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Abstract

We are concerned with the Dirichlet problem of the three-dimensional steady viscous
compressible magnetohydrodynamic (MHD) equations. It is proved that for any
specific heat ratio y > 1, the Dirichlet problem of the steady compressible MHD
equations on a bounded domain £ C R* admits a renormalized weak solution. Our
method relies upon the weighted estimates of both pressure and kinetic energy for
the approximate system, and the method of weak convergence developed by Lions
and Feireisl.
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1 Introduction
We consider the steady compressible magnetohydrodynamic equations in a bounded do-
main Q C R3:

div(pu) =0, (L1)
—puAu—(n+p)Vdiva + p(u- Vu+ VP(p) — (V x H) x H = pf, (1.2)
~VAH-V x (ux H) =0, (1.3)
divH =0, (1.4)

where p > 0, u = (!, 4%, u3), and P(p) = p” with y > 1 being the specific heat ratio are the
fluid density, velocity, and pressure, respectively. H = (H!, H?, H®) is the magnetic field,
v > 0 is the magnetic diffusivity acting as a magnetic diffusion coefficient of the magnetic
field. The constant viscosity coefficients © and X satisfy

u>0, 31 +2u>0. (1.5)

f is a given vector field which models an outer force density.
Equations (1.1)-(1.4) are supplemented the following boundary conditions:

u=0, H=g ondQ, (1.6)
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where g is a given function in . Moreover, the total mass is prescribed,

fQ,o(x) dx =M > 0. 1.7)

There is huge literature on the studies about global existence of renormalized weak
solutions of steady compressible flows. The important progress in the spatial three-
dimensional case is due to the seminal work of Lions [1], where he obtained the existence of
renormalized weak solutions of the Navier-Stokes equations for y > %, i.e, (1.1)-(1.2) with
H = 0. However, as is well known, common fluids and gases in normal conditions (i.e.,
no high densities or high temperatures) are often well described by the ideal gas model,
i.e., (1.1)-(1.2) with H = 0 for y > 1. Furthermore, it is possible to deduce from the kinetic
theory of gases that y = % (for a monatomic gas). Hence, the most interesting region for
physical applications is y € (1, %]. Later, by combining Lions’ compactness framework of
renormalized solutions and Feireisl’s oscillation defect measure on nonsteady compress-
ible Navier-Stokes equations [2], Novo and Novotny [3] improved Lions’ result to y > %
for the potential force (i.e., f = V¢). As emphasized in many papers (refer to [4—6] for
instance), the condition on y comes from the integrability of the density p in L?(£2). The
higher integrability of p has, the smaller y can be allowed. By deriving a new weighted
estimate of the pressure, the improved estimates of density have been suggested indepen-
dently by Plotnikov and Sokolowski [7—9] and by Frehse et al. [10]. Using L*> estimates for
the inverse Laplacian of the pressure together with the nonlinear potential theory, Brez-
ina and Novotny [11] proved existence of weak solutions with y > @ ~ 1.53 for space
periodic boundary conditions to avoid the lack of estimates near the boundary. Recently,
Frehse et al. [12] treated y > % for Dirichlet boundary conditions, where they relied on
the momentum equation by a test function which provides the potential estimates for
pressure, and by a bootstrap argument different from that used in [11]. Then, by obtaining
weighted estimates for both the pressure P and the kinetic energy p|u|?, Jiang and Zhou [5]
showed the existence of spatially periodic weak solutions to the three-dimensional steady
compressible Navier-Stokes equations for any y > 1. It is worth noticing that the Dirichlet
problem in [12] has been revisited very recently by Plotnikov and Weigant [13] for y > 1.
There are also some studies on existence results for steady compressible full Navier-Stokes
equations, refer to [14—16] and references therein.

The relevant background of magnetohydrodynamic fluids can be found in [17-22] and
references cited therein. The steady compressible magnetohydrodynamic system is inves-
tigated in [6] with y > 1 for the periodic case. Recently, Yan [23] considered the three-
dimensional full magnetohydrodynamic equations under slip boundary conditions for
y > %. In fact, one of the important restrictions to the value of y is due to the a priori
estimates. It is a natural and interesting problem to investigate the existence of weak solu-
tions to the Dirichlet problem (1.1)-(1.7) in dimension three. In fact, this is the main aim
of the present paper.

Before stating the main result, we first explain the notations and conventions used
throughout this paper. For1 < p < coand k > 1, the standard Lebesgue and Sobolev spaces
are defined as follows:

17 = [*(Q), wke = wkr(Q), HF = wk2,
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To simplify the notation, in what follows, we do not distinguish between function spaces
for scalar and vector valued functions; e.g. both L7(R2) and L7($;R?) are denoted L?(%2).
Generic constants are denoted by C, their values may vary in the same formula or in the
same line.

