Zhou and Li Boundary Value Problems (2015) 2015:236 0 BOU nda ry Value PrOblemS
DOI 10.1186/513661-015-0503-5 a SpringerOpen Journal

RESEARCH Open Access

A Ritz-Galerkin approximation to the @
solution of parabolic equation with moving
boundaries

Jianrong Zhou' and Heng Li**

“Correspondence:

holioo18@louisville.edu Abstract

’Department of Mathematics, . . . . . . .
Umvpemy of Louisville. Lovisville. KY The present paper is devoted to the investigation of a parabolic equation with
40292, United States moving boundaries arising in ductal carcinoma in situ (DCIS) model. Approximation
Full list of author information is solution of this problem is implemented by Ritz-Galerkin, which is a first attempt at

ilable at the end of the articl . . . . . .
aalableatine end otihe oricle tackling such problem. In process of dealing with this moving boundary condition,

we use a trick of introducing two transformations to convert moving boundary to
nonclassical boundary that can be handled with Ritz-Galerkin method. Also, existence
and uniqueness are proved. lllustrative examples are included to demonstrate the
validity and applicability of the technique in this paper.

MSC: 35K05; 35K15; 35K20; 35Q68

Keywords: Ritz-Galerkin method; Bernstein polynomial basis; parabolic equation;
moving boundaries; initial boundary value problem; approximation solution; ductal
carcinoma in situ (DCIS) model

1 Introduction

Ductal carcinoma in situ (DCIS) is isolated within the breast duct and has not spread
to other parts of the breast. According to the appearance of the tumor cells proliferat-
ing within the duct, DCIS was classified into two types, comedo and noncomedo. The
noncomedo-type DCIS tends to be less aggressive than the comedo types of DCIS. There
are three common noncomedo types of DCIS: (1) Solid DCIS: cancer cells completely fill
the affected ducts. (2) Cribiform DCIS: cancer cells do not completely fill the affected
breast ducts; there are gaps between the cells. (3) Papillary DCIS: the cancer cells ar-
range themselves in a fern-like pattern within the affected breast ducts. The model for
the growth of a tumor consisting of live cells was first proposed by Byrne and Chaplain [1,
2] (also see Friedman and Reitich [3]), which is in the form of a free boundary problem.
After that, much research was developed (for more information, see [4—14]). In this paper,
we describe the solid type of DCIS by an one-dimensional model. Assume the tumor to
be within the interval [¢;(£), ¢2(£)] at each time ¢; the growing boundaries of the tumor are
given by x = ¢ (t) and x = ¢, (¢). Since tumor growth strongly depends upon the availability
of nutrients, its diffusion through the growing material is introduced in the description of
model. We model tumor growth by using the dimensionless nutrient concentration u(x, t)
that satisfies a reaction-diffusion equation. In this case, the model is simplified to the fol-
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lowing parabolic equation:

du 92
ow_ou_ A@ulx,t), @) <x<e(t),0<t<], 11)
ot  dx?

with initial condition

ux,0) =f(x), @1(0) <x<@s(0), 1.2)

boundary conditions

u(gal(t),t) =g(), O0<t<l, (1.3)

u(pa(t),t) =@(t), 0<t<l, (1.4)

and compatibility conditions

21(0) =f(¢1(0)), (1.5)
2(0) =1 (2(0)). (1.6)

Here A(x)u(x,t) denotes the nutrient consumption rate at the location «x at time £. The
problem is to determine u(x, £) for given A(x), f(x), ¢1(£), ¢2(2), g1(¢), and g»(%).

So far, there are many publications about parabolic equations with fixed value boundary
condition [15, 16], but to the best knowledge of the authors, this is the first time that Ritz-
Galerkin method is used for moving boundary value problem presented here. Therefore,
it is also significant mathematically.

The Ritz-Galerkin method in Bernstein polynomials basis is the method to convert a
continuous operator problem to a discrete problem, which essentially converts the equa-
tion to a weak formulation, and then apply some constraints on the function space to
characterize the space with a finite set of basis functions. It has been widely used in many
areas of mathematics, especially in the field of numerical analysis [17-21].

