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1 Introduction and main results
In this paper, we consider the existence of weak solutions for the following gradient elliptic

systems:

—Apu = hax)|ulPu + )»1% || |v|Pv + F, (%, u,v) — hi(x) in R,

AV = M@ Iy + A 22w vIPu + Fy(x,u,v) — ha (%) in R, 1)

o+l

u=v=0 on 0€2,

where Q ¢ RN (N > 3) is a bounded smooth domain, Apu = div(|Vu|P~2Vu) denotes the
p-Laplacian, 2 < p <N and o > 0, 8 > O satisfy

a+B+2=p.

F € CH( x R?,R) and F;(x,s, t) designates the partial derivative of F with respect to s and
h,hy € L1(R2) (g = p/(p — 1)). The coefficient functions 4, b, c € C(2) N L*°(£2) satisfy one
of the following conditions:

(Al) a* #0, where a*(x) := max{a(x),0};

(A2) c* #0;

(A3) a=c=0and b* #0.

Let W be the product space Wé'p(Q) X Wé’p(Q) equipped with the norm ||(&,v)| =
(lull? + [v|IF)"7 for all (u,v) € W, where |lul = ([, |Vul’ dx)"? for any u € W&’p(Q). The
embedding Wé’p (2) — L?(L2) is continuous and there exists a positive constant C such
that

Il < Cllull  for all u € W,”(S), )

where || - ||;» denotes the norm of L?(2).
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Consider the following nonlinear eigenvalue problem with weights:

—Apu:Aa(x)lulp‘2u+)\%|u|°‘|v|ﬂv in Q,
Ay =A@ P2y + A 22 e wlfu in Q, 3)

o+l

u=v=0 on 0%2.

If one of the conditions (A1)-(A3) holds, the first eigenvalue A; of (3) is simple, isolated and
positive, and has a unique associated eigenfunction (u, v1) with ||(x1, v1)] =1 and pq > 0,
v; > 0 in Q (the proof is found in [1, 2]).

The Landesman-Lazer-type conditions were introduced by Landesman and Lazer in [3],
where they considered the existence of weak solutions for the resonant elliptic problems,
and then were widely used and extended (see [1-10] and their references). For nonlinear
elliptic systems, let Fs(x,s,£) = gi(s), Fi(x,s,£) = g&2(¢) and by using the some Landesman-
Lazer-type conditions, Zographopoulos in [1] proved the existence of weak solutions for
problem (1) at resonance with the first eigenvalue 1;, and by using the Landesman-Lazer-
type conditions due to Tang and the G-linking theorem, Ou and Tang in [2] proved the
existence of weak solutions for problem (1) at resonance with the higher eigenvalues of
problem (3). When p = 2, Silva in [10] introduced the new Landesman-Lazer-type con-
ditions and proved the existence of weak solutions for problem (1) by using variational
methods, Morse theory and critical groups.

Motivated by [10], we consider the existence of weak solutions for problem (1) under the
certain Landesman-Lazer-type conditions. We now give some auxiliary conditions.

(F1) Thereis h € C(£2,R*) such that

|Fs(x,s, t)’ <h(x) and ’F,(x,s, t)‘ <h(x), V(xst) € xR
(F2) There exist functions f**,f~~ € C(£2, R) such that

[ (x) = lim F(x,s,¢), f(x)= lim F(x,s,¢).
§—>+00 §—>—-00

t—+00 t——-00

(F3) There exist functions g**,g=~ € C(2, R) such that

gt (x) = lim F(x,s,t), g (x) = lim Fy(x,s,2),
t—+00 t—+00

where the above limits of conditions (F2) and (F3) are taken uniformly for all x € .
The Landesman-Lazer-type conditions for problem (1) will be assumed either

(LL)! /f"m+g"v1dx</hl,ul+h2v1dx</f++ul+g++v1dx
Q Q Q

or
(LL); /f“,ul +g"v1dx>/h1u1+h2v1dx>/f“,u1 +g" v dx.
Q Q Q

We are ready to introduce the main results of this paper.
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Theorem 1 Assume that hy, hy € L1(Q2) (q = p/(p — 1)) and one of the conditions (Al)-(A3)
holds. If F satisfies (F1), (F2), (E3) and (LL)], then problem (1) has at least one solution.

Theorem 2 Assume that hy, hy € L1(2) (q = p/(p — 1)) and one of the conditions (Al)-(A3)
holds. If F satisfies (F1), (F2), (E3) and (LL)], then problem (1) has at least one solution.

