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Abstract
We study the existence of solutions of the quasilinear equation

(@) =f(tu®),u ), aeteld,T]

with periodic or nonlinear Neumann-Steklov boundary conditions, where

¢ :1-a,a[— R with 0 < a < +o0 is an increasing homeomorphism such that ¢(0) = 0.
Combining some sign conditions and the lower and upper solution method, we
obtain the existence of solutions when there exists one lower solution or one upper
solution.
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1 Introduction

This work is devoted to the study of the existence of solutions of the quasilinear equation
(p(«' (1)) =f(tut),d®), aetelo,T], )
with periodic boundary conditions
W' (0)=u/(T),  u(0)=u(T), ()
or nonlinear Neumann-Steklov boundary conditions

¢('(0) =go((0)),  ¢(u/(T)) = gr(w(D)), (3)

where ¢ :]-a,a[ — R with 0 < a < +00 is an increasing homeomorphism such that ¢(0) =
0, go,gr: R — R are continuous functions, and f : [0, T] x R? — R is assumed to be an
L'-Carathéodory function.

Generally, in the lower and upper solution method, to show the existence of a solution
of a problem, we need the existence of at least one lower solution and at least one upper
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solution. In the case of the method of sign conditions, we usually need two sign conditions
to show the existence of at least one solution of a problem.

In 2007, Bereanu and Mawhin [1] proved, for continuous f, the existence of solutions
of problem (1)-(2) under some sign conditions (see [1] Theorem 2) and when there exist
a lower solution and an upper solution, ordered or not, of problem (1)-(2) (see [1] Theo-
rem 4).

In 2008, Bereanu and Mawhin [2] proved, for continuous f, the existence of solutions
of problem (1)-(3) under some sign conditions (see [2] Theorem 2) and when there exist
a lower solution and an upper solution, ordered or not, of problem (1)-(3) (see [2] Theo-
rem 4).

In the following results, we prove the existence of solutions of (1)-(2) and (1)-(3) when
we have only one sign condition and only one lower solution or only one upper solution.

After introducing notation and preliminary results in Section 2, in Section 3, combining
one sign condition and the existence of only one lower solution or only one upper solution
of problem (1)-(2), we prove the existence of at least one solution of problem (1)-(2).

In Section 4, combining one sign condition and the existence of only one lower solu-
tion or only one upper solution of problem (1)-(3), we prove the existence of at least one
solution of problem (1)-(3).

The results of this section enable us to obtain that, for some forced relativistic pendu-
lum equations with friction and Neumann-Steklov boundary conditions, the existence of
a lower solution or the existence of an upper solution is sufficient to obtain the existence
of a solution.

2 Notation and preliminaries
We denote:
« C=C([0,T]), the Banach space of continuous functions on [0, T];
o lullc = llulloo = max{|u(t)|;t € [0, T]}, the norm of C;
« C'=CY([0, T]), the Banach space of continuous functions on [0, 7] having continuous
first derivative on [0, T;
o |lullar = lullc + l# || c, the norm of C;
+ AC = AC([0, T]), the set of absolutely continuous functions on [0, T;
« L' =LY(0, T), the Banach space of Lebesgue-integrable functions on [0, T1;
o |zl = fOT |x(£)| dt, the norm of L;
+ B,, the open ball of C! with center 0 and radius 7;
« dis, the Leray-Schauder degree, and dp, the Brouwer degree;
+ u =min,r) # and uy = maxjo,r) u for u € C;
« Range(u) ={y € R;y = u(¢) with £ € [0, T]} for u € C.
We introduce:
« the continuous operators P, K : C — C defined by

P(u)=Pu=u(0) and K(u)=T" [gT(u(T)) -9 (u(O))];

« the continuous operators Q, H : L' — C defined by

1 T t
Q) =Qu= ?/0 u(s)ds and (Hu)(¢) :/0 u(s)ds, Vtel0,T].
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Definition 2.1 f: [0, T] x R? — R is L!-Carathéodory if:
(i) f(,x,9):[0, T] — R is measurable for all (x,y) € R?;
(ii) f(t,-,-): R? — R is continuous for a.e. £ € [0, T;
(iii) for each compact set A C R?, there is a function u4 € L! such that
If(t,%,9)] < pa(t) forae. t €[0,T] and all (x,y) € A.

Definition 2.2 A solution of problem (1)-(2) (resp (1)-(3)) is a function u € C! satisfies
(1)-(2) (resp (1)-(3)) such that ¢(u') € AC and ||¢//||» < a.