In this paper, we obtain the existence and uniqueness of the one-dimensional nutrient
concentration DCIS model (1.1)-(1.6). Furthermore, this is the first time the Ritz-Galerkin
method in Bernstein polynomials basis is employed to give an approximate solution of the
parabolic equation with moving boundaries. Illustrative examples are included to demon-
strate the validity and applicability of our technique.

The paper is divided as follows. In Section 2, we present an equivalent form of original
problem. Section 3 is devoted to the existence and uniqueness of a solution. The proper-
ties of Bernstein polynomials are presented in Section 4. The numerical schemes for the
solution of equations (5.1)-(5.6) are described in Section 5. Section 6 presents two test

examples to support the new method. Finally, conclusions are made in Section 7.

2 Equivalent problems
In this section, we introduce two transformations to convert our problem (1.1)-(1.6) to
two equivalent forms. Therefore, we may apply the Ritz-Gelerkin method to the second

equivalent form to get approximation solution of problem.
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Introduce the first transformation:

x—@i(2)

="’ 2.1
@a(t) — 1) @1)
Then the variable x € [¢; (), ¢2(¢)] makes & € [0,1].
Let
v(x, 1) = u((02(t) - 1(6))x + 1 (8),8), 0<x<1t>0. (2.2)
Then
u(x, ) = V(M, t) - v(E, ), (2.3)
@2(t) — 1 (2)
a_u - ﬂ . o (2.4)
I & @) -¢i(®)’ ’
82_” - & ) I (2.5)
x> 0E2 [pa(t) - e (8)]? '
ou Jdv v
E = E — % . B(x, t), (26)
where
Blx,0) = @1 () (@2(2) — @1 (2)) + (x — @1(8) [905 () — 91 (2)] . 27)

(@2(t) = (1))

Under the first transformations (2.1), problem (1.1)-(1.6) becomes the first equivalent
form as follows:

v 1 v o~ v o~

5:m' w+B(x,t)£—)\(x,t)v(x,t), 0<x<1,0<t<1, (2.8)
with initial condition

v(x,0) :f(x), O<x<l, (2.9)
boundary conditions

v(0,£) =g(t), O0<t<l, (2.10)

‘/01 v(x, t)dx = %, 0<t<l, (2.11)

and compatibility conditions

2(0) = f(¢1(0)) =£(0), 2.12)
'~ )
| Twds= 213
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where

(0 + [3(8) — @1 ()%

B(x, 1) = B(gr () + (92(t) — 1 (1)), £) = o -0 (2.14)
8 = (@) + (920 - 1)), (2.15)
F) = £ ((#2(0) = 91(0))x + 1 (0)). (2.16)

In order to facilitate the application of the Ritz-Galerkin method, we introduce the sec-

ond transformation:

H(x,t) = v(x,t) — (1 - x)g1 () — xg>(2). (2.17)
Then

D v de®)  dee) 018)
ot Jat ot at

L a0, (219)
x  0x

92H B 9%v (2.20)

a2 ox2 '

According to transformation (2.17) and equations (2.18)-(2.20), we have

oH B 1 92H
ot [ea(t) —u(D)]*  0x?
0<x<1,0<t<], (2.21)

~ oH ~
+ B(x, t)a— — M, t)H(x, t) + K(x, 1),
x

with initial condition
H(x,0) = f(x) - (1 - x)g1(0) —xg2(0), 0<x<1, (2.22)
boundary conditions

H(0,£)=0, O0<t<l, (2.23)

H1,t)=0, 0<t<1, (2.24)

and compatibility conditions

H(0,0) =0, (2.25)
H(1,0) =0, (2.26)
where

K(x,1) = Bx,1)(g2() - @1(8)) — 26, 1) (1 — %)@ (8) + x2(2))

d@(?) xd(gz(t))
dt dt

-(1-%) (2.27)
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From (2.2), (2.3), and (2.17) we obtain

H(x, 1) = u((p2(t) — 1(8))x + @1 (2), £) — (1 = %) () — %2 (2) (2.28)

and

_ x - ¢1(2) _ x—u(®) x—@i(t)
o) =H( ) (1 e )20 o @2

3 Existence and uniqueness
In this section, the existence and uniqueness of a solution of problem (1.1)-(1.6) are dis-
cussed.