Next, we give the definition of renormalized weak solutions to the steady MHD equa-
tions (1.1)-(1.4) as follows.

Definition 1.1 By a renormalized weak solution of the system (1.1)-(1.7) we mean a triple
(p,u, H) € L”(2) x W*(R2) x W(R) such that:

« p>=0aein®, [;p)dx=M.

« divH=0in Q.
Equations (1.1)-(1.3) hold in the sense of a distribution.

.

+ The mass equation (1.1) holds in the sense of a renormalized solution, i.e.,
div[b(p)u] + [b’(p)p - b(p)] divu=0 inD'(RQ) (1.8)
for any b € C}(R) such that #'(z) = 0 when z is big enough.
Our main result can be stated as follows.

Theorem1.1 Let Q2 C R? be a bounded domain with C? boundary. Assume that f € L ()
and g € H3(Q) with divg = 0. Then for any y > 1, there exists a renormalized weak solution
to the problem (1.1)-(1.7) in the sense of Definition 1.1.

We now make some comments on the key ingredients of the analysis in this paper. The
proof of Theorem 1.1 is based on the elaborate a priori uniform estimates of the approx-
imate solutions and the weak convergence method in the framework of Lions [1]. First,
inspired by [6, 24], we can construct an approximate scheme to the MHD system (1.1)-
(1.7). Then we use a bootstrapping argument to obtain the a priori uniform estimates for
the approximate solutions (ps, us, Hs) for any y > 1 in the framework of [13]. However,
compared with the ones in [1, 13], the main difficulty in the present paper is caused by
the magnetic field and its coupling interaction with the fluid variables. To overcome this
difficulty, we need some careful analysis to recover all the a priori estimates. To this end,
we shall consider the momentum equations and the magnetic field equations together. To
pass to the limit and obtain the existence of a weak solution, we cannot directly use the
arguments in [1], since ps € L?(Q2) (p > %) is required in [1] and this is not the case here. In
fact, here we only have ps € L"*(Q2) with some s > 1 being very close to 1 when y is close
to 1. Instead, we use the modified method in [5] to get the existence of a weak solution.

The rest of this paper is organized as follows. In Section 2, we collect some known facts
that will be needed in later analysis. In Section 3, we construct a sequence of approxi-
mate solutions (ps, us, Hs). In Section 4, the estimates independent of the parameter § are

obtained. Finally, we give a brief proof of our main result in Section 5.

2 Preliminaries

In this section we shall enumerate some auxiliary lemmas used in this paper.
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We begin with an auxiliary function ¢. To this end, we denote the distance function d(x)

by
dist(x,9Q)  fi Q,
dx) & 1s.(x ) orx € . 1)
—dist(x,9Q2) forx e R°\Q.
For every ¢ > 0, the symbols A, and €2, stand for
Ac £ {x e R 1 dist(x, 02) < ¢}, QE2ANQ. (2.2)

Then we have the following consequence, whose proof can be found in Chapter 14.6
of [25].

Lemma 2.1 There is t > 0 depending only on Q2 such that
d e C*Ay), |Vd(x)| =1 inAs. (2.3)

Furthermore, there exists a function ¢ : Ay, U Q — R satisfying:
e e CYAyUQ), px)>0in Qand ¢ = d(x) in Ay,
o There is k > 0 such that ¢(x) > k in Q\Qy;.

Lemma 2.2 ([5]) Let1< py,ps,p < o0, p < p1, and Q be a bounded domain in R3. Suppose
that

fu—f weaklyin L' (), (2.4)
& —> g strongly in L7(Q) (2.5)
and
fugn  are uniformly bounded in LP ().
Then there is a subsequence of f,g, (still denoted by f,g,), such that
fugn —fg  weakly in [P (Q2).
Remark 2.1 If (2.4)-(2.5) hold, combining Lemma 2.2 with Holder’s inequality, we have

fogn —fg  weakly in L'(R),

The following Bogovskii lemma will be needed in Lemma 4.3; its proof can be found
in [24].

Lemma 2.3 Let Q be a bounded Lipschitz domain in R® and 1 < p < 0o. Then there exists
a positive constant C(p, Q) such that for any f € LP(2) with fﬂf(x) dx = 0, there is a vector
field ¢ € WP(Q) satisfying

divg=f inQ,
¢=0 onadQ2
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and

l¢llwir < Clp, DIIf e

Finally, let W&’Z(Q) denote the Sobolev space of elements belonging to W'%(Q2) with
zero trace at the boundary 0€2. Then the following result plays a key role in the proof of
Proposition 4.1.

