lx =yl

1
+ ln|:(KCM17k)2 + —:|pxi(x) .
n
G, (x)kCM k + 1 (lx =yl = lx = y1)
=Gulx — [ — — —
Nk PEE J Y
px)-2
2

1 N-1
+ [(kCMnk)2 + —] kCMny, (—k + )
n lx — 1

1 - i
+ln[(1(CMnk)2+ :|pxi(x)'x i kM,

n lx =yl
N-1
kCMnk<—k+ )
[ =yl

px)-2
2

1
= —G,(x)K*CMny + |:(/<CMnk)2 + ]
n

B My,
e =yl

1
+In |:(KCMnk)2 + ;} P () -
—4

where G,(x) = (p(x) - 2)[(kCMng)? + 115 (kCMi)2,

px)-2

1 1\ 2
Wy, — div[(p“ + —) (|V\I/k|2 + —) vwk]
n n

1
= —CMe MFr1=Det 1, _ Otpa_lpxi [<|V\Dk|2 + ;)

px)-2

2
\I’k ,xi:|

px)-2

o, L 2, 1) 7
—| p% + VW |~ + Wi,
n n x
px)-2

1\ 2 X — Vs
= —CMe 1Dt 4y — ocp""l,oxl. |:<|kCM77k|2 + ;) kCMn= yl]

i

lx =yl
1 1129 N-1
- <,0°’ + —) {—Gn(x)kZCMnk + [(kCMnk)Z + —] kCMny <—k b )}
n n [ =yl
1 i — Vi
—1n|:(I<CMnk)2 + —]pxi(x)~ XV ke
n o — I
px)

2

1
> —CMe *F71 gt 4 o — oz,o""l(IkCMﬁkl2 + —>
n

(x)—
o 1 2 o 1 2 1 1%_2
+|p +; G.k“CMn; + k| p +; |kCMny| +; kCMny
px)-2

~ -0 (ot ) (wemm s 1)
n n

1 i — Vi
—1In [(KCMnk)2 + —]pxi(x) alint/ KCMny,
n lx -yl

where we have used the facts that |p,,| =1, > 1.
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Clearly, if we choose k large enough, then we have

px)-2
1 1\ 2
[\ div[(p“ + —) (|vwk|2 + —) vwk} >0.
n n

It follows by the comparison theorem that the solution of the problem (5.6)-(5.8) v, v <

Wy in Ry. In particular, VO < xy < %, we have

M(0,0,...,ON_I,JCN,O) = lim V(0,0,...,ON_I,xN,O)

n—00

< ¥4(0,0,...,0n-1,%n,0)

=CM(1- e~k ) < kCMxy.
Therefore there exists a constant k depending only upon N, such that
u(x, t) < kM dist(x, 0K2),
for all x € Q such that p(x) < % On the other hand, if p(x) > %, we have
u(x, t) <M < kCMp(x).
Thus (5.5) holds in both cases. O

Estimates below and near 9<2: Let u be a nonnegative bounded viscous solution of (1.1)
in the sense of Definition 5.1,

u<MmM,
for some M > 0. For r > 0 let

Q, = {erld(x,BQ)zr},

Q. =Q, X [s,t], Vs<t<T
and

w(r)= inf u(x, 7).

(%,7) €t

ForO<s<t<T,let
r(M,s, t) = po min{l, /t — s},

where the constant py makes the inclusion Q N {|x| < po} C {xn > 0} true as before.
Now, we estimate # below, near the boundary 9€2.

Theorem 5.3 If the hypothesis of Theorem 5.2 is true, then V0 <s<t < T,Vx € Q, p(x) <
r(M,s, t), the inequality

u(x, ) > u(r(M,s, 1)) p(x) (5.10)

holds.
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Proof Fix (x9,t0) € 902 x (s, T) and let po = u(r(M,s, tp)). After flattening of Q2 near x,
we may assume that (xo, £o) = (0, 0) as before. Introduce the point

_ 1
y= (o,o,...,oN1,1+ Z)’

and the domain

_ 1 _ 1 N

R =3, 1) : 0 <y < P1< lx—y <1+ P_S” <t<0pCB) x[-s0],
where

1
r r(M, s, ty) = po min{l, +/s}.

