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1 Introduction

In recent years, due to some ecological problems, much attention has been attached to the
existence of sign-changing solutions for nonlinear partial differential equations (see [1-3]
and the references therein). We note that the proofs of main results in [1-3] depend upon
critical point theory. In [4], the authors presented a variational approach to the eigenvalue
problem for higher order equations with multipoint boundary conditions. Note that their
variational methods were based on properties of the Fenchel conjugate. However, for more
general nonlocal problems of ordinary differential equations and dynamic equations on
time scales, it is very difficult to find the variational structure of the above problems. To
overcome this difficulty, Sun and Cui [5] studied the existence of sign-changing solution
for nonlinear operator equations by using the cone theory and combining a uniformly pos-
itive condition. Subsequently, Li and Li [6] studied two sign-changing solutions of a class
of second-order integral boundary value problems by computing the eigenvalues and the
algebraic multiplicities of the corresponding linear problems. Rynne [7] used the global
bifurcation theorem to obtain nodal solutions of multipoint boundary value problems,
and the author considered the cases where the nonlinear term is asymptotically linear and
superlinear. Furthermore, in [8], by using the modification function technique and the
Leray-Schauder degree method, some existence and multiplicity results for sign-changing
solutions of certain three-point boundary value problems were obtained. A feature of this
paper is that the authors gave clear descriptions of the location of the sign-changing solu-
tions. He et al. [9] discussed the existence of sign-changing solutions for a class of discrete
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boundary value problems, and a concrete example was also given. Very recently, Dolbeault
et al. [10] considered radial solutions of an elliptic equation involving the p-Laplace op-
erator and proved by a shooting method the existence of compactly supported solutions.
Zhang and Xie [11] studied sign-changing solutions for the following asymptotically linear
three-point boundary value problems:

&) +f(x(8) =0, 0=<t=<1,
x(0)=0,  ax(n)=x(1),

where 0 < @ <1, 0 < 7 < 1. They imposed the following assumptions on f:

(KI) f:R— Risa continuous and strictly increasing function, and £(0) = 0;
(Ra) Timy oo L = B, where A; < foo < 2212 8 /3 1=2,3,...,and

x (1-an?)2’

M<Ay< - <Ap<Ay1 < -

is the sequence of positive solutions for the equation sin /x = & sin 74/%;
(Asz) hmx—)O@ = Bo > A1
Theorem 1.1 (See [11]) Let « and n be given numbers with 0 <« <1, 0 < n < 1. Suppose
that (Kl)-(Kg) hold. Then problem (1.1) has at least one sign-changing solution. Moreover,
problem (1.1) has at least two positive solutions and two negative solutions.

The main purpose of this paper is to abstract more general conditions from (A1)-(A3) of
Theorem 1.1 and to obtain some existence theorems of sign-changing solutions for asymp-
totically linear operator equations. Then, we apply the abstract results obtained in this
paper to nonlinear integral equations and elliptic partial differential equations. A feature
of this paper is that we weaken the condition (A;) of Theorem 1.1 (see Example 4.1). Com-
pared with main results in [12-15], we use a different method consisting of the compu-
tation of Leray-Schauder degree for asymptotically linear operators and lower and upper
solutions conditions. In addition, the compressive conditions of abstract operator can be
removed.

For the discussion of the following sections, we state here preliminary definitions and
known results on cones, partial orderings, and topological degree theory, which can be
found in [16-18].

Let E be a real Banach space. Given a cone P C E, we define a partial ordering < with
respect to P by x <y iff y —x € P. A cone P is said to be normal if there exists a constant
N > 0 suchthatf <x < yimplies || x| < N|y|, the smallest N is called the normal constant
of P. P is reproducing if P — P = E, i.e., for every x € E, we have that x = y — z, where y € P,
z e P and total if P—P = E. Let B: E — E be a bounded linear operator. B is said to be
positive if B(P) C P. A fixed point u of operator A is said to be a sign-changing fixed point
ifud¢ PU(=P). If xy € E\{0} satisfies AAxy = x9, where A is some real number, then A is
called a characteristic value of A, and %, is called a characteristic function belonging to
the characteristic value .