In order to facilitate the deduction of the problem, we need to make another transfor-

mation. Let
! -2
1= [ [0 - @] dr = 40 (31)
0

and

t=vn), (3.2)
where  is the inverse of the mapping n = A(t).

Setting
v(x, 1) = wlx, ), (3.3)

it follows from the chain rule that

v B ow 1 (3.4)
at  on [et) - ()] '

d 0

v _ _W, (3.5)
ox  Ox

%y 3w

— = . 3.6
0x%  0x? (36)

Thus, problem (2.8)-(2.13) can be reduced to the following form:

aw(x,n) ) 32w(x,n) + B n)aw(x, n)

5 o2 — A, nwx,n), 0<x<1,0<t<T, (3.7)
n x

with initial condition
w(x, 0) =]7(x), O<x<l, (3.8)
boundary conditions

w(0,n) =& (w(n))’ 0<n<T, (3.9)

w(l,n) =g(v®), 0<n<T, (3.10)
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and compatibility conditions

w(0,0) = g1(0) =£(0) = £ (¢1(0)), (3.11)
w(1,0) = £(0) = f(1) = £ (¢2(0)), (3.12)
where

2

B(x,n) = [@2(v () — o1 (W) ] B(x v (1)), (3.13)

i) = [e2(w () — o1 (W) [P (%, ¥ (), (3.14)
1

7= [ [oto-a0)] *a. (315)
0

Assumption For the function F(x, n, w, p), we shall assume the following:

(a) The function F(x, n, w, p) is defined and continuous on the set
Q={(nw,p)|(xn) € [0,1] x [0,1],—00 < w < 00,—00 < p < 00};
(b) For each C > 0 and for |w|, |p| < C, the function F(x, n, w, p) is uniformly Hélder

continuous in x and 7 for each compact subset of Dy = {(x,1)|(x, 1) € (0,1) x (0,1]};
(c) There exists a constant Cr such that

|F(x,n, w1, p1)| = |[E(x, 1, wa, p2)| < Ce[lw1 = wal + |p1 = pol ]
for all (w;,p;),i=1,2.

Applying the results of Cannon [22], p.351, Thm. 20.3.3, to the initial boundary value
problem given by equations (3.7)-(3.12), we have the following theorem, which gives the

existence and uniqueness of its solution.

Theorem 1 Suppose that the function
F(x’ m W:P) = B(?C, U)P - jl(x’ 77)W (316)

satisfies the above assumption, f(x) is continuously differentiable, f(x) and 7/(96) are
bounded, g(Y(n)) is continuously differentiable, and g,(y(n)) is continuously differen-
tiable. Then there exists a unique bounded solution w = w(x,n) of initial boundary value
problem (3.7)-(3.12). Moreover, this unique solution has a bounded continuous derivative
with respect to x.

According to the relationship of functions u(x, t), v(x, ), and w(x, n), we can easily get
the following theorem.

Theorem 2 Assume that

Ax) € C[0,1], f(x) € C'[¢1(0),¢2(0)], @(0),2(8),@1(t),02(t) € C'[0,1].  (3.17)
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Then there exists a unique bounded solution u = u(x,t) of initial boundary value problem
(1.1)-(1.6). Moreover, this unique solution has a bounded continuous derivative with respect

to x.

4 Bernstein polynomials and their properties
The general form of the Bernstein polynomials of mth degree proposed by Bhatti and
Bracken [23] is defined on the interval [0,1] as

Bim@) = ———a'1-x)"", 0<i<m. (4.1)

i(m - i)!

It can easily be shown that all Bernstein polynomials are positive and that the sum of all

Bernstein polynomials is unity for all real x € [0, 1], that is,
m
Y Bim®) =1, x€[0,1]. (4.2)

Moreover, the Bernstein polynomials have the following properties:

B, (%) = 1 —x)Bim-1(%) + xBi_1,m-1(%), (4.3)
m—i i+1
B;y-1(x%) = ——Bim(x) + —Bir,m(%), (4.4)
m m
B, (%) = m(Bi1,n1(x) = Bi-1(x)), (4.5)
! 1
/ Biym(x) dx = , i=0,1,...,m. (4.6)
0 m+1

