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Abstract

A nonlinear generalized Degasperis-Procesi equation is investigated. The local
well-posedness of a strong solution for the equation in the Sobolev space H*(R) with
s> % is established. The L'(R) stability is obtained under certain assumptions on the
initial data.
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1 Introduction
Degasperis and Procesi [1] investigated a family of third order dispersive nonlinear equa-

tions

2

2 2
Up + Ol + Y Uy — B Upx = (000 + QU] + 3 Uhly) @)

x’
where constants «; (i =0,1,2,3), B and y € R.

Applying the method of asymptotic integrability to Eq. (1), it is found in [1] that
only three equations satisfy asymptotic integrability conditions: the KdV equation, the
Camassa-Holm (CH) equation and one new equation of the form

9 9 3
U+ Uy + OUUy + Uy — B\ Uper + Euxuxx + Euuxxx =0, )

which can be transformed to the dispersionless form
Up — Uy + AUUy; = BUyllyy + Ulhyyy, ©>0,xER. (3)

Equation (3) is called Degasperis-Procesi (DP) equation which represents a model for shal-
low water dynamics, and its asymptotic accuracy is similar to the CH equation.

Here, we set the coefficients of Eq. (1) y = —aof82, a3 = a3 and B8 > 0. The objective of
this work is to study the following nonlinear equation:

2
Up + oty — B (Q0Usxr + Urxx) = 200 Ulhy + 300Ul + Qo Ul gy (4)

Obviously, DP equation (3) is the special case of Eq. (4).
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Degasperis et al. [2] proved the formal integrability of Eq. (3), derived the infinite se-
quence of conserved quantities with a bi-Hamiltonian structure and obtained the exis-
tence of the non-smooth solutions by constructing a Lax pair. Lenells [3] classified all
weak traveling wave solutions of Eq. (3), while Coclite and Karlsen [4] established the
well-posedness of periodic weak solutions for Eq. (3) and studied their long-time asymp-
totic behavior. It was shown in [5] that several numerical schemes were constructed and
proved that they converged to weak solutions of Eq. (3). Escher et al. [6] discussed several
qualitative properties of the DP equation. The existence and uniqueness of global weak so-
lutions for Eq. (3) have been established provided that the initial data satisfy appropriate
conditions in [6].

In fact, the KdV equation modeling weakly nonlinear unidirectional long waves and the
CH equation modeling the unidirectional shallow water waves have been extensively in-
vestigated (see [7—-11]). For other approaches to study related partial differential equations,
the reader is referred to [12—20] and the references therein.

In this paper, assuming that the initial value #(0,x) of Eq. (4) belongs to H*(R) (s > %),
we will prove the existence and uniqueness of the local solution for Eq. (4) in the space
C([0,00); HS(R)) N CY([0, 00); H*"1(R)) by using the Kato theorem (see [20]) and use the
approaches presented in Kruzkov [19] to establish the L!(R) local stability of the solution
for this nonlinear equation (4). From our knowledge, Eq. (4) has not been discussed in the
literature.

In the following, we will give the conservation law in some case for Eq. (4) in Section 2.
The proof of existence for the local strong solution and its stability to Eq. (4) are given in
Section 3 and Section 4, respectively. For simplicity, we let ¢ denote any positive constants.

2 Preliminaries
Applying the operator A~2 = (1 - £292)! to Eq. (4), we have

Up + (oo + b1y + by A20,u% = 0, (5)

where b; = %, by = (o + 2‘%).
Here we consider the Cauchy problem of Eq. (4)

Up + Qo — P00 U + ) = 200 Utk + 30Ul + U Ulk, ©)
u(0,x) = uo(x),

which is equivalent to the problem
U + (oo + b1ty + by A~20,u* = 0, )
u(0,x) = ug(x).

Lemma 2.1 Lety; = u— B*9%u and y = (1 - B*02) " u. The solutions of Eq. (4) in case o =
—2‘% conform with the following conservation law:

- ~ 2 ~ 2
fR s = fR (e, 8)| de = fR o) " d, ®)

where uo(x) = u(0,x), u(t, §) is the Fourier transform of u(t,x) with respect to x.
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Proof For y, =u— B*0;u, y = (1 - p>02)"'u, we have %1 =ty = B207 thpry and U = § — BYy.