Definition 1.1 (See [19]) Let A : D — E be an operator, e € P\{#}, and %, € D. If for any
given € > 0, there exists § = §(¢) > 0 such that

—ce < Ax —Axy <ce
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for all x € D with ||x — x| < 3, then A is called e-continuous at xy. If A is e-continuous at

each point x € D, then A is called e-continuous on D.

2 Main results
Theorem 2.1 Let P be a normal and total cone in E, A : E — E be a completely continuous
increasing operator, A6 = 6, and e-continuous on E. Suppose that
(i) there exist uy € (~P)\{0} and vy € P\{0} such that uy < Auy and Av, < vy;
(ii) there exist uy € (=P)\{0}, vo € P\{0}, and & > 0 such that u; <uy <6 <vy < vy,
Aty < 1y —8e, vy + e < Avy;
(iii) the Fréchet derivative A at oo exists; AL is increasing; r(AL,) > 1; 1 is not a
characteristic value of A, .
Then A has at least five fixed points, two of which are positive, the two others are negative,

and the fifth one is a sign-changing fixed point.

Theorem 2.2 Let P be a normal and total cone in E, A = KF, where F : E — E is a continu-
ous and bounded increasing operator, K : E — E is a positive linear completely continuous
operator and is also e-continuous on E. Suppose that
(i) there exist u; € (~P)\{0} and vi € P\{0} such that uy, < Auy and Avy < vy, and there
exists o > 0 such that u; < —ae and ae < vy;
(ii) F(0) =0, F is Fréchet differentiable at 0, and KF has a characteristic value Ay <1
with a characteristic function \ satisfying pie < < pqe, where 11 > 0, pp > 0.
Moreover, let condition (iii) of Theorem 2.1 hold. Then A has at least one sign-changing
fixed point, two positive fixed points, and two negative fixed points.

In order to prove Theorems 2.1 and 2.2, we need to establish the following lemmas. In

this section, we suppose that Br = {x € E|||x|| < R}.

Lemma 2.1 Let P be a normal and total cone in E and A : E — E be a completely contin-
uous increasing operator. Suppose that
(i) there exist u,v € E such that u < Au, Av <v;
(ii) A is Fréchet differentiable at oo; AL, is increasing; r(AL,) > 1 and 1 is not a
characteristic value of A_.
Then there exists R > 0 such that

i(4,9,5)=0,  i(4,92,8)=0
forall R > R, where

Si={x€Elx>uj, Sy ={xe€Elx <v},

Q={xeSillxl <R}, @ ={xeSlxl <R}

Proof We only prove that (4, 521, S1) =0, the proof of i(A, S~22,Sz) =0 is similar.
Let Ax = u —A._(u—x), x € E. By the compactness of A’ ([16], Proposition 7.33, p.296),
we can know that Ax : E — E is completely continuous. Since A/ is increasing, we can

find that A is also increasing, and A: S — Si.
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In the following, we show that

h,—A._h,| < 1 |h,|l foreachn eNandh, €P (2.1)
o0 n

is not valid.

Take g, = % Then

1
||g,,—A:)Ogn|| < - -0 (n— o0).

Since A, is completely continuous, we have that every subsequence A g, of A, g, con-
verges to g*. Obviously, g, — g* (n — 00). Hence, A, g* = g*, which is a contradiction
with that 1 is not a characteristic value of A _. It follows that infyep =1 |11 —AL Al := o > 0.
Therefore, we have

| —ALh| =l forallheP. (2.2)
For each x € S, we have that u — x € P. It follows from (2.2) and Au = u that

lx — Ax| = ||A;c(u—x)—(u—x)|| > oflu—x|. (2.3)
According to the definition of A/ _, we obtain

lAx—Ax| . [lAx—Ax]|
— < lim ——
el oo ||zt — x| llxll—oo |lx]| — ||2]]
7 /
AL x — Ax| . lu = AL ul
= Jxll =00 llxll llx]l—o00 [lcll

=0.