Each kth-degree Bernstein basis function can be expressed in the mth-degree Bernstein
basis functions (see [24]):

ka: K\(m — k)lji(m — )!
l‘ —

Bin [ =0,1,...,k) fork <m. (4.7
DG —0)lm —k—j+i)lm! (0 @ k) for k <m. (4.7)

=i

The set of Legendre polynomials, denoted by {Li(x),k =0,1,...} is orthogonal with re-
spect to the weighting function w(x) = 1 over the interval [0, 1]. These polynomials satisfy
the recurrence relation [25]

(k+1)Lra(x) = 2k +1)(2x — 1)Ly (x) — kLx_1(x), k=1,2,..., (4.8)
with
Lo(x) =1, Li(x) =2x-1. (4.9)

It can be shown [26] that the Legendre polynomial L,,(x) can be expressed in the mth-

degree Bernstein basis B, (%), B1, (%), . .., Bum(x) as follows:

m

)= D (1) By (). (4.10)

1l 1
— i! (m i)!
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Thus, from (4.7) and (4.10) we can obtain that any given polynomial P,,(x) of degree m
can be expanded in the mth-degree Legendre and Bernstein base on x € [0,1]:

Pm(x) = ZlkLk(x) = Z CiBi,m(x)' (411)
k=0

i=0

Let V = L%[0,1] be the vector space of real square-integrable functions on [0,1] with

inner product

1
{f,g) = /0 Sf(x)g(x) dx. (4.12)

Remarks
(1) Space Span{Lg(x), L1 (x),..., L (x)} = Span{Bg ;,,(x), B1u (%), ..., Byum*)}:=Y C V
and By (%), Bo, (%), - . ., Byy,m(x) are bases of the subspace Y of V.
(2) Letf(x) € V = L2[0,1]. Then there exists a unique best approximation to f(x) out of
Y such that yo(x) € Y; that is, if y(x) € Y, then

|yo@) —f@)] < [ly@x) —f@)|; (4.13)

moreover,

Yo (x) = Z CkBk,m = (CO) Clyeves Cm) (BO,m(x)¢B1,m (x)7 e th,m(x))T = CTd’r (414)
k=0

where the coefficient matrix C? can be obtained by

cT=(f,07\p,07)". (4.15)

5 Bernstein Ritz-Galerkin method

In this section, we apply the Ritz-Galerkin method to the second equivalent problem
(2.21)-(2.26) in Section 2. Then an approximate solution of the original problem can be
easily obtained by (2.29).

Consider the parabolic equation

oH 1 92H Blat) oH X( OHO 8 + Ko )
= —— + B, ) - Ax )H(x, 1) + K(x, 1),
9t [pa(t) —en(®)]> 942 9%

O0<x<1,0<t<], (5.1)

with initial condition
H(x,0) =f(x) - (1-x)g(0) —xg:(0), 0<x<l, (5.2)
boundary conditions

H(0,£)=0, O0<t<l, (5.3)

H(L,)=0, 0<t<l, (5.4)



Zhou and Li Boundary Value Problems (2015) 2015:236 Page 9 of 17

and compatibility conditions

H(@1,0)=0, (5.6)
where
X, 8) = M(e1(®) + (02(8) - @1(0))x), (5.7)
7 =f((92(0) = 91(0))x + ¢1(0)), (5.8)
= _ _@1(@) + @y (8) — ¢ ()]
B(x,£) = B(g1(2) + (92() — 1 (D)%, ) = or =0 (5.9)
K(x,t) = Bx, t) (2(t) — @1(8)) = 2%, (A - 0)g1 (D) + xg2(2))
dgt) dg(?)
—A—a) (5.10)
Let
oH 1 ’H ~ OH ~

F(H) = E - m . W — B(x, t)a + A, )H(x, t) — K(x,t) = 0. (5.11)

A Ritz-Galerkin approximation to (5.11) is constructed as follows. An approximate solu-

tion H (%, 2) is sought in the form of the truncated series

N M
H(x,t) = H(x,0) - (Z > kijtBin(x)Bjan(t) + 1) , (5.12)

i=0 j=0

where B; y(x), Bj»(t) are Bernstein polynomials. From compatibility conditions (5.5)-(5.6)
it is easy to see that the approximation solution H(x, 1) satisfies the initial condition (5.2)
and the boundary conditions (5.3) and (5.4).