Definition 2.3 A function o € C! is a lower solution of problem (1)-(2) if ||&' || < @,

¢(a') € AC,
(p('®)) =f(talt),a'(t), aetel0,T], (4)
o'(0)>o/(T), and «(0)=a(T). (5)

Definition 2.4 A function 8 € C! is an upper solution of problem (1)-(2) if || 8|00 < 4,

$(B) € AC,
@B ®)) <f(tB®,B®), aetelo,T], (6)
B'(0)<p(T), and B(0)=B(T). )
Definition 2.5 A function « € C! is a lower solution of problem (1)-(3) if ||o' || < @,
$(') € AC,
(p('®)) =f(talt),a'(t), aetel0,T], (8)
¢(o'(0)) > go((0)), and ¢((T)) < gr((T)). )
Definition 2.6 A function g € C! is an upper solution of problem (1)-(3) if || 8|lo < @,
$(B') € AC,
(B(B'®)) <f(tBW),B 1), aetel0,T], (10)
¢(8'(0)) <g(B(0)), and ¢(B(T)) = gr(B(T)). (11)

Remark 2.1 It is standard to show that the Nemytskii operator associated to f, Ny : C' —
L', defined by

Nr(u) =f (- u(-),u'(-) (12)
is continuous and sends bounded sets into bounded sets.

3 Existence of solutions of periodic problem
3.1 Existence of solutions under two sign conditions
Lemma 3.1 For each h € C, there exists a unique o := Qu(h) € Range(h) such that

T
/0 ¢~ (h() - 0)dt=0.

Moreover, the function Qg : C — R is continuous.
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Proof See [1], the proof of Lemma 1. O

Now, consider the family of boundary value problems (Py), A € [0,1],

) (P (1)) = ANp(u)(£) + 1 - A)QNf(u), ae.t€[0,T],
Yo lw©)y=w(T),  u(0) = u(T).
For each A € [0,1], problem (P;) can be written equivalently
(¢ (1)) = ANr(u)(2), a.e.tel0,T],
u'(0) = u/(T), u(0) = u(T), (13)
QNf(u) =0.

For each A € [0,1], we associate with (P;) the nonlinear operator M(A,-), where M is de-
fined on [0,1] x C* by

M, u) = P(u) + QNy(u) + Ho ¢~ o (I - Qp) o [AH(I — Q)N | (). (14)
Using the Arzela-Ascoli theorem, we get that M is completely continuous.

Lemma 3.2 Assume that there exist R > 0 and & € {-1,1} such that

T
up >R and Hu/ ”OO <a = 8{/ F(tu),u (1)) dt} >0 (15)
0
and
T
uy <-R and |u Hoo <a = e{f S (& u(e), u' (1)) dt} <0. (16)
0
Then, for all sufficiently large p > 0,
dis[I-M(Q,),B,,0] = ¢,

and problem (1)-(2) has at least one solution.

Proof Assume that there exists (A, u) € [0,1] x C* such that M(A, u) = u.
We have #(0) = u(0) + [QNy(u)]. It follows that

T
/ f(&u),u (1) dt=0. 17)
0
Since
u = (MG,u) =¢™ o (I - Qy) o [AH(I - QNf](w),

we get ||t/ |0 < a. If up > R or uyr < —R, by (15) and (16) we have

T
/0 f(&u®),u' () de #0, (18)
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which contradicts (17); therefore, #; < R and u;; > —R. Since u is continuous on [0, T],
there exists (¢, ) € [0, T]? such that u; = u(t;) and uy; = u(t,). We have

ty ty
/ u'(¢) dt / |ud(t)| dt
t t

Using (19), we have

Uy — UL = < <alti —ty| <aT. (19)

uy <up+al <R+al and u; >upy —al >-R—-aT.

It follows that ||u||oc < R + aT .
Since ||/ ||oo < @ and ||u]|oo < R + aT, we have

lullca <R+ (@a+1)T. (20)

Let M be the operator given by (14), and let p > R + a(T +1). Using (20) and the homotopy
invariance of the Leray-Schauder degree, we have

dLS[[_M(l");Bp)O] = dLS[[_M(O)')prxo]

=dys[I- [P+ QN/,B,,0].

But the range of the mapping u — P(#) + QNy(u) is contained in the subspace of constant
functions isomorphic to R, so, using the reduction property of Leray-Schauder degree [3],
we have

dLS[I_ [P+ QNf]errO] = dB[l_ [P+ QNf]hR’ ]_)O: 10[’ 0]
= dB[_QA{fr ]—p,p[,O]
- 5 sign[~QN/(p)] - 3 sien[-QN(-0)]

= —¢€.