Hence,

[Ax — Ax||
xeSplxl—o0 || — x||

This implies that there exists R > ||| such that, for all x € S; with ||x| > R, we have
- o
lAx — Ax|| < Ellu—xlh (2.4)
It is obvious that u € S~21. Therefore, 621 is a nonempty bounded open set of S;. For (¢,x) €
[0,1] x €. Let H(t,x) =tAx + (1 - t);lx.
Now, we prove
H(t,x) #x, Vte[0,1],x € 3. (2.5)

If (2.5) is not valid, then there exist £, € [0,1] and x, € 3$; such that

t()AxO + (1 - to)A?C() =X0. (26)
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This yields xy € S; and ||xo| = R > Ry > ||u||. Furthermore, in virtue of (2.3) and (2.4), we
obtain

||x() - [lf()Ax() + (1 - If())AJC()] ||
> |laco — Axoll - I|Axo — Axo |
> Sl =0l = 5 (1ol - 1l > 0.
This is a contradiction with (2.6), and so (2.5) holds. An application of (2.5) yields that A
and A have no fixed point on 92, Hence, the fixed point indices i(4, Q1,81), i(A, 1, 51)
are well defined. It follows from the homotopy invariance of the fixed point index that

i(A,$,81) = i(A, 21, ). (2.7)

Notice that A._(P) C P and r(A.,) > 1. By the Krein-Rutman theorem [17], there exists
¢* € P\{#} such that

ALg*=r(AL)e* > 0" (2.8)
At last, we show

Ax—x#ue*, Yu>0,x¢ 3%.
If otherwise, then there exist ;1o > 0 and x € Bﬁl such that

AX -% = oo™ (2.9)

Since A has no fixed point on 851, we can find that o > 0. On account of ¥ < u and the
increasing property of A, we arrive at A% < Au = u, which together with (2.9) implies that

X =A%~ o9 <u—pog™.
Let
= sup{u >0lu—x> mo*}.

Then p* > o >0 and u —x < pu*p*. Combined with (2.9) and the increasing property of

Al_, we have

Al (u—-%) > u A o* > u*p*. (2.10)
It follows from (2.9) and (2.10) that

X = A% — pog@* = u— AL (u—%) — pog™ < u— 1 9" — no”,
ie,u—x>(u*+ no)p*. This contradicts the definition of u#*. According to the lack of

direction property of the fixed point index [16], we have i(A, Q1,8 = 0. By (2.7), we get
i(4, 81,5 = 0. -
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Lemma 2.2 (See [17, 18]) Suppose that A : E — E is a completely continuous and asymp-
totically linear operator. If 1 is not a characteristic value of the linear operator A, , then
there exists Ry > 0 such that

deg(I_A’BR’Q) = (_1)}/

for all R > Ry, where y is the sum of the algebraic multiplicities of the real characteristic
value of A in (0,1).

Proof of Theorem 2.1 By conditions (i) and (ii), we have

Uy <y <O <vy<y,
(2.11)
u < Auy, Auy < Uy, Vo < Avs, Av; <.

Let

Wi ={x€E|lx <uy}, Wy ={x € Elx > vy},

W3 ={x € Elx > m}, Wi ={x€Elx <w}.
From Lemma 2.1, there exists R; > 0 such that
i(A,Q;, W) =0, i=1,2,34 (2.12)

for all R > Ry, where Q; = {x € W;|||x|| <R}, i=1,2,3,4.
According to Lemma 2.2, there exists R, > 0 such that

deg(l — A,Bg,0) = (-1)" (2.13)
for all R > R,, where y is the sum of algebraic multiplicities for all characteristic values of
Al in (0,1).

It follows from the definition of fixed point index [16], (2.3.4), p.84 and (2.13) that

i(A, Bg,E) = deg(I — Ar, Bg N r ™' (Bg),0) = deg(I - A, Bg,0) = (-1)” = =1, (2.14)

where r: E — E is an identity operator, and Bz C By = {x € E|||x|| < R}.
Choose R;3 such that

R3>{ sup ||x||,R1,R2}. (2.15)

x€u,v1]

Let
Qi:{xe‘%'”x”<R3}} i:112,3;4~
It follows from (2.12), (2.15) and Lemma 2.1 that

i(A,Q, W) =0, i=1,2,34. (2.16)
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Let

Y= {x € [uy, us] : ||x|| < R3,and there exists u > 0 such that Ax < u, — ue},

3y = {x € [va, 1] : ||%]| < R3,and there exists © > 0 such that v, + ue < Ax}.
Since u; € ¥4, v5 € Xy, we have ¥; # 0, ¥y # (. According to the e-continuity of A in E,
we can know that ¥ is a nonempty open subset of [u;, 4], and ¥ is a nonempty open
subset of [v;,11] (see the proof of Theorem 2.1 in [8]). By the homotopy invariance and
normalization of the fixed point index, we have

i(A, 21, w1, up]) = i(un, T, [, un]) = 1. (2.17)
Similarly, we have

i(A, 2o, [va,n) = i(va, 2o, [va,11]) = 1. (2.18)
Equations (2.17) and (2.18) imply that A has at least one negative fixed point x; € ¥; and
one positive fixed point x; € ¥s.