2 Proofs of theorems
Let J: W — R be the functional defined by

](u,v):¢(u,v)—k11/f(u,v)—/F(x,u,v)dx+/hl(x)udx+/h2(x)vdx, (4)
Q Q Q
where
1 1
q’)(u,v):—/ |Vu|pdx+—/ |VvPdx, and
pPJa pJa

1 Dy s » p
¥ (u,v) p/ﬂa(x)|u| dx+p/9c(x)|v| dx + fb(x)|u| vIPuv dx.

(o (/3 1)
If one of the conditions (A1)-(A3) holds, by (F1) and /i, sy € L4(R2), it is not difficult to
verify that J € CY(W,R), and it is well known that a critical point of the functional J in
W corresponds to a weak solution of problem (1). We will prove Theorem 1 by the sad-
dle point theorem due to Rabinowitz (see [11]) and Theorem 2 by Ekeland’s variational

principle (see [12]).

Proof of Theorem 1 We divide the proof into two steps.
(i) We claim that the functional J satisfies the (PS) condition. Let (u,,,v,) € W be a (PS)
sequence for the functional J, that is,

J(tp,v,) —ceR and J'(un,v,) — 0 aswn— oo. (5)

We first verify that (u,, v,) isbounded in W, and then prove that (u,, v,) has a convergent

subsequence. Suppose, by contradiction, that K}, := || (,, v,) || = (|t ||? + [V, |P)YP — 00 as
n— o0. Let u,, = u, \ Ky, v, = v, \ K, then (i1, v,,) is bounded in W/, that is,

l#, 1 + [V,]1P =1 for all .

Hence there is a subsequence of (i, V), still denoted by (#%,,V,), and (&,7) € W such
that (&,,v,) — (4,v) weakly in W, (&,,v,) — (&,V) strongly in L?(2) x L?(2) and
(11 (x), Vu(x)) — ((x), v(x)) for a.e. x € Q. From (F1), (2) and Holder’s inequality, we ob-
tain

’/ F(x,u,v)dx
Q

§/|F(x,u,v)|dx

Q

= / |F(x,u,v) - F(x,0,0) + F(x,0,0)| dx
Q

I,

1
/ (Fs(x, Tu, ™V)u + Fi(x, Tu, rv)v) dr
0

dx +/ |F(x, 0,0)| dx
Q
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< / hx)(|ul + [v]) dx + Co
Q

< Cliallza (lull + IvIl) + Co (6)

for all (u,v) € W, where Cy = fQ |F(x,0,0)| dx, hence we get

1

7/F(x,u,,,vy,)dx—>0 as 1 — 00, (7)
lenll? + [vall? Jo
and from &y, hy € L1(Q2) (g = p/(p — 1)) and Holder’s inequality, it follows that

1

m / (hll/ln + hzv,,)dx — 0 asun— oo. (8)
n n Q

From (&1, V,) — (&, V) strongly in L?(Q2) x LP(S2), we have |iz,|? — |u|? and |v,|P — [v|P
strongly in L}(Q) x L'(R2). Hence, it follows that

|/ a(x)|itn|pdx—/a(x)|it|pdx
Q Q

as n — OQ.

<lallr= [ |l - | dx — 0 )
Q

From (i1,,(x), V,,(x)) — (&(x), V(x)) for a.e. x € Q and

/Q il

. . . P
/Q||vn|ﬂvn|ﬂ+l dx = [P, — 17117, = /Q||vlﬂv|ﬂ“ dx

b
a+l dx,

P

it - p =P ~ o

T g = iyl — ||u||Lp=f||u|°‘u
Q

asn — oo, it follows that |z, |“#,, — |i#|% % strongly in La (Q) and |7,,|7,, — |¥|#¥ strongly
P
in L?1(2). Hence from Holder’s inequality we obtain

/ D)l | 17 P — V] 717 57) dlx
Q

< bl [ (1015t V151 5,7]
Q
bl [ 10 51,5 g 775 d
Q
~ 1 ~ ~ ~ ~
< bl [ 17l 17075, - 7173 d
Q

T T T RN
+ bl / gl 181 - 171 i
Q

~ 1
< 1Bl atullFy

[15175 = 9179,
L A e [ A ]
— 0 asn— oo. (10)

From (5) it follows that

lim sup ](uz,pvn) =<

n—00 n
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Combining the above inequality with (7), (8), (9) (10) and « + 8 + 2 = p, we have

limsup(f |Vﬁn|pdx+/ |V17n|pdx>
n—00 Q Q

P 4 p ALy
5)\1(/Qa(x)|u| dx+/9c(x)|v| dx + (a+1)(13+1)/;2b(x)|u| V| uvdx).