Lemma 2.4 ([13]) Let Q@ C R3 be a bounded domain with C* boundary. Let h € L*(RQ)
satisfy

h
h=>0, / () dx <K forall xy € Q.
o lx—xol

Then there is C > 0 depending only on Q such that for all u € Wy*(S),
/ lul*hdx < CK|lull2,;.
Q

3 Approximation
In this section, we briefly explain how to construct an approximative system to the prob-
lem (1.1)-(1.7).

First, we consider the following approximative problem:

a(p —h) +div(pu) —eAp =0, (3.1)

1
a(p+hu-pAa—-pVdiva + E[div(pu® u) + pu - Vu]

+ VPs(p) —(V x H) x H = pf, (3.2)
-VAH-V x (u x H) =0, (3.3)
divH =0, (3.4)

with the boundary conditions
Onp =0, u=0 and H=g onodg, (3.5)

where a, 8,8 >0, i £ A + i, Ps(p) = p” + 8p*, and 4 is a smooth function satisfying
Johdx=M.

Then we follow the same arguments as those in Section 4.3, pp.200-204 of [24].

But in the case of steady compressible MHD flows, the equations for the magnetic field
are governed by an elliptic system and we cannot get the bound of |H|| ;2 and in turn ||H|| ;p
in terms of the velocity coefficient u directly since here the coefficient u we consider is an
arbitrary data. Instead, by the special structure of the magnetic field in the system, we can
consider the existence of the approximate solutions to both the momentum equations and
the magnetic field equations together by the Leray-Schauder fixed point theorem.

Making use of the method of weak convergence, we can pass to the limite — 0" and o —
0" in (3.1) and (3.2) to get the existence of the weak solutions (o5, us, Hs) to the following
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system:
div(psus) = 0, (3.6)
—pAus — (A + pu)Vdivugs + psus - Vus + VPs(p) — (V x Hs) x Hs = psf, (3.7)
—UAH5 -V x (115 X Hg) =0, (38)
divHs =0, (3.9)

with the boundary conditions (1.6).
More precisely, we have the following.

Lemma 3.1 Let § € (0,1]. Then there exists at least a renormalized weak solution
(0s,us,Hs) to the system (3.6)-(3.9) such that for any & € WS’Z(Q), ¢ € C®(Q), and
¥ € CH(Q) satisfying

W ()] +[sv'(s)| <C(1+1sl*), se[0,00),

we have

ps €L8(Q),  weWH(Q),  H;e WH(Q), / ps dx = M, (3.10)
Q

/ [uVu,; :VE+ (A +p)divasdivé + ps(us - V)ug - & — Ps div&] dx
Q

+ / [H{V&HS + lV(|H5|2) & — psf - 5} dx=0, (3.11)
o 2
fQ [ (ps)us - V¢ + £ (s (ps) = ¥ (ps)) divus | dxc = 0 (3.12)
and
f [1)|VH5|2 + Va2 + ( + u)(divu(;)z] dx = / osf - usdx. (3.13)
Q Q

Proof The existence of solutions satisfying (3.10) and (3.12) can be found by the method
of [1, 24]. Multiplying (3.7) by & and integrating over €2, we obtain (3.11). It remains to
show (3.13). Choosing & = u; in (3.11), we get

/ [M|Vu3|2 + (A + u)(divug)2Ps div llg] dx
Q
1
+ / [H{Vuﬁa + 5V(|H5|2) -ug — psf - u5:| dx =0, (3.14)
Q
where we have used
1 2 1 . 2
osus - Vus -ugdx=— | psas - V(|u| )dx =—— [ div(psus)|u|“dx = 0.
Q 2 Ja 2 Ja
Inserting ¥ (ps) £ ﬁpg/ + 3 ps and ¢ =1 into (3.12), we deduce that

/ Psdivusdx = 0. (3.15)
Q
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Multiplying (3.8) by Hs and integrating by parts, we derive

1
/ v|VH;|? =/ |:H§Vu,;H,; + EV(|H,;|2) ~u5]dx,
Q Q

which combined with (3.14) and (3.15) gives (3.13) and finishes the proof of Lemma 3.1.
d

4 Uniform estimates
In this section, we will establish uniform with respect to § estimates for the approximate
solutions (ps,us, Hs). In what follows, to simplify notations, we omit the subscript § in
(s, us, H).

Following Plotnikov and Weigant [13], we shall perform a bootstrapping argument
through the parameters

A éf plu?®Dp? dx, B é/ o’ ¢7P dx, (4.1)
Q Q

where

3(1-86?)