Now the expansion coefficients k;; are determined by the Galerkin equations
(F(H®x,0), Bn@Bm(®)=0 (i=0,1,...,N,j=0,1,...,M), (5.13)

where (-, -) denotes the inner product defined by

1 pl
(F(]:?(x, t)),B,-,N(x)Bj,M(t)) = /(; /(; F(Ijl(x, t))B,’,N(x)Bj'M(t) dt dx. (514)

The Galerkin equations (5.13) give a system of (N + 1)(M + 1) linear equations, which can
be solved for the elements k;; using mathematical software.

6 Numerical application
In this section, we perform two numerical examples with the Ritz-Galerkin methods de-
scribed in previous sections. The validity and efficiency of our numerical scheme are

demonstrated by comparing the approximate result with the exact solution.
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Example 1 Consider (1.1)-(1.6) with

Ax) = x, (6.1)
ei(6)=0, 0<t<1, (6.2)
1
<P2(t)=m» 0=<t<], (6.3)
1
f(x) = er, 0= ‘PI(O) <x=< <P2(0) = 5! (64)
_ 1B 024
at) =es , 0=<t<l, (6.5)
@) =32 g <p <, (6.6)

which has the exact solution
1.3 2
u(x, t) _ ex(2—t)+§t —2F +4t’ (67)

From (2.21)-(2.26) we obtain the following equivalent problem:

OH , H x 0H «x
—=0Q2-t) —+—— - —H(x,t) +K(x,t), O0<x<1,0<t<]l, (6.8)
at x> 2-tox 2-t

with initial condition

Hx,0)=e"-1+x(1-¢), O0<x<l, (6.9)

boundary conditions

H(0,t)=0, 0<t<l, (6.10)
H(1,t)=0, 0<t<l, (6.11)
where

x(e—2 +x—ex)

I((x t) — e%t372t2+4t
' 2-t¢

—t-21-x+ ex)). (6.12)
From (2.2), (2.17), and (6.7) we can deduce that problem (6.8)-(6.11) has the exact solution
H(x,£) = 37204 (¢ _ 14 x(1 — ¢)). (6.13)
We applied the method presented in this paper with N = 2, M = 4 and solved equation
(6.8).
From Galerkin equations (5.13) we have
koo =4.026, ko1 =5.411, ko =7.706, kos=9.082, kos=9.3ll,

kio =4.027, ki, =5406, k=771, kys=9.077, ky=9313, (6.14)
kyo=4.024, kyy=5414, kyp=7.701, kp3=9.085 kys=9.310.
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Figure 1 Exact (red) and approximate (green)
solutions of H(x, t) in Example 1.

Figure 2 Exact (red) and approximate (green)
solutions of u(x, t) in Example 1.

From equations (5.12) we can obtain the approximate solution H(x,t) of problem (6.8)-
(6.11) as follows:

N=2 M=4

H(x,t) = H(x,0) - ( kijtBin (X)Bjp(t) + 1) . (6.15)

i=0 j=0

According to (2.29), we can get following corresponding approximate solution 7(x, £) of
problem (1.1)-(1.6):

W £) = H((2 - )x,8) + (1= (2 — 0)x)e30 2044 4 (2 = p)xe3? 207 +4041, (6.16)

Similarly, we can get approximate solutions of problems (6.8)-(6.11) and (1.1)-(1.6) for
different values of N and M.
In Figure 1, the exact and approximate solutions of H(x, £) with N = 2, M = 4 are plotted.

In Figure 2, the exact and approximate solutions of u(x, t) with N = 2, M = 4 are plotted.

Table 1 and Table 2 present respectively the absolute error for H(x,t) and u(x, t) in Ex-
ample 1 after using the method presented in this paper with different N and M.
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Table 1 The absolute error for H(x, t) in Example 1

(x,t) N=2,M=4 N=2,M=6 N=2,M=8
0,0 0 0 0

0.1,01) 451 x10° -923x 1077 9.09 x 107°
(02,02)  898x10™ 1.00x 10°  -3.19x 1078
03,03) -7.04x10° 268 x 107 672 x 1078
(04,04) -197x10% -349%x10° -304x10°8
(0505 -160x10"* —-419x10° -821x 1078
(0.6,0.6) 123 x 107 437 %107 1.02x 1077
(0.7,0.7) 280 % 107 462 x 107 962 x 107°
0.8,0.8) 562x107°  -414x10° -734x10°%
09,09 -146x10"% -427x 107 5.06 x 1078
Mn 0 0 0