By the permanence property of the fixed point index, we obtain

l(Ar Elr Wl) = l(A! 21 N [ub M2]! [ulr MZ]) = l(Av 21! [Ml,MQ]) =1 (219)
Similarly, we have

l(Ar 22, WZ) = l(A; E2 N [VZ, Vl]) [VZ: Vl]) = l(Ar 22’ [VZ, Vl]) =1 (220)
It follows from (2.16), (2.19) and the additivity property of the fixed point index that

i(A, Q1\X1, Wh) = i(4, Q1, W) —i(A, 2, Wi) =0 —-1=-1.
Similarly, we have

i(A, 2\, Wa) = i(A, Qo, Wa) —i(A, Ty, Wa) =0 —-1=—1.
Therefore, A has at least one negative fixed point x3 € 2;\X; and one positive fixed point
X4 € Qz\fz.

Moreover, according to (2.16) and the permanence property of the fixed point index, we

have

Z(Ar Qi»E) = l(A) Qi N ‘Viy VVI) = l(A, Qi; ‘)Vl) =0, i=3,4. (2'21)

It follows from (2.14), (2.21) and the additivity property of the fixed point index that we

have

i(A, Br,\Q3 U @4, E) = i(A, Bg,, E) — i(A, Q3,E) — i(A, Q,E) = %1. (2.22)
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Equation (2.22) implies that A has at least one fixed point x5 € (Bg,\S23 U Q4) C (E\(P U
(=P))), and x5 is a sign-changing fixed point. a

Proof of Theorem 2.2 1t suffices to verify condition (ii) of Theorem 2.1 is satisfied. Accord-
ing to the chain rule for derivatives of composite operator [17], Proposition 4.10, we have
Al = KF).

By condition (i) and Lemma 2.4 in [19], we know that there exists 8 > 0 such that ¢ty +
Se < A(tyr),A(-tyr) < -ty — Sefor all ¢ € (0, B), where § = w > 0.

Let B = min{B, 5=} forallt e (0, B), we have

2

t]//< o o <V1
—Ure=—€e< — <V
_2M2M2 26=75 1

and

m o« o <ty
U< —<-—e=———ure=<-ty.
1 D) 2t Ho€ =
Hence, for u; = —ty and v, = £y with ¢ € (0, B), condition (ii) of Theorem 2.1 is satisfied.
The proof is completed. O

3 Applications
The main purpose of this section is to apply our theorems to both integral and differential
equations. Firstly, we consider the following integral equation:

@(x) = /G k@, y)f (v, 0() dy, x€G, (3.1)

where G is a bounded closed domain of RN, k: G x G — Rl is nonnegative continuous,
and k£0 on G x G,andf : G x R — R! is continuous.

Let E = C(G) denote the space consisting of all continuous functions on G. Then E is
a real Banach space with the norm ||¢|| = max,cg |¢(x)| forall p € E. Andlet P={p € E:
¢(x) > 0,x € G}. Then P is a normal and total cone in E. Let e(x) = fG k(x,y)dy, x € G.
Then e > 0.

Define operators F,K, A : E — E respectively by

(Fo)) =f(x,0()), x€G,Vp€L,

(Ko)(x) = /G kwy)eW)dy, xeGVgeE,

and A = KF. Obviously, F : E — Eisa continuous and bounded operator. Since k: Gx G —
R! is nonnegative continuous, we know that K : E — E is a linear completely continuous
operator and K(P) C P. Therefore, A is also completely continuous on E. By the Riesz-
Schauder theorem, we can suppose that the sequence of all positive characteristic values
of K is {)\,} and

M<Ay< o <Ay< e

For convenience, we list some assumptions as follows.
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(C1) f(-,0) =0 on G, and for every x € G, f(x, ¢) is nondecreasing in ¢;
(Cy) there exists & with ue < h, where p is a positive number such that

k(x,y) = h(x)k(z,y), *y,z€G;

(Cs) limy_,g f(a;«?)