Ifo; = —%, it has

d - 1 _
— dx=2 | —yd
dt/Ryly * /Raty *

=2 / (—aout + aoﬂzuxxx + 201 Ulhy + 30 Uy lhyy + aguuxxx)jl dx
R
s 2 - 2=, %2 o
= 2/a0 (4)x — B*Wpxxx) — <a1u Vat U yxxx> dx
R

:2/(aou—a1u2)uxdx
R

=0.
This completes the proof of Lemma 2.1. O

3 Existence of the local solution for problem (6)
Firstly, we need to state some notions. Let H*(R) (where s is a real number) denote the
Sobolev space with the norm defined by

Vil = ( / 1+ |s|2)syiz<t,s>yz)2 <o,

where h(t,£) = Jo€ ™ h(t,x)dx. For T > 0 and s > 0, we let C([0,00); H*(R)) denote the
Fréchet space of all continuous H*-valued functions on [0, T').
We introduce the abstract quasi-linear evolution equation

{ W QAP =g9), 20, o)

$(0) = ¢o.

Let X and Y be Hilbert spaces, where Y is continuously and densely embedded in X, and
W :Y — X beatopological isomorphism. We define L(Y, X) to be the space of all bounded
linear operators from Y to X. We denote L(X, X) by L(X). Note that p1, p2, p3s and p4 in
the following depend on max{||y|ly, ||zl y}.

(D Qy) € L(Y,X) for y € X with

[(QW) - Q@)w|, < pilly-zlixlwly, »zweY,

Q(y) € G(X,1,@) (¢ > 0) and uniformly on bounded sets in Y.
1) WQy)W' = Q(y) + Q(y), in which Q € L(X) is bounded and uniformly on
bounded sets in Y and

1(QW) - Q@)w|, < pally - zlixlwlly, yzeY,weX.

(II) g:Y — Y extends to a map from X into X, is bounded on bounded sets in ¥ and
satisfies

”g(y)_g(z)”ySPB”J"Z”Y: _)/;ZG Y;

le») -¢g@)|, <paly-zllx, yze?Y.
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Kato theorem ([20]) Assume that (1), (II) and (111) hold. If ¢o € Y, there is a maximal
T > 0 depending only on ||¢o ||y and a unique solution u to problem (9) such that

¢ = ¢(-,¢0) € C([0, T);Y) N C'([0, T); X).
Moreover, the map ¢g — @(-, Pp) is a continuous map from Y to the space C([0, T); Y) N
CcY([0, T); X).
For problem (7), we set Q(u) = (g + bi)d,, Y = H*(R), X = H*"\(R), g(u) = —b20, A2 u?
and W = A. Then we will verify that Q(u#) and g(u) satisfy conditions (I)-(II). We cite
several conclusions presented in [11].

Lemma 3.1 The operator Q(u) = (ag +b1u)d, with ¢ € H(R) (s > %) belongsto G(H* 1,1, ).

Lemma 3.2 For u,z,w € H*(R) with s > %, Q(¢) € L(H*(R), H*"Y(R)), it holds that

1(Q) — Q)| 1 < orllte = 2l s [ Wl -

Lemma 3.3 For u,z € H*(R) and w € H*Y(R) (s > %), it holds that Q) = [A,(1 —
biu)dJA™t € L(H*™) and

1(Q) - Q@) w| 11 < pa2llte = 2l s | Wl s
Lemma 3.4 ([20]) Let r and q be real numbers such that —r < q <r. Then
. 1
lmuallme < clluallmrlluallme  ifr> X
. 1
lwall -y < cllmllprlluallne - ifr< 7

Lemma 3.5 Let u,z € H*(R) with s > 3 and g(u) = ~by3,A~*u>. Then g is bounded on
bounded sets in H® and satisfies

lg() - g(@)] s < 3l — 2|15, (10)

lg() = @) 51 < pallts — 2]l s (11)

Proof For s > %, we have |lulzo < c|lu|lgs and |lu| 1 < c|lu|lus. Applying the algebra

property of H*(R) and Lemma 3.4, we get

|¢@) - g@)| ;e < 121 [|0:A7> (7 = 2°) | 0

<l -2

Hs-1

< cllu—zl| g

=< psllu —z|| s,
which completes the proof of (10). Similarly, we get (11). O

Now we give the following theorem.
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Theorem 3.6 Let uy(x) € H¥(R) with s > % There exists T > 0 depending on ||uo || us(r) such
that problem (6) or (7) has a unique solution u(t,x) € C([0, T); H*(R)) N C}([0, T); H*}(R)).