By the existence property of the Leray-Schauder degree there exists u € B, such that u =
M(1, u), which is a solution of problem (1)-(2). a

Let us decompose any u € C in the form u = % + % (% = u(0), %(0) = 0), and let C'={ue
C': u(0) = 0}.

Lemma 3.3 The set S of solutions (4, 1) € R x cl of problem

(p(' (1)) =Nr(w + u)(t) - QNr(u + %), a.e.t<[0,T],

(21)
u'(0) = u/(T), u(0) = u(T).

contains a continuum subset C whose projection on R is R and whose projection on Clis
contained in the ball By(t.).

Proof The proof is similar to the proof of Lemma 4 in [1]. O
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Theorem 3.1 Assume that there exist R > 0 and ¢ € {-1,1} such that

T
up >R and Hu/“oo <a = 8{/ f(t,u(t),u/(t))dt} >0 (22)
0
and
T
uy <-R and ||u/||oo<a = 8{/ f(t,u(t),u/(t))dt}fo. (23)
0

Then problem (1)-(2) admits at least one solution.

Proof The proof is similar to the proof of Theorem 2 in [1].
Let us consider the continuum C given by Lemma 3.3. We have C # ¢ (see the proof of
Lemma 4 in [1]). Let (%, %) € C. Using Lemma 3.3, it follows that

(R+aT,u)eC and (-R-aT,u)eC.

Letvi=R+aTl +uand vy = —R—aT + 1.

Since
Vte[0,T], —-aT<u(t)<al and -a<u(t)<a,
for all ¢ € [0, T], we have

nE)=R+aT +ut)>R+al —al =R, -a<v(t)<a,
n(@)=-R-aT +u(t)<-R-aT +aT =-R, and -a<v,(t)<a.
Applying (22), we have e{QNy(11)} > 0, and applying (23), we have e{QN(v,)} < 0.

We deduce, using the intermediate value theorem for a continuous functions on a con-
nected set, that there exists (w, w) € C such that

QN (W + ) = 0.
Therefore, w = w + W is a solution of problem (1)-(2). a

3.2 Existence of solutions under one sign condition and only one lower solution
or only one upper solution
For a € C!, let us define two functions y;: [0, T] x R — Rand y,:[0,T] x R — R by

_ at) ifx<alt), _ a(t) ifx>a(t),
NED=0 T s a0 PO <,

We introduce the following lemma (see [4], Lemma 6.3 and Corollary 6.4).

Lemma 3.4 For u € C\, the following three properties are true.
(a) Forie{l1,2}, %yl-(t, u(t)) exists for a.e. t € [0, T].
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(b
d ) @) ifu®) <a(),
4" (40) = {u/(t) ifult) = al0)

and

d B O[/(t) lfu(t) >
Eyz(t: ”(t)) = {u/(t) ifu(t) <a(t).

(c) Forie{1,2}, if (un)n C C is such that u, — u in C*, then y,(-, u,) — yi(-,u) in C,

and for almost every t € [0, T, lim,,_, oo %y,-(t, u,(t)) = %yi(t, u(t)).

Theorem 3.2 Assume that:
(i) there exists a lower solution a of problem (1)-(2);
(ii) there exists R > 0 such that

T
ur >R and || u || o<a = / f(t, u(t), u’(t)) dt>0. (24)
0

Then problem (1)-(2) admits at least one solution.

Proof

Step 1: The modified problem.

Consider the function § : R — R given by §(x) = max{—a, min{x, a}}. Consider the func-
tion f*: [0, T] x R? — R given by

£ wm) =f(t, 7 (6 ), (%m (m(t)))) wul®) — i (6 ul®), (25)

which is an L'-Carathéodory function. Consider the modified problem

(@' (@) =f*t ul),ud' (), aetel0,T],
u'(0) = u/(T), u(0) = u(T).

Step 2: Any solution of problem (26) is a solution of problem (1)-(2).
Let u be a solution of problem (26). We prove that «(f) < u(t) for all ¢ € [0, T'.
Let us assume on the contrary that, for some ¢, € [0, T,

max [a(t) - u(t)] =a(ty) — u(ty) > 0.
te[0,T]

If ty €]0, T[, then o/ (¢y) = ' (ty); hence, ¢(a'(¢)) = ¢ (' (ty)). We can find w > O such that
for all ¢ € Jtg, ty + w[, a(t) > u(t). We have

Vt €lty, to + 0], yl(t,u(t)):oe(t) and 8(%y1(t,u(t))>:a’(t)

fora.e. t €y, to + wl.
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It follows that, for all ¢ € |t, ¢y + @],

P(a'®) — (/' (2) = /t[(qﬁ (a/(s))), —f(s,a(s),a/(s)) + (a(s) — u(s))] ds

to

> /t(oz(s) —u(s)) ds > 0.