Consider —s < —s, <t <0,

px)-2

v 1 , 1\ 2 _

— =div| [ p* + = )| IVV]" + — Vv, (xt) € Ry, (5.11)

at n n

V(% =$n) = Uy (X, =S,),  (%,84) € §kn» (5.12)
1 _

v(x, ) = — + uy(x,t), (x,t) € 9Bk x [-s,,0], (5.13)
n

where u, is the nonnegative solution of the problem (5.1)-(5.3), s,,# is small enough, and
Bi={x:0<xy< %,1 <|lx—-yl<1+ %}. Also by the comparison theorem ([40], p.119), we
have

V> u,. (5.14)

Consider the function

7 (%, £) = e KEVDs

and construct the barrier

Wilx, t) = o (ﬁk(x, t)— e‘l)+ -yt

where y = y (s, (o, k) is a large enough constant to be chosen later. Let us show that v >
W, on the parabolic boundary of X;. On the portion {|x —y| =1 + %} X [=s,,0] we have
Wy =—yt<ys, < % <v.On the portion lying on the hyperplane {xy = %} one checks that
W) < 1o < u < v.On the bottom of ¥, we have

Wlmms, < po(e P70 -1) +ys, <0.

By direct calculation

Xj —Yj 33_ _ 1
|x_y|; ot —Monksn Y

G/(,x]‘ = _k/"l’oﬁk
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and

_ =y -y)

— 1 ( '—y-)(xl—yl)
‘Pk,x,x,=k2M0UkW /,uoflk| 3 [/l|x y- ]]7}

e = I

1 _ _
Vo, = Kool =Kol =5 P [Nlx—51 — |x -]

_ N-1
= kuonk(k— —_>

[ =yl
[(kaﬁ ) wkxl}
() - o
-2 —(1vW + 2\Ifk,x,wk,x,xi\lfk,xi

-2

2 1 K — 0 1 5
+|IVU 2+ = \Ilk,xixl. —In( [VUi|”+ — | Vpx) - VU,
n n

plx)-4
— 1] 2 _ o=y - )
= (p(®) -2) [(kuonkﬁ + —] (ko2 =200 =31)
n % =yl
=T -5) ko (67w -7

~{k2uoﬁk(x y,)(a_w2 . MOi]kZ [Sizlx—?l— j y,)(_z }’1)“

% =1 lx =yl [ — |

17557 N-1
+ I:(k//L()ﬁk)z + —] k“oﬁk <k— —_)

n o = I

.

—In| (kpomp)” + px,(x)l = kuonk

_ 1
= Gu()kpong| k- ——(lx =y - lx -y
(x) uonk[ |x_y|2(|x yl-lx yl)]
px)-2

17172 N-1
+ [(kptoﬁk)2 + —] k10Tl (k - —_)
n lx -yl

1
—ln[(kuonk) + :|Px,(x)| |kuonk

px)-2

_ 3 172 _ N-1

= Gu(x)k* pomy + [(kuonk)2 + —} kiomy (k - —>
n o — y|

1
—In [(kﬂoﬁk)z i|Px, (x)l = kMo’lk,

where G, (x) = (p(x) — 2)[(kptoi)? + 1% (kpuoT )2,

px)-2
_ 1 _ 1 2 _
Wy, — div|:(,o°‘ + —) (|V\I/k|2 + —) V\yk}
n n

1 L I\7T_
= poe K esi — _y _ap*p,, [(IV\I'kI2 + —) \Ifk,x,}
n




Zhan Boundary Value Problems (2015) 2015:112 Page 23 of 24

plx)-2

1 _ 1 2 X =Y.
= poe KN — _y _qp*p,. |:(|/<,U«077/<|2 + —) ko — Zl:|
Sn n |x_y|

px)-2
1 _ 1 2 N-1
- <pa . —) {Gnoc)kzuoﬁk . I:(kﬂoﬁk)2 . —] kiioTs (k N1 )}
" " %7

1 Xi— Vi _
- ln[(kuoﬁk)2 + —}pxi(x)—ykuonk
n | =y

p)
2

1 1
< Moe_k(‘x_y‘_l)eé LTt ap®”! (|kﬂoﬂk|2 + Z)

n

1\— _ 1 _ _
- <,0a + ;)Gnkzﬂoﬁk —k(ﬂa + ;>|kﬂo77k|p(x) !

px)-2
o 1 2 1 2
+ (N =D p% + = || lkponel® + =
n n
_ 1 X —Yi _
—In| (kpomp)”™ + = |Px; () —kpom
n lx =yl

where we have used the fact that |p,,| =1 too.

Clearly, if we choose y large enough, then we have

px)-2
1 1\ 2
Wy, - div[(p“ + —> (|v\pk|2 + —> vwk} <0.
n n

It follows from the comparison theorem that v > W, in R. In particular, VO < xy < %,

k
V(07 0:~~70N—11xN; 0) Z @(ekxN —1) Z ML&VN‘
e e

Let n — 00. We have
k
u(x, t) = ;M(V(M,S, t))p(x) = ,LL(V(M,S, t))p(x)

Theorem 5.3 is proved. d
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