Proof Using Lemmas 3.1-3.3 and 3.5, we know that conditions (I), (II) and (III) hold. Ap-
plying the Kato theorem, we find that problem (6) or (7) has a unique local solution

u = u(t,x) € C([0, T); H*(R)) N C*([0, T); H*'(R)),
where T > 0 depends on ||ug || gs- O

Remark 3.7 Let T > 0 be described in Theorem 3.6. Using the Sobolev embedding theo-
rem, we ensure the boundedness of solution u(¢, x) to problem (7) in the domain [0, T') x R.
Namely, provided that uy € H*(R) with s > %, we have ||u||or) < Mr, where My is a pos-

itive constant.

4 L’ Stability of the local solution for problem (6)
Letting f"(u) = o + byu, W (¢, %, u) = by A~29,u? in the first equation of (7), we get

up + f ()uy + W (t,x,u) =0,

u(0,%) = ug(x). (12)

Assume that u;(¢,x) and u,(t, x) are solutions of problem (12) in the domain [0, T) x R
with initial functions u;9(x) and uyo(x) € H*(R) (s > %). Here we give several lemmas.

Lemma 4.1 Let u(t,x) be the solution of problem (12) and uy(x) € H*(R) with s > % Then
1 (2, %, u) || oo r) < Mt and

2
||\I/(t,x, u)”LOO(R) <cMy,

where positive constant ¢ depends on by, B8, |\ug||z.

Proof We have

|l11(t,x, u)| = |b2A_28xu2|

1 Ly
< byl —/efllflx M sign(y — x)u® dy
28 Jr
< CMZT.
1
Applying Remark 3.7 and the integral [, ¢”#"*™' dy = 28, we complete the proof. O

Lemma 4.2 Assume that u;(t,x) and uy(¢,x) are solutions of problem (12) in the domain
[0, T) x R with initial functions uyo(x) and uyo(x) € H*(R) (s > %), respectively. Then

+00 +00
/ |‘If(t,x,u1)—W(t,x,uz)}deC/ lur — up| dx, (13)

00 —00

where ¢ > 0 depends on by, B, |0 llzoow)s I|th20 | oor) and T.



Chen and Li Boundary Value Problems (2015) 2015:170 Page 6 of 13

Proof Using the property of the operator A= and Remark 3.7, we get

/ |llf(t,x, up) — V(e x, u2)|dx

o]

/+ 1620, A2(12 - 12) | dx
f dx/ le” i sign(y - x)(ui —u3)| dy

400
c/ |ui —u2|dx/ eﬁ‘xy‘dy

+00
SC/ [ty — uy| dx,

o]

| /\

IA

in which we apply the Tonelli theorem to complete the proof. O

We introduce a function §(o’) which is infinitely differential on (-o0, +00) and §(c’) >
0,8(c) =0 for |o| > 1, ff:j 8(c)do =1. Let 8,(0) = 8(c7L5) /¢, where ¢ is an arbitrary
positive constant. It is found that §.(c) € C5°(-00, +00) and

:5 (0)>0, 8.(0)=0 forlo|>e, )

16:(0)] < 5, ff;oég(o)do =1

Let the function ¢ (x) be defined and locally integrable on (—oo, +00). Set ¢°(x) to denote
the approximation function of ¢(x) as

0= [ o(*22 )01 15)

We call xy a Lebesgue point of the function ¢(x) if
XQ+E€

lim1 |¢(x)—¢(x0)|dx=0.

e—>0 & x0—¢

At any Lebesgue point x¢, we get
lim * (xo) = (o).

Since the set of points which are not Lebesgue points of ¢(x) has measure zero, we have
¢°(x) = ¢(x) as ¢ — 0 almost everywhere.

For any T € [0, T), we denote the band {(¢,x) : [0, To] x R} by m7,. Let K, = {x: |x| <7}
and

t
M= {(t,x,r,y):‘

where r >0, p > 0.

Lemma 4.3 ([19]) Let the function ¢(t, x) be bounded and measurable in cylinder [0, To] x
K. If for any p € (0,min[r, Ty]) and any € € (0, p), the function

V, = 8%////1‘_[|¢(t,x) - ¢(v,y)| dtdxdr dy
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satisfies
lim V, =0.
e—0

Lemma 4.4 ([19]) If%:f) is bounded, then the function H(¢y, ¢2) = sign(¢py — ¢2)(D(¢) —
D(¢py)) satisfies the Lipschitz condition in ¢, and ¢1.

We state the concept of a characteristic cone. Let T be described in Theorem 3.6 and
l@lloo(ry < Mr. For any T € [0, T) and Ry > 0, we define

N > max [f’((b) ’

(£2)€[0,To] <K,

Let Q represent the cone {(¢,x) : |x| < Ry — Nt,0 < ¢t < T} = min(To, RyN 1)} and S, desig-
nate the cross-section of the cone 2 by the plane ¢t = 7, 7 € [0, T1].