Hence, using the weak lower semicontinuity of the norm and the Poincaré inequality, we
obtain

- -~ P i~ B~ ~
A a(x)|u|pdx+/ c(x) V)P dx + —/ b(x)|u|“|v|’3uvdx>
1(/;2 Q (@+1)(B+1) Jo
5/ |Vﬁ|pdx+f |VVIP dx
Q Q
51iminf</ |Vit,,|pdx+/ |V17n|1”dx)
n—00 Q Q
§limsup</ IVﬁnlpdx+/ IVT/,,Ipdx)
n— 00 Q Q
~ ~ P i~ B~ ~
<X a(x)|u|pdx+fc(x)|v|pdx+7/ b(x)|u|a|V|ﬁMde),
1(/9 Q (@+1)(B+1) Jo

which implies that the following equality holds:

/;2|Vft|pdx+‘/sz|V17|pdx
= i v __r -y B
_kl(/ﬂa(x)lulpdx+LC(x)|v|de+ (a+1)(13+1)/9b(x)|u| 17| uvdx).

By the uniform convexity of W, we have that (iz,,, v,,) converges strongly to (&, v) in W, and
from the definition of (i1, v;), it follows that (iz, V) = (w1, v1).

In the following, we assume that (i, V) = (41, v1), and the case where (i, V) = —(u1, v1) may
be treated similarly. Noting that o + 8 + 2 = p, it follows that

p

I S o P
I(n(a+1)(13+1)/52b(x)|un| [V l” 1y vy, dx

1 1
?——/MMWWMW%WM+ /ﬁmmmmﬁ%nm‘
B+1Jq 1/Jq

o+

Hence from (4) and the above equality, we have

P, v)

a (' (s i), (it V1)

=/(Fs(x,un,vn)itn+Ft(x,un,vn)f/n)dx—E/F(x,umvn)dx
Q Ky Ja

+@—n/mmmww»m. )
Q
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From /1, hy € L1(R2), we observe
‘/thitn+h2f/ndx—> /th,u1+h2v1dx as n — oo. (12)
From (F2) and (F3), we have
/QFs(x, U, Vi) liy + Fr(%, Uy Vi)V dx — /Q(f”ul +g ") dx  asn— oo. (13)
Finally, from the Lebesgue dominated convergence theorem, (F2) and (F3), we have

1
X, QF(x, Ups V) AX

1 ! C
= —/ / (Fs(x,ru,,,tv,,)u,, +Ft(x,tuy,,tv,,)v,,) drdx+ 2
K, JoJo K,

n

1
C
:// (Fs(x,ru,,,tvn)it,,+Ft(x,ru,,,rvn)f/n)drdx+—0
QJo K,

—>/(f”u1 +g" ) dx  asn— oo. (14)
Q

Therefore, taking the limit in (11) and from (5), (12), (13) and (14), we get

/(h1M1+h2V1)dx=f(f++M1 +g""n)dx,
Q Q

which is a contradiction with the condition (LL);. Hence, (1,,v,) is bounded in W, and
there is a subsequence of (u,,v,) without any loss of generality still denoted by (i, v,),
and (u,v) € W such that (u,,v,) = (u,v) weakly in W, (u,,,v,) = (u,v) strongly in L?(2) x
L?(R2). Consequently, from (5), one has

nli)rgo(]/(um Vn)’ (un — U, O)) =0. (15)

From (F1) and Holder’s inequality, it follows that

< llallzallten — ullr — O

f Fy( )t — )
Q

as n — 0o. Similarly, we obtain

=< W llzallun — ullr — O

/ h1(x)(uy, — u) dx
Q

and

-2 -1
/ ) i P21 — ) x| < [l e et 10 — ] 0
Q

-1 -1
< CP allp llun 1P~ |t — uall p

—0
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as n — 00. Combining the above three inequalities and (15), we get
/ (IVuu P2Vt V(1 — 1)) dx — 0
Q
as n — 00. Similarly, we also obtain

lim [ (IVul’*Vu,V(u, —u))dx =0,

n—00 Q

hence

lim / (IVunP>Vu, = |VulP>Vu), V(u,, — 1)) dx = 0.
Q

n—00

From Clarkson’s inequality, that is, there is C, > 0 such that for all ;1,v € RN and p > 2,
=P < Co(InlP2p = IP2v) (1 = v),
it follows that

lim | |Vu, - VulPdx=0,

this is, 4, — u in Wé’p(Q). Similarly, we have v, — v in W&’p(Q), hence (u,,v,) = (4, V)
strongly in W.