26807 (4.2)

1
Qé—(l—y"l), &
8
Then we have the following.

Proposition 4.1 For A defined by (4.1), there exists a positive constant C depending only
ony,  u, v, M, Q, and ||f||y~ such that

A+ [Hlg + 1l + | olul| .+ 1Psllze < C, (4.3)

where the quantities s, q are denoted by

Bls-1)

s£1+207% ) [P
T B a-pys

(4.4)

Here, 0 and B are as in (4.2).

The proof of Proposition 4.1 will be postponed at the end of this section.
We begin with the following standard energy estimate for (u, H), which shows that the
H'-norm of (u, H) can be bounded in terms of A and B.

Lemma 4.1 Let 0, B be as in (4.2) and s be as in (4.4), then there exists a positive constant
C depending only on y, A, i, v, M, 2, and ||f|| 1~ such that

1

1
[Hl[zn + lallp < CA -0 B2e-00Gr=1, (4.5)

Proof 1t follows from (3.13) that

/[v|VH|2+,u|Vu|2+(A+u)(divu)2]dx:/ of -udx < C|lpul| 1.
Q Q
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Thus, we obtain from (1.6), (1.4), and the Poincaré inequality
||H||f{1 + ||u||f{1 < Cllpu|p. (4.6)
Noting that

1 1 y-1 4y-3-20Q2y-1)
2(2-0) 28\ 22-6) -B\ T0@D (,-28) T=0)2y=
olul = (p|u| ( )¢ ﬁ)z(z 0) (pV¢ ﬂ)(z 0)(2y-1) (¢ ﬂ)(z 0er-1) p 20y |

where all four exponents are positive and their sum is equal to one. Hence, applying
Holder’s inequality and recalling (4.1), we arrive at

vl 4, 3.09(2p-1)
lpull < AT BT |28 | 7% p ey < CAT07 BEaED,
which combined with (4.6) yields (4.5) and completes the proof of Lemma 4.1. O

From now on, in what follows, the function ¢ is as in Lemma 2.1.

Lemma 4.2 Let 8 be as in (4.2), then there exists a positive constant C depending only on
VoA v, M, Q, and ||f|| e such that

[Pso |1 + | p(u- V)07 s
< C(L+ l[ully + 1HIZ + | P01 + | plule 1) 4.7)

Proof Motivated by [13], we introduce the vector field
EX) =" P(W)Vo(r), reQ. (4.8)
By straightforward computation, we have
VE =9V + (1Bl Ve & Vg.
Then it follows from (4.2) and Lemma 2.1 that
' P V2| < C, lo Vo @ Ve| < CpF.
Hence, we have
E§cl™(Q) and £¢ WS’Y(Q) forallr e [1,,3_1).

By the definition of 8 in (4.2), it is not hard to see that 8 € (0, %). Then, substituting (4.8)
into (3.11), we thus get

f [P(; divé - p(u-V)u- ’;‘]dx
Q

:/ [,uVu:V’;‘ + (A +p)divadivé — pf - & + HTVEH + %V(|H|2) ~§:| dx
Q
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< Cllulizn + C+ C|[IHP|| 1, + CIIHI| 2 | VH 2

< C(1+[lulln + [HI7,)- (4.9)
We can bound two terms on the left-hand side of (4.9) as
/ PsdivE dx = / (1= B)Ps¢ P |Vo|* + Psp' P Ag] dx
Q Q
1
> f (—gaﬂaS - C<p1’3P5> dx, (4.10)
o\ 2
—/ p-Vu-&dx
Q
= f [-ou-V(¢'Pu- Vo) + 1 - B’ p(u- Vo) + ' pu'd ;] dx
Q
> / [(1-B)e " pla- Vo) — Co'F plul*] dx. (4.11)
Q

Hence, inserting (4.10)-(4.11) into (4.9), we deduce the desired result (4.7). O

Lemma 4.3 Let 8, s be as in (4.2) and (4.4), respectively, then there exists a positive con-
stant C depending only on y, :, u, v, M, Q, and ||f|| 1~ such that

1Ps s < CL+ ulln + IHIZ + [Pso™ |1 + | plul*e™ ] ). (4.12)
Proof Choosing a function /1 € LS (€2), it follows from Lemma 3.1 that the problem

divgp =h - ﬁfghdx in &,

(4.13)
¢$=0 ono<,
has a solution ¢ € Wé’ﬁ (€2) satisfying
@Il = Cls, DNAI, ;- (4.14)