Lemma 4.5 Let u(t,x) be the solution of problem (12) on my,, q(t,x) € C3°(wy,). It holds
that

// {|u — kg, + sign(u — k) U(u) —f(k)]qx
T}
—sign(u — k)q(t, )V (¢, x, u)} dtdx =0, (16)
where k is an arbitrary constant.

Proof Suppose that F(u) is a twice differential function. Multiplying the first equation of
problem (12) by F'(u)q(¢,x) and integrating over my,, we get

// {F/(u)qut + F'(u)qf (w)uy + F' (u)q¥ (¢, %, u)} dtdx =0. 17)
7TT0
The application of the method of integration by parts yields

‘//n F'(u)qu;dtdx = —//ﬂ F'(u)q, dt dx. (18)

Since

( /k F/(z)f/(z)dz) = F'(u)f'(u)uy,

we have

//nr F'(u)f' (u)uxqdtdx = —//;TT (/kul-"/(z)f/(z)dz>qx dt dx

—[[ {rwlr-rw)
_ /k F'@)[f(2) —f(K)] dz}qxdtdx. 19)
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Substitute Egs. (18) and (19) into Eq. (17). Let F* (1) be an approximation of the function
F(u) = lu— k|. When ¢ — 0, F¢(u) — F(u), we obtain Eq. (16). O

Set function ¢q(t,x) € C3°(mr,), q(t,x) = 0 outside the cylinder @w = {(t,x)} = [p, Ty —
2p] x Ky_3,, where K,_y, = {|x| : |x| <r—2p},7>0,0<2p <min(Ty, 7). Now we give the
proof of the local stability for problem (6) or (7).

Theorem 4.6 Assume that u(t,x) and uy(¢,x) are two local strong solutions of problem

(6) or (7) with initial data uy(x), vo(x) € L'(R) NH*(R) (s > %), respectively. Let T > 0 be the
maximum existence time of u1(t,x) and uy(t,x). For any t € [0, T), it holds that

|1 (t,) — ua (£,2) | ;1 < € || t20 (%) — 20 (¥)]| 15

where c is a positive constant depending on ||uio|| oo r) and ||tz || o).

Proof We define

Hamnw=q(t+3x+y)&(t‘7x‘y)=qc~n4m (20)

2 2 2 2

in which (---) = (%, %), () = (555, 52). Thus, we obtain

P+ Pr=qi(-- (), Pt Py=qul-- 1)

Using Lemma 4.5 and the Kruzkov’s device of doubling the variables [19], we get

‘////HT . {|u1(t, %) — ua(x, )| P, + sign (w1 (6, %) — ua(t,y))

X [f(ul(t, x)) —f(uz(r,y))]Px - sign(ul(t, x) — uz(t,y))
x W (t,x, ul(t,x))P} dtdxdrtdy =0. (21)

Similarly, we have

////HT - {|ua2(z,y) — w1 (£, %)|P; + sign(ua(z,9) — w1 (£, %))

X [f(uz(t,y)) —f (s, x))]Py - sign(ua(t,y) —mi(t, x))
x W(z,y, Mg('(,y))P} dtdxdtdy=0. (22)

Adding (21) and (22), we obtain

0< ////HT . {|m(t, %) — ua(z,9)|qehe

+ sign(u1 (£, %) — u2(t,))

x [f(s2(6,%)) — f (2(2,9)) | ke } dt dxde dy
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{sign(u1(t,%) - ua(7,9))

TO XT[TO

X [\IJ (t,x, ul(t,x)) - lIf(T,y, uz(r,y))]qu} dtdxdr dy|. (23)
We note that the first two terms of the integrand of (23) have the form

G, = G(t,x, 7,9, 1 (4, %), uz(r,y))ke(f), (24)

where G satisfies the Lipschitz condition in all its variables. Then

//// G.dtdxdr dy
Ty XY,
_ //f/ G(t,3,7,, s (t,x), us(1,3)) s dt dx d dy
HTO><7TTO
= //// {G(t,x, T,) u1(t,x),u2(1—,y))
Ty X?TTO

- G t,x, t,x, u1(t, x), us (¢, x))})» dtdxdrt dy

//// t x, t, %, uy(t, %), uy (¢, x))k dtdxdt dy
Ty X1,

=Au(e) + Ap.

As G, = 0 outside the region IT, applying the estimate [1,(})] < 5 and Lemma 4.4, we

’Au(e)‘ < c[e + eiz////]‘_[’ul(t,x) - uz(t,y)’ dtdxdr dyi|,

where c is a positive constant independent of ¢. Using Lemma 4.3, we know A;;(¢) — 0 as

get

e — 0.