Table 2 The absolute error for u(57;, t) in Example 1

(x,t) N=2,M=4 N=2,M=6 N=2,M=8
(0,0) 0 0 0

(0.1,0.1) 780x 10  -164x 107 162 x 1078
02,0.2) 137 x 107 152x10°  -489x 1078
03,030 -919x10° 339 % 107° 852 % 1078
04,04) -202x10% -361x 10 6 325%x10°8
(05,05 -123x10%  -3.19x 10 621 x 1078
(06,0.6) 791 x 107 270 x 1070 613 x 1078
0.7,0.7) 1.12x10™ 169x10°  -815x 10710
(0.8,0.8) 881x10°% -110x10° -174x10°%8
09,090 -168x10° -1.12x 1078 572 % 107°
(1,1 0 0 0

Table 3 The L2 norm errors for functions H(x, t) - H(x, t) and u(x, t) - Ti(x, ) in Example 1

(NI M) “ H(xl t) - H(X, t) ||L2([0,1]x[0,1]) “ u(xl t) - ﬁ(xr t) "Lz([(h (8),92(D]1x[0,1])
2,3) 334 x 1077 274 x 1077

(2,4) 192 x 1078 151 x 1078

2,5) 200 x 10710 161 x 10710

(2,6) 925 x 10712 707 x 10712

2.7 1.06 x 10713 830x 107"

(2,8) 281 x 1071 2.09 x 10715

1

Table 3 presents the L norm errors for the functions H(x, t) — H(x,t) and u(x, t) -

in Example 1 with different N and M.
Example 2 In this example, we solve (1.1)-(1.6) with
Alx) =0,
N
o1(t) = mn(at), 0<t<l,
e
() =1+ sm(§t>, 0<t<l,

fx) =¢,

t+sin(% 2)
)

0=¢1(0) <x <¢(0) =1,
at)=e 0=<t<1,

gz(t) t+s1n %t)Jrl, 0<t<l1,

Page 12 of 17

u(x, t)

(6.17)

(6.18)

(6.19)

(6.20)
(6.21)

(6.22)
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which has the exact solution
ulx, t) = e, (6.23)

From (2.21)-(2.26) we obtain the following equivalent problem:

OH 9°H =n T\ oH
—=—+—cos| =t)— +K(x,t), 0<x<1,0<t<]1, (6.24)
ot oax% 2 2 ) ox

with initial condition
Hx,0)=€e"-1+x(1-¢), O0<x<]l, (6.25)

boundary conditions

H(0,£)=0, O0<t<l, (6.26)
H(1,)=0, 0<t<l, (6.27)
where

K(x,t) = e+in(z0) (% cos(%t) (e-1)— <1 + %cos(%t))(l —x+ xe)>. (6.28)

From (2.2), (2.17), and (6.23) we deduce that problem (6.24)-(6.27) has the exact solution
H(x, t) = 530 (¢ -1+x(1-e)). (6.29)

We applied the method presented in this paper with N = 2, M = 4 and solved equation
(6.24).
From the Galerkin equations (5.13) we have

/(0,0 = 2600, /(0,1 = 3321, k(),z = 4689, k0,3 = 6159, /(0,4 = 6389,
kio =2.600, ki1=3.321, kip=4.690, kys3=6158, ki4=6.390, (6.30)
/(2’0 =2.593, k271 = 3336, /(2'2 = 4674, kz,g = 6167, k2,4 =6.387.

From equations (5.12) we obtain the following approximate solution H(x,¢) of problem
(6.24)-(6.27):

N=2 M=4

H(x,t) = H(x,0) - ( ki jtBin (%) B (2) + 1) : (6.31)

i=0 j=0

According to (2.29), we get following corresponding approximate solution %(x, t) of the
problem (1.1)-(1.6):

~ 7 : mwt . wt t+sin(Zh)
ulx,t)=H|x—sin| — ),¢)+{1-|x—sin| — e 2
2 2
t Lo
+ (x - sin(%))et*s‘“(%)”. (6.32)
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Figure 3 Exact (red) and approximate (blue)
solutions of H(x, t) in Example 2.