(Ca) limwﬁoof(’;w) = foo uniformly for x € G, foo > M, foo # A K=2,3,...;

(Cs) for every x € G, there exist M, N > 0 such that

= fo uniformly for x € G, and fy > Ay;

feed) 1 f@-N) 1
M e N el

Lemma 3.1 (See [19]) Operators K, A : E — E are e-continuous on E.

Lemma 3.2 (See [19]) Suppose that f(-,0) =0 on G, and lim(p_)o@ = fo uniformly for
x € G. Then A is Fréchet differentiable at 0, and Ay = K.

Lemma 3.3 Suppose thatlim,_, o @ = foo uniformly for x € G. Then A is asymptotically
linear, and Al = foo K.

Proof Since limwéoof(xT;‘”) = foo uniformly for x € G, we have that for every given € > 0,
there exists R > 0 such that

<€, x€G,lp|>R. (3.2)

‘f(x; ®) —fo

@

Set M = sup,g <z [f (%, ¢) — foop|, which together with (3.2) implies
[f(x,(p) —foogo| <M+e€lp|, VxeG,pe(-00,+00).

Thus
1Ap - fooKgll = | K(Fp) —focKo | < IIKI|(M +€ll@]l), Vg €E.

Therefore

lAg — foKo|l
m —=
llgll—o0 lel

This implies that A is asymptotically linear, and A = fo. K. d

Theorem 3.1 Suppose that (C1)-(Cs) are satisfied. Then the integral equation (3.1) has at
least five nontrivial solutions, two of which are positive, the two others are negative, the fifth

one is sign-changing.

Proof By (Cs), we know that condition (i) of Theorem 2.2 holds. We only need to check
condition (ii) of Theorem 2.2 and condition (iii) of Theorem 2.1.

By (C3) and Lemma 3.2, we have that A, = K, and the characteristic values of the op-

erator foK are }—01, %2, .... Since fy > A1, we know that A} has a characteristic value }—01 <1
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Moreover, from the proof of Theorem 4.1 in [19], we deduce that the characteristic func-
tion corresponding to the characteristic value }—0‘ satisfies wie < ¥ < uoe, where pu; >0
and py > 0. This implies that condition (ii) of Theorem 2.2 holds.

According to (C4) and Lemma 3.3, we know that A/ = f K, r(AL,) = foor(K) =foo)\—11 >1,

and the characteristic values of the operator f,K are f%’ ;};2, Noting that foo # A,
k#2,3,..., we get that 1 is not a characteristic value of A . Hence, condition (iii) of The-
orem 2.1 holds. The proof is completed. d

Remark 3.1 From the proof of Theorem 11 of [14] and Theorem 4.2 of [19], we know that
condition (C;) can be replaced by the following one: f(-,0) = 0 on G, and f (-, ¢)¢ > 0 for all
¢ € R. For nonlinear term f, the sublinear and superlinear cases were considered in [20].

Now, we consider the following boundary value problem for elliptic partial differential
equations:

Lo(x) =f(x,0(x), x€, 33)
Bp=0, xe€0dQ, ’
where  is a bounded open domain in R”, 9Q € C***,0 < u < 1; f(x,¢) : @ x Rl — Rl is

continuous;

i 0% - ap

Lo =— i D u— b,‘ —

v ”Z:l“’(") o Zl @), + Wy

is a uniformly elliptic operator, i.e., a;(x) = a;i(x), bi(x), c(x) € CH(), c(x) > 0, and there

exists a constant number o > 0 such that er’szl a;(X)EE > polél* forall x € Q, & =

(";:1’ §2’ ey En) S Rn!
- 9
By =blx)y +8)_ fi) -
i=1 t

is a boundary operator, where 8 = (81, B2,.. ., B4) is a vector field on 9Q of C*# satisfying
B -n > 0 (n denotes the outer unit normal vector on ), b(x) € C**(3), and assume
that one of the following cases holds:
(i) $=0and b(x)=1;
(if) 8 =1and b(x) = 0;
(iii) 8§ =1and b(x) > 0.
According to the theory of elliptic partial differential equations (see [21, 22]), we know

that for each u € C(2), the linear boundary value problem

Lo(x) =ulx), xe€€,
Bp=0, xe€0Q,

has a unique solution ¢, € C*(S2). Define the operator K by

(Ku)(x) = g, (x), x€ Q.
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Then K : C(Q) — C?(R) is a linear completely continuous operator and has an unbounded

sequence of characteristic values
O<Ai<Ay<A3<---, A,— 400,

and the spectral radius 7(K) = A{'.
Let

E=C(Q), P={peElp(x)=0,xeQ}.