For the term A}y, we substitute ¢ = 71, 5° = ju1, x = 02, 5% = jto. Combining with the

2
identity

f / e, m2) duy dpng =

we obtain

Ap =2° // G (11, 125 1, 2, wa (01, 12), 2 (11, 72))
XJITO

(/ / e (11, 2) dp sz) dnidn

= 4// G(t,x, t,x, u1(t, x), uz(t,x)) dtdx.
7TT0

Thus, we have

lim //// G.dtdxdrdy = 4// G(t,x, t,x, uy (£, %), uz(t,x)) dt dx. (25)
e—>0 T X1, T,
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Similarly, the integrand of the third term in (23) can be represented as

B, = sign(ui(t,%) — ua(7,9)) [ (&, m(t,%)) — ¥ (7,3, u2(7,%)) |gr

= B(t,%, 7,3, ui(t,%), u2(7,9)) 2 (). (26)

Then

////ﬂ  Budedsdrdy
s

— B(t,%, t,%, (£, %), ua (¢, %)) A } dt dx d dy

//// t x, t, %, uy(t, %), us (¢, x)))» dtdxdrt dy
To X7T,

=Ay(e) + Ap.

Applying Lemma 4.4, we get

|A21(8)| < C|:8 + 8%////H|u1(t,x) —uz(t,y)|dtdxdrdy:|.

By using Lemma 4.3, it yields A (¢) — 0 as ¢ — 0. Repeating the steps as before, we have
Ay = 4]/ B(t,x, t,x, ul(t,x),uz(t,x)) dt dx. (27)
TL’TO
From (23) to (27), we get

f / {162(6,) = 126, 0)| s + sign (1 (6,%) = o6, 0) [ 00) — ()] )t b

+ / /ﬂ ] sign (1 (£, %) — uz (£, %)) [V (&, %, ) — W (6, %, %) |gdt dx| > 0. (28)
Set
) = /_ :O|u1(t,x) ~ uy(t,x)| dx (29)
and
V(o) = [ ;58(z)dz. (30)

Take two numbers p, T € (0, T}) and p < 7. In (28), we let

q(t,x) = [us(t —p)—ve(t - r)]x(t,x), e <min(p, T1 — 7), (31)
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in which
x (%) = xo(t,x) =1 - vg(|x| + Nt — Ry + 6), (32)

where 6 is a small positive constant and y (t,x) = 0 outside the cone Q. When 6 — 0,
Ry — +00, we observe that xg — 1. By the definition of the number N, we have

0=x¢+Nlxsl = xe + Nxow (£,%) € Q.
According to (28)-(32), we get
// {|u1(t,x) - uz(t,x)| [88(t —p)—8(t— ‘L')]Xg(t,x)} dtdx
T +00
+/O dt[w {}\Il(t,x,ul)— \I/(t,x,ug)‘
x [vie(t = p) = velt = )]0 (6,)} i = 0, (33)

For (33), sending 6§ — 0, Ry — +00 combining with Lemma 4.2, we obtain

T

T
/ [38(t—p)—Sg(t—r)]l(t)dt+c/ [vs(t—p)—vs(t—r)]l(t)dtz0, (34)
0 0

where c is independent of €.
Applying the properties of the function 8, for ¢ < min(p, 71 — p), we get

T T
| 58(t—p)1(t)—z<p)dt’= | ae- oo - tip))ae
0 0

IA

c p+e
—/ |l(&) - U(p)| dt.
€ Jpe
Consequently,
1
/ 8.(t - p)l(t)dt — I(p) ase— 0. (35)
0
Now set
1 T t—p
K(p) = / ve(t — p)I(t) dt = / dt/ 8:(0)l(t)do.
0 0 —00
It is seen that
5
K== [ 8- poyde.
0

Letting ¢ — 0, we derive

K'(p) = —1(p)
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and

K(p) — K(O)—‘/O/J () dt, K(t)— K(O)—/OT I(t)dt.
Hence, we get

K(p)-K(t) —> /r (t)dt ase— 0. (36)

o

Applying (34)-(36), we obtain the inequality

I(p) + c/r () dt > I(7).

2

As p — 0, T — t, we get the following result:

+00 t +00
/ |u1(0,x)—u2(0,x)|dx+c/ dt/ |u1(t,x)—u2(t,x)|dx
—o0 0 —o0

. /+w|u1(t’x) _ uz(t,x)} dx.

o0

Finally, we complete the proof of Theorem 4.6 by using the Gronwall inequality. d
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