By the definition of s in (4.4), we obtain s € (1, %), thus ~*; > 3. Then Sobolev’s embedding

theorem gives W;'S%‘ (Q) — C(). Hence,

Il + 70|, 5, < Clinll, s, (4.15)
For x € , setting

E(x) £ 0" (x)p(x). (4.16)
Straightforward calculation yields

08" = (1= B " dipd/ +¢' P iy (4.17)
Thus, we derive from (4.14) that

&1, 2 < CllAll, & - (4.18)
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Inserting (4.16) into (3.11) and using (4.18), we find that
fQP5 divé = fg[uVu:VE + (A +p)divadivé + p(u-V)u-§]dx
+/ [HTng + %V(|H|2) £ —pf-E] dx
i

+ C|HP| 2 1VEl2 + CIHI IVHI 2 1§ e + Cllpll €]z 1§ 1200

< ClIVul 2 [Vl 2 + C|| plul®p -

L IVl )

Ls1

< C(L+ llullgn + 1HIZa + [ plalo™ ] )l s (4.19)

where in the first inequality we have used
/Q,o(u Vu-Edx = /quiai(ujwl_ﬂqu) dx — /;2 puiujai(wl_ﬂqb/) dx
- /Q A-B)ou'd P (Bip)p™' ¢/ dx — /Q pu'd o P 3,4/ dix
< Clolle™ ||, (le7'o], 5 + 1V, s )-

By virtue of (4.16) and (4.13), we see that

diVE:(l—ﬁ)wﬁV¢-¢+w15divr/>=(1—ﬁ)¢ﬂV¢-¢+<p”’(h—|slz—| hdx),
Q

which ensures that

/P,;div&dx /P(g(pl ﬁhdx—@/hdx/Pwl B dx
Q

+(1-p) / Pso PV - ¢dx. (4.20)
Q
By Holder’s inequality and the boundedness of ¢, we have

hdx

Pagﬁl_ﬁ dx
Q

< Cllhll, s / PsoP dx. (4.21)
Q

For the last term on the right-hand side of (4.20), we obtain from (4.15)

|/ Pso PV - ¢dx
Q

< /Q Psp™” dxl| V= l$ll < CllAll, s, /Q Py dx,
which combined with (4.20) and (4.21) gives

/Qpa divE dx > /prl-ﬁhdx = C|Psp™ || uliAll s, - (4.22)
Consequently, we deduce from (4.19) and (4.22) that

/ P,;(pl Bhdx < C(
Q

s+ |Pse P )kl s

Then by the duality argument, we get the desired result (4.12). O
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Lemma 4.4 Let 6, B be as in (4.2) and s be as in (4.4), then there exists a positive constant
C depending only on y, A, i, v, M, 2, and |||~ such that

1+6

Ps@ P | o+ | Psg™P | o+ |0 Vo) 2o P |, < C(1+AT), (4.23)
I L . L

IH s + [lulln < C(1+ AT, (4.24)
||p|u|2<p1_ﬁ s < C(l +A#). (4.25)

Proof 1t follows from (4.7) and (4.12) that

[Ps@™ | s + [ Ps@™ [ 11 + | o0 Vo)™ 4
< C(1+ 1l + IHIF + [Ps@' P | 1 + | olul?e™ ). (4.26)
By Holder’s and Young’s inequalities, we get
31
[Pse' ]l = CO[Pse™ P 7 = S| Pse™™] s + € (4.27)
| olul?e'?],, < cA'¥ BEmET. (4.28)

Substituting (4.5), (4.27), (4.28), and (4.26), we arrive at, for every ¢ > 0,

[Pse s + [ Pse™ ]y + [ p(w- Vo)~
S U N I
< C(l + A0 B0 4+ A70 B(z—esz—l))

2y-1 140

1
< C(l +&B+ C(g)A2C-0Cr-D-1 + ¢B + C(S)AT). (4.29)

Recalling (4.2), after a straightforward computation, we find that

1 2y -1 1
—— < —.
22-0)2y-1)-1 2

Consequently, we obtain from (4.29)

||P5go1"3 st ||P,g<p_5 ||L1 + ||,0(u -Vo)e? ||L1 <CeB+ C(s)(l +A#). (4.30)

Since Ps > pY, we have
B=[p"¢7|n < |Psg”| 1. (4.31)

Inserting this into (4.30) and choosing ¢ sufficiently small, we deduce the estimate (4.23).
We now turn to showing that (4.24) and (4.25) hold. First of all, (4.23) and (4.31) imply

1460

B<C(l+A7), (4.32)

which together with (4.5) yields

2y+6

1 + 1
[Hllz1 + lulln < CATe- (1 +A¥) 200070 < C(1+AT-00rD), (4.33)
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We infer from the definition of 0 in (4.2) that

2y +0 <1—29
42-0)2y-1) — 4

’

which along with (4.33) gives (4.24). It remains to prove (4.25). Substituting (4.32) into
(4.28), we derive

4y—2+0+€2

|olule'? |, < CAZ (1+ A% )&l < C(1+ ATEDEy D), (4.34)

By the definition of 8 in (4.2), it is not hard to show that

4y -2+ 0 + 62 _1+9
20-0)2y -1~ 2

’

which combined with (4.34) leads to (4.25). O
In terms of A, we can derive the following weighted estimates for Ps and p|u|?.