0

Since ¢ is an increasing homeomorphism, ¢(a'(¢)) — ¢ (/' (t)) > 0 = o' (£) — 1/ (£) > 0, a con-
tradiction.

If £ty € {0, T}, then «’(0) — #/(0) = 0 = &/(T) — /(T). We can find w > 0 such that for all
t €]0,w[, a(t) > u(t). We have

vVt e€]0,0], y(t,u(t)) =a(t) and 5<%y1(t,u(t))) =a/(t) forae. t€]0,wl.

It follows that, for all £ €]0, w|,

B (o (1) - B (1)) = /O [(#(®)) £ (5 (), a'®) + (als) - u(s))] ds
- ds > 0.
Z/O (als) — uls)) ds >

Since ¢ is an increasing homeomorphism, ¢(a'(¢)) — ¢ (/' (t)) > 0 = o' (£) — 1/ (¢) > 0, a con-
tradiction.

In consequence, we have that «(f) < u(¢) for all ¢ € [0, T]. Therefore, u is a solution of
problem (1)-(2).

Step 3: Existence of solutions of problem (26).

Let A = [az,ap] x [-a,a). Since f is an L!-Carathéodory function, there exists ¢ € L!
such that, for a.e. £ € [0,T] and all (x,y) € A, |f(t,%;9)] < ¢(t). Let Ry = max{|ay|, |az —
%||<p||L1 [,R +aT}. By (24), if u € C! is such that ||&'|| o <a and u; > Ry, then

T
/ S (6 u(e),u'(¢) dt > 0. (27)
0
Moreover, if u € C! is such that ||#/|| < @ and u; < —R;, then
1
u(t)<ar and u(t) <o - ?Ilwllu Vte[0,T].
It follows that
T T
/ (6 u(e), u' (2)) dt:/ (f (& (0), &' (2)) + u(t) — () ddt
0 0
T 1
< / (f (ta(®), (b)) + o - el - oz(t)) dt
0

r 1
< / (f (t,a(t), o (2)) - el + (o —a(t))) dt

0

<0. (28)
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Using (27), (28), and Theorem 3.1, we deduce that problem (26) has at least one solution,
which is also a solution of problem (1)-(2) by step 2. O

Theorem 3.3 Assume that:

(i) there exists an upper solution B of the problem (1)-(2);
(ii) there exists R > 0 such that

T
uy < -R and ”u’”oo <a = / f(t, u(t), u'(t)) dt < 0. (29)
0
Then problem (1)-(2) admits at least one solution.
Proof The proof is similar to the proof of Theorem 3.2. g
4 Existence of solutions of Neumann-Steklov problem
4.1 Existence of solutions under two sign conditions
Consider the family of boundary value problems (P;), A € [0,1]:
(p'(£)) = AN (m)(2) + (1 - M)[QNf(u) - K(u)], ae.t€[0,T],

(Pr) 9 (0)) = Ago(u(0)),
¢ (T)) = rgr(u(T)).

For each A € [0,1], problem (P;) can be written equivalently

(@@ (©) = AN (u)(t), a.e.t€[0,T],
w'(0)) = Ago(u(0)),  ¢(u'(T)) = Agr(u(T)), (30)

For each A € [0,1], we associate with (P;) the nonlinear operator M(A, -), where M is de-
fined on [0,1] x C* by

M(h, 1) = P(u) + QNy(u) = K(u) + H o ™" o [AH(I = Q)Nf () + 2 G(u)] (31)
with
Glu)(0) = (1 - %) 2 (u(0) + %gT(u(T)), Ve e [0, T). (32)

Using the Arzela-Ascoli theorem, we get that M is completely continuous.

Lemma 4.1 Assume that there exist R > 0 and ¢ € {-1,1} such that
T
up >R and Hu/ ||Oo <a = 8{/ f(t,u(t),u/(t)) dt — TK(u)} >0 (33)
0

and

T
uy <-R and ||u’||c>o <a = 8{/ f(t, u(t),u/(t)) dt — TK(u)} <0. (34)
0
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Then, for all sufficiently large p > 0,
dLS[I - M(lr ')1 Bp; 0] ==&,
and problem (1)-(3) has at least one solution.