Figure 4 Exact (red) and approximate (blue)
solutions of u(x, t) in Example 2.

Similarly, we get approximate solutions of problems (6.8)-(6.11) and (1.1)-(1.6) for dif-
ferent values of N and M.

In Figure 3, the exact and approximate solutions of H(x, t) with N = 2, M = 4 are plotted.

In Figure 4, the exact and approximate solutions of u(x, t) with N = 2, M = 4 are plotted.

Table 4 and Table 5 present respectively the absolute errors for H(x,t) and u(x,t) in
Example 2 after using the method presented in this paper with different N and M.

Table 6 present the L2 norm error for the functions H(x, t) — Hi(x, t) and u(x, ) — %(x, £)
in Example 2 with different N and M.

Remark In Example 2, we easily obtain

|Hx,0) = Hx 0)| 2y, = 02 0) = 5, 0) | 12, (6.33)
where

Q;:=[0,1] x [0,1],

Q0 = [0 2(0)] x [0,1] = [sin(%),l + sin<%t>] « [0,1].

(6.34)
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Table 4 The absolute error for H(x, t) in Example 2

(x, t) N=2,M=2 N=2,M=4 N=2,M=6

0,0 0 0 0
( ) 169x 103  -136x10° -393x 1077
( ) 140 x 1073 114 %10 =500 % 1077
( ) —274x1073 958 x 107 247 x 107°°
( ) —735x 107  -148x10™ 435 % 1077
(0505) -796x103 -281x10"* -425x10°
( )

( )

( )

( )

(

-292x 103 -510x10° -568x 107
458 x 1073 265 x 107 470 x 107°°
791 %1073 170 x 1074 -947 x 107/
318x 1073 -1.25x10%  -145%x10°

1,1) 0 0 0

(x, t) N=2,M=2 N=2,M=4 N=2,M=6

(0,0) 0 0 0

( ) -1.10x 1073 891 x 107 248 x 1077
( ) -105x107° -788x10™ 376 x 107
( ) 187 x 103  —779%x 10> -183x 107
( ) 566 x 107 104 x 10 -549 % 107/
(0.5,0.5) 6.76 x 1073 231 %107 337 x10°
( )

( )

( )

( )

(

335%x 1073 752 %107 943 x 107/
—245% 103 -185x10% -368x10°
556 x 1073 -156x 107 155 % 1077
-282 %1073 630 x 107 134 x10°
1,1) 0 0 0

Table 6 The L2 norm error for the functions H(x, t) - H(x, t) and u(x, t) - T(x, t) in Example 2

(N, M) " H(x, t) - H(x, t) "Lz([O,1]x[0,1]) “ u(x, t) - ﬁ(X, t) lILz([(P1 (1),92(01x[0,1])
N=2,M=1)  1.12x 10 112 x 107
(N=2,M=2) 218x 107 218 x 107
(N=2,M=3) 724x1078 7.24 x 1078
(N=2,M=4) 224x10°% 224 x 1078
(N=2,M=5) 596x 1070 5.96 x 10710
(N=2,M=6) 495x 1072 495 x 10712
In fact, we have
IR CRo] P

/ / u(x, —(x, t))2 dxdt (applying equation (2.29))
w1(t)

x—@i(t) ~( x—@i(0) 2
//m(: ( <¢2(t) o) t) H(‘Pz(t)—%(t)’t)) awdt

2
f f (H;C;(tt) fot) D e (noting s (£) - ¢1(8) = 1)

= |H(x, ) - Hx, t) ||L2(Q
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7 Conclusion

In this paper, the Ritz-Galerkin method in Bernstein polynomial basis is implemented to
obtain an approximate solution of a nonclassical parabolic equation subject to given ini-
tial and moving boundary conditions. Also, the existence and uniqueness of a solution
are discussed. The properties of Bernstein polynomials and the Ritz-Galerkin method are
first presented’ then the Ritz-Galerkin method is used to reduce the parabolic equation
with moving boundaries to the solution of algebraic equations. Illustrative examples are
included to demonstrate the validity and applicability of new numerical technique devel-

oped.
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