Lemma 4.5 Let 8, 0 be as in (4.2), then there exists a positive constant C depending only
ony, A, i, v, M, 2, and ||f|| such that for every a € (0,1) and x € 2, we have

P 2)pit :
(Ps + plul*)p27(x) deC(HA%)' (4.35)

Q e —xo]¥

Proof Fix o € (0,1) and x, € €2, we denote by

3
5 @2 @)(x — x0)
| — x0|*

&(x) (4.36)

Direct calculus gives

AR,
= x|

3-28
2¢

\%3 (H— O{ 5 (8 —x0) ® (x —x0) + (x—xo)®Vg0).
| —xo|

Combining this with 8 € (0, 3), we get
|VE] =< Clox —xo[ ™.

Hence, &€ € W&’r(Q) forall r € [1, %). In particular,
V&2 =C, &l < C.

Thus, substituting & into (3.11) yields
/Q(P(; divé — p(u-V)u- E)dx

:/[,uVu:VS+(A+u)divudiv‘;‘]dx
Q
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1
+KiHTVU{+§VQHRy§—pf§]¢x
< C(+ [lullm + HIZ). (4.37)

The left-hand side of (4.37) can be estimated as follows.
On the one hand, we have

3 1 3
3-a)p2?  (3-2B)p27F 3-a)p2?
divg = 8= B2 vy B0 (4.38)
lx —x0|* 2|x — x| lx —x0|*
On the other hand, direct computation shows that
3
g2’
—pu-V)u-£&€ =-pu- V[i(x—xo) . Vu:|
| —%o*
3 Pp
— 2 f— f— . 2
R ('“' oot (%)) )
(3-2B)p>*p
XAV Pl —x0) - w) (Vo - ).
PTPEaT ((x=x0) -u)(Ve - u)
Then we obtain from integration by parts and Holder’s inequality
—/ pa-Vu-&dx
Q
3
1-a)p2?
> / (w jul? - Cp> 7 plu|| Ve - u|) da
a\ [x—xo|*
3
1-a)p2?
> / <7( D90 |uf? - Cp? pluf - Cy P p(Vg u)2) dx. (4:39)
o\ [x—x0|*
Inserting (4.38) and (4.39) into (4.37), we derive that
3
(Ps + plul)p> P (x)
x
Q % —x0|*
< C(L+ llull + 1HIZ + [ pla- VYo ™|+ [Psp™] 1 + [ plule™™] 1),
which together with (4.23)-(4.25) implies that
P 2)pi-h w oL .
B+ pla)02 70 4 c14n™ v aF) <c1+a),
Q % —x0|*
The proof of Lemma 4.5 is finished. 0

Lemma 4.6 Let 0, 8 be as in (4.2), then there exists a positive constant C depending only
ony,  u,v, M, 2, and ||f| 1~ such that for every x, € 2, we have

2(1-6) 28 .
/ﬂﬂﬂ——lijﬂdxgca+A%ﬁ. (4.40)
o  lx—xl
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Proof Note that

pluP 99 (x) (pﬂpg"g )%(plulzgog‘f‘)l‘e( 1 )9‘3
| — ol | —x0]* | —xo[* lox — %0 '

Hence, due to p¥ < Ps, we obtain from Young’s inequality

3_ 3_
pluPt g% () _ <P5<P2 P plufe2? 1 )
e — xo| lx—xol®  lx—x0]*  |x—xo|?

Integrating both sides of this inequality over  and using (4.35), we get (4.40) and finish
the proof of Lemma 4.6. d

In order to show the boundedness of || o|u|?| zs, we have some delicate analysis. In view
of Lemma 2.1, there is £ > 0 such that ¢(x) = d(x) in Ay;. Introduce the vector field

n(x) = Vo(x), neC'(Ay), |n(x)| =1 (4.41)

Fix an arbitrary o € (0,1) and x € A;. Define the vector field

(4.42)

£(x) = [w(x) —p(x0)  @x)+ w(xo)]n(x)’

+
A_(x,%0)” Ay (%, 20)%
where
A (x,%0) £ |(x) £ @(xo)| + & — x0]*.