(if) We claim that the functional ] satisfies the geometries of the saddle point the-
orem with respect to (Ej, E;), where E; = span{(uy,v1)}, Ex = {(¢,¥) € W fQ(,uf_lqﬁ +

vfflx[f)dxz Oland W=E ®E,.
By the definition of (4, 1), for all £ € R, we have

)»1</ a(x)|tu1|pdx+f c(x)|tv1|P dx
Q Q
T P / b(x)|tm|“|tv1|ﬂtmrvldx)
(@+1)(B+1) Jo
:/’V(t,ul)’pdx+/‘V(tvﬂ!pdx. (16)
Q Q
Moreover, we have
/F(x,tpcl,tvl)dx
Q
:/(F(x,t,uhtvl)—F(x,0,0))dx+/F(x,0,0)dx
Q Q
1
=// (Fs(x,ttm,ttvl)tpcl+Ft(x,ttm,rtvl)tvl)dtdx+/F(x,0,0)dx
aJo

Q

1
:t// (Fs(x,rtul,rtvl)ul+Ft(x,rt,u1,1:tv1)v1)dtdx+/F(x,O,O)dx. (17)
eJo Q
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From the Lebesgue dominated convergence theorem, (F1), (F2) and (F3), we obtain

t—+00

1
lim / / (Fs(x, Ty, Tev) i + Fow, Ty, Thvy)vy) dT dx
aJo
- / (F* 1+ g v d. (18)
Q
Hence, from (4), (LL){, (16), (17) and (18), it follows that

J(tuy, tvy) = t/ (i +h2v1)dx—/ F(x, tpy, tvr) dx
Q Q

— —00 ast— o0.

Similarly, if ¢ tends to —oo, the same result is obtained with f** and g** exchanged with

f~ and g™~ respectively. Hence, in both cases we have

lim J(tp,tv;) = —00. (19)

|¢]—o00

On the other hand, from the definition of A1, there is A > A; such that

/|Vu|pdx+/ |Vv|P dx
Q Q

2)_L(‘/Qa(x)|u|pdx+/s;c(x)|v|pdx+m‘/gb(xﬂmawmuvdx)

for all (4, v) € E;. From (2), (4), (6), the above inequality and Holder’s inequality, we obtain

A=A
J(u,v) = i (el + [vIP) = Cllallza (el + 1911

= (I7mllzalulze + I2llzallvlize) = Co

A=A
> pTl(llullp+ IvI7) = Cr(llell + 1IvIl) = Co (20)

for all (u,v) € E;, where Cy = C(||4l|za + min{|| /2y |24, A2 || L4 }).
Thus, from (19) and (20), there is § € R and Ry > 0 such that if || = Ry we obtain

J(tuy,tvy) <8 < min J(u,v).
(u,v)€Ey

From the saddle point theorem, Theorem 1 is proved. O

Proof of Theorem 2 (i) Similar to (i) of the proof of Theorem 1, we can prove that from
(LL){, the functional J satisfies the (PS) condition.

(ii) Now we will prove that the functional J is coercive, that is,

J(u,v) > +00 as H (u,v) H — 00.
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If the claim does not hold, there is a constant ¢ and a sequence (i, v,,) with || (u,,, v,)|| = oo
as 1 — oo such that J(,, v,) < c. Let K, := (|4 ]|” + |[v4|?)"?, hence we have K, — oo as

n— oo and

lim sup M <0.
H— 00 K,

Define u,, = u, \ K, v, = v, \ K,,, similar to the proof of the (PS) condition of Theorem 1
again, we obtain that (z,, v,) converges strongly to (1, 1) as n — o0o.

Assume that (i, v,,) converges strongly to (141, v;) as n — oo (the case (i, V,,) converges
strongly to —(u1, v1) as n — 0o may be treated similarly), from (14) we have

. J(t, V)
> limsup ———

n—00 I<n

1
lim (/ i, + hyV, dx — — / F(x, u,,,v,,)dx)
n—00 Q ]<n Q

j(h1u1+h2v1)dx—f(f**,u1+g**v1) dx,
Q Q

o
\

v

which is a contradiction with (LL);. By Ekeland’s variational principle, Theorem 2 is
proved. d
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