Then E is an ordered Banach space with the norm |¢| = sup,g l¢(x)|, and P is a normal
cone in E with K(P) C P.
For ¢ € E, define Nemytskii operator by

(Fo)x) =f (% 0(x), xeQ.

Clearly, F : E — E is continuous. Let A = KF. Then A : E — E is completely continuous.

We list some assumptions which will be used in the following theorem.

(D1) limg, o0 ]@ = foo uniformly for x € ;
(Dg) f(x,0)=0,limy_,q @ = fo uniformly for x € Q.
Let e = e(x) be the solution of the following boundary value problem:
Lox)=1, x€Q,
Bp=0, xecodQ.

It is easy to check that A is e-continuous on E.

Our main result is the following.

Theorem 3.2 Suppose that f satisfies (D1) and (D). In addition, assume that
(i) f(x, ) is increasing in @;
(i) fo > Ass
(i) foo > A1sfoo F A k=2,3,...;
(iv) for every x € Q, there exist M,N > 0 such that

flx, M) 1 fx,-N) 1
— and ——<—

—< .
M llell -N llell
Then problem (3.3) has at least two positive solutions, two negative solutions, and one sign-

changing solution.

Proof Since the characteristic values of the operator Aj are }—01, }—j, ..., it follows from con-

dition (ii) that Aj, has a characteristic value }—; < 1. Moreover, by condition (iii), we have

r(AL) = foor(K) =J;ﬁ >1.
1
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Since the characteristic values of the operator A are f%’ J’%, ..., noting that f, # g,
k=2,3,..., we know that 1 is not a characteristic value of A__. Therefore, all conditions of
Theorem 2.2 are satisfied. The proof is completed. O

4 An example
In the section, we present an example to explain our results.

Example 4.1 Consider the following second order three-point boundary value problem:

—M//(t) =f(u)7 te [0’ 1]7

u(0) =0, u(l) = 2u(d), (4.1)

where

7(u—-27) + 9—37\3/5, u € [27,+00),
3u +16, u € (1,27),
30u - 11, ue(31),

Slu) = 6 § 1
7u + 32u°, uel-13],
7u + 32, u e (-32,-1),
7(u+32) +96.u, uc(—o00,-32].

By direct calculation [23], we can obtain that A; = 6.9497 is a solution of the following

equation:
. 1. Jx
SIN /X = — S1In ——.
272
Note that
288 8(1-1.1y
1imM:7>—:#, im? % _7, 69497 2 ..
u—00 1Y 49 (1 -3 (5)2)2 u—0 U

Thus, the conditions of Theorem 1.1 and Theorem 13 of [23] are not satisfied. Therefore,
the main results of [11, 23] cannot be applied to Example 4.1. However, it is easy to see
that

f(20) 76 288 f(=20) 27 288
—— = —<—, — = —<—.
20 20 49 -20 5 49

The assumption (C5) of Theorem 3.1 is satisfied, therefore, problem (4.1) has at least five
nontrivial solutions, two of which are positive, the two others are negative, the fifth one is

sign-changing.

Remark 4.1 Compared with Theorem 1.1, Theorem 13 of [23] and Theorem 2.1 of [24],
the main contributions in this paper are that we change the range of 8, in (A3) and Bs in
(A;) and add the numbers of positive solutions and negative solutions. Furthermore, for
the lower and upper solutions conditions, we adopt condition (Cs) which is more easy to
check than (H3) in Theorem 2.1 of [24].
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5 Conclusions

The conclusion of Theorem 3.1 generalizes the main results of [11]. In this paper, by em-
ploying the computation of the fixed point index for asymptotically linear operators, the
existence of positive solutions, negative solutions, and sign-changing solutions for asymp-
totically linear operator equations are established. In the future, we will consider the case
that

lim & Z lim f(_x)
x—>+00 X x—>-00 X

by critical point theory.
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