Then we have the following properties of &, whose proof can be found in Appendix A
of [13].

Lemma 4.7 There is a positive constant C depending only on o and Q2 such that for every
x,x0 € A; and for every u € R3, we have

1 1
Ex)| <C, |VEW)| < C(A_(x,xo)“ A WrPAT +1>, (4.43)
. .. 1— 1 1
e b e e LR R (4.4
. l-« 1 1
divé > 5 (A_(x,xo)“ + A+(x,x0)"‘) -C, (4.45)
V&N 2@,) < C. (4.46)

Lemma 4.8 Let a € (0,1) and xy € Q. Assume that { € C*®(Q) satisfies
>0 inQ, =0 inQ\Qyp,
then there exists a positive constant C depending only on y, ;, 1, v, M, @, ||f|| 1, a, and ¢

such that

¢ Ps(p)(x)

v dx < C(L+ [[ulln + [Hl gt + I1Psllx + | olul?] ). (4.47)
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Proof If xy € ;. Let & be as in (4.42). Noting that
|§] < 4(diam )",
which combined with (4.46) yields
I£&Nm = C.
Hence, replacing & by ¢& in (3.11) implies
fg(;pu"ufag/ +¢Ps divE) dx
= L[uVu :V(CE) + (A + ) divudiv(g“é)] dx
o [[rrveem s e e orce|as
- /Q[P(;V;“ &+ p(VE-u)(u-§)]dx. (4.48)
By Holder’s inequality, it follows that
[ 17968 + 6.+ ) divudiv(ee)] i < Clul,
[ [Hrveoms SvuR) -8 ot -ce s < Mg 1),
fQ[Pm &+ p(VE - w(u-§)]dx < C(I1Psl + [ olul] ).
Substituting the above estimates into (4.48), we obtain, for all xy € A,,
/Q (ou't/ 98 + ¢ Ps divE) dx < C(1+ [|ullpn + [Hllpr + [1Psllpn + [[plul?[ 1), (4.49)

It follows from (4.44) that, for x € A,

S l-« 1 1 2
L 0:E" > . — 2,
puoE (x) = — ( NPT +(x’x())w>p|u n(x)|” - Cplul

which together with (4.45) and (4.49) leads to

fier (5 )
QC ’ A—(x’xo)a +A+(x;x0)a ¥

< C(1+ llullgn + [Hllgn + I1Psli + [ pla?] 1) (4.50)

Since |¢(x) — ¢(x0)| < |x — x0|, we have A_(x,x9) < C|x — x¢|. Combining this with (4.50)
gives, for all xy € Ay,

¢ Ps(p)(x)

v dx < C(L+ [[ullgn + [Hll gt + IPsllx + | olul?] 1) (4.51)
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Ifxy € Q\A;. Since ¢ vanishes in 2\A;/y, the inequality 2|x — x| > ¢ holds for all x € supp ¢
and xg € 2\A;, and hence for all xy € Q\A,,

¢ Ps(p)(x)

e = CIRsl,
Q — A0

which combined with (4.51) yields the desired estimate (4.47). O

Lemma 4.9 For every nonnegative function n € Ci°(2) and every xo € Q, there exists a
positive constant C depending only on y, :, u, v, M, Q, ||f| 10, and 1 such that

nPs(p)
/|x x0|deC(1+||ll||H1+||H||H1+||P8||L1+H,O|IJ|2||L1). (4.52)
o Jx—

Proof Fix an arbitrary xy € €2, letting

N X — X0

¢(x)

v — x|

Obviously, V¢ < —<—. Thus n¢ € Wé’Z(Q) and

lx—xo] *

ndlln < C. (4.53)
Integral identity (3.11) with & replaced by n¢ implies
L(npuiujaiéf + nPs div ¢) dx
= L[,uVu :V(ne) + (A + ) divudiv(nqS)] dx
o [HTV(nrb)H + SV(HP) - ng - pf - n¢] dx
- (2290 4 p(¥n- -] d
which combined with (4.53) and |¢| =1 leads to
/Q (nou'td 9:¢/ + nPs div @) dx < C(1+ [[ulln + [Hll + [ Psllps + | plul?] 1) (4.54)

On the other hand, direct computations give

C-¢@gu-u_

uiujaiqﬁj = >
[ — x|

0, dive = (4.55)

| — x|
Inserting (4.55) into (4.54), we deduce the desired result (4.52). O

Lemma 4.10 Let o € (0,1). Then for every xo € Q, there exists a positive constant C de-
pendingonly on y, ;, 1, v, M, Q, ||f|| 10, and o such that
P§(p)

/ = dx < C(1+ |laflgn + [Hllg1 + |Ps |1 + H,O|“|2||L1)~ (4.56)
Q lx—xo]
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Proof Choose a nonnegative function n € C*(2) such that n equals 1 in a neighborhood
of 9Q2 and 7 vanishes in ©\€2,/,. In particular, we have 1 — n € C3°(£2). We obtain from
Lemmas 4.8 and 4.9

P P, 1-n)P,
/ 5(0) dx§/ nPs(p) dx+Cf( n) s(p)dx
Q lx—xo|* Q lx—wxol|* @ lx—xol*
< C(1+ [lullzn + [Hllg + [1Psllze + || olal? || 1) (4.57)

By virtue of Young’s inequality, we have

Ps(p)” _( Ps(p) )( 1 )“’< CPs(p) C

lx—axol  \lx—ax0l*) \lx—wol*@/) = |x—x0l*  |x—wxoltre’

Integrating both sides over © and noting that 1 + < 2, we get

‘/P‘S('O) dxfC/MdaHC,
Q lx—xo] Q lx—xol*

which together with (4.57) implies (4.56) and completes the proof of Lemma 4.10. O

With Lemmas 4.1-4.10 at hand, we are now in a position to prove Proposition 4.1.

Proof of Proposition 4.1 It follows from (4.40) and Lemma 2.4 that
A éf ,o|u|2(2_9)<p2ﬁ dx
Q

<Cllul?; sup dx

x0€Q

/ plu2-9¢2 (x)
Q

lx — %ol

<Cllu)% (1+4%), (4.58)

which combined with (4.24) implies that

A<C(1+AY)(1+AT) <C(1+A73). (4.59)
Since 1 — % € (0,1), we easily obtain from (4.59)

A<C, (4.60)
which together with (4.24) yields

[Hllz2 + llullpn < C. (4.61)
Note that

Pl = (PP FEta (Pyo) PR

Making use of Young’s inequality, we derive from (4.23) and (4.60) that

/ Pldx<C / ((Psp™ ) + PspP)dx < C(1+ AT ) < C. (4.62)
Q

Q
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It remains to show that
|otul?] < C. (4.63)

Set a £ yés_ 5" It follows from (4.4) and (4.2) that o € (0,1). Thus, we obtain from

Lemma 2.4, (4.56), (4.61), and (4.62)

f PS(p)lul?dx < C(L+ [l + [ Hlgn + 1Psllp + [ olal| 1) Il
Q

<C(1+|plal?|,). (4.64)
On the other hand, we have
pF5 = p7 < CPY(p).
Hence
pr% lu?dx < C(1+ | plul?] ). (4.65)

Notice that

2. 25 2 38 6571
pla® = (p3=u®) 7 [ul>7.

Then Holder’s inequality yields

3-—s s—1
s 7 T
f,os|u|25dx§ (/ p32—s|u|2dx) (/ |u|6dx> . (4.66)
Q Q Q

It follows from Sobolev’s embedding theorem that
lullze < lall;n =G,

which combined with (4.65)-(4.66) implies
3-s

/ pluf®dx < C(| plul?] 7 +1). (4.67)
Q

Since % <, (4.63) easily follows from (4.67).
This completes the proof of Proposition 4.1. d

5 Proof of Theorem 1.1
According to (4.3) and the compact embedding W'2(Q) — L#(R2) for p € [1,6), we can
choose a subsequence such that

8psy — 0 inD'(RQ),

us—u,  H; —~H weaklyin W"*(Q),
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us — u, H; — H strongly in L?(2) for p € [1,6),
ps — p weakly in L7*(Q),

pi =~ p” weakly in L*(Q).
Combining this with Lemma 2.2 and (4.3), we obtain
psus — pu and psus @us — pu®u  weakly in L5(2).
Then, passing to the limit § — 0 in the approximate equations (3.6)-(3.9), we get

div(pu) =0 in D'(Q),
—puAu— A+ p)Vdiva+ p(u- V)u+Vp? —(Vx H) x H= pf inD'(Q),
—VAH-V x (ux H) =0,

divH =0,

diV(Wu(;) + (p,;b/(pg) —b(ps))divus =0  in D'(RQ).

Hence, to complete the proof of Theorem 1.1, we have to show the strong convergence of
s to p in L1(€2). This task can be fulfilled following Section 4.11, pp.239-245 in [24] and
we will not give the details here.

The proof of Theorem 1.1 is finished.
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