Proof Assume that there exists (A, u) € [0,1] x C* such that M(A, u) = u.
We have

u(0) = u(0) + [QNr(u) — T (gr (u(T)) — go (u(0)))].
It follows that
T
f S (& u(e),u'(t)) dt — TK (u) = 0. (35)
0
Since
u = (MQGu) = ¢ o [AH(I ~ QN;(u) + AG(w)],

we have ||/ |« < a. If u;, > R or uy < —R, then by (33) and (34) we have

T
/ S (& u(0),u'(8)) dt — TK (u) #0, (36)
0

which contradicts (35); therefore, u#; < R and uy; > —R. Since u is continuous on [0, T,
there exists (¢1,£,) € [0, T]? such that u; = u(t;) and uyr = u(t,). We have

ty ty
/ u'(¢) dt f |u/(t)| dt
t1 t

Using (37), we have

Uy — Uy = < <alt — | <aT. (37)

uy<up+al <R+aTl and up >upy —al >-R—aT.
It follows that ||u#]|ec < R + aT. Since ||/ ||oo < @ and ||#]|oo < R + aT, we have
lullcr <R+ (@a+1)T. (38)

Let M be the operator given by (31) and let p > R + a(T +1). Using (38) and the homotopy
invariance of the Leray-Schauder degree, we have

dis[I-M(Q1,-),B,,0] = dys[I - M(0,-),B,,0]

= dys[I- [P+ QNy - K],B,,0].

But the range of the mapping u — P(u) + QNy(u) — K(u) is contained in the subspace of
constant functions isomorphic to R, so, using the reduction property of Leray-Schauder
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degree [3], it follows that

dis[I-[P+QNy - K],B,,0] = dg[I - [P+ QNy - K]|g, ]-p, p[, 0]
= dB[_QA[f +K, ]—,0,,0[,0]

- 5 sign[-QN/{p) + K(o)]

- 5 sien[-QNy(-p) + K(-p)]

= —¢€.

Then, by the existence property of the Leray-Schauder degree there exists u € B,, such that
u = M(1,u), which is a solution of problem (1)-(3). O

Let us decompose any € C' in the form u = % + % (# = u(0), %(0) = 0), and let C' = {u €
C': u(0) = 0}.

Lemma 4.2 The set S of solutions (u, %) € R x cl of problem

(p(u'(2))) = Ny(u + u)(t) — QN (u + 1)
+ T gr@+u(T)) —go(m)], ae tel0,T], (39)
o' (0)) = go(u), oW (1)) = gr(u +u(T)),

contains a continuum subset C whose projection on R is R and whose projection on C! is

contained in the ball B(t.).
Proof The proof is similar to the proof of Lemma 4 in [2]. O

Theorem 4.1 Assume that there exist R > 0 and ¢ € {-1,1} such that
T
up >R and Hu/ ”OO <a = 8{/ f (& u), ' (t))dt - TK(u)} >0 (40)
0
and
T
uy <-R and |u|_<a = s{/ f(tu®),u (0) dt - TI((u)} <0, (41)
0
Then problem (1)-(3) admits at least one solution.
Proof The proof is similar to that of Theorem 2 in [2] and that of Theorem 3.1. d

4.2 Existence of solutions under one sign condition and only one lower solution
or only one upper solution
Theorem 4.2 Assume that:

(i) there exists a lower solution o of problem (1)-(3);
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(ii) there exists R > 0 such that

u; >R and Hu/||oo<a
T (42)
= /0 (@), ©)) dt = g (u(T)) + g0 (1(0)) > 0.

Then problem (1)-(3) admits at least one solution.

Proof
Step 1: The modified problem.
Consider the functions f*: [0, T] x R> — R, g& : R — R, and g% : R — R given by

d
Fbu) =f(t, (6 u(t)), 5 (Em (au(t)))) () = (L)), (43)
P () if (0) < 1,
&) = {go(a(O)) +arctan(u — «(0)) if u < «(0), (44
and
w | gr(w) ifa(T) <u,
£rtu) = { gr(@(T)) - arctan(u — &(T))  if u < a(T). (45

The function f* is an L'-Carathéodory function, and g§ and g} are continuous. Consider
the modified problem

@'®)) =f*t,u®),u'(t), aetel0,T],
¢(u'(0)) = g5 (u(0)), (46)
o' (T)) = g7 (u(T)).

Step 2: Any solution of problem (46) is a solution of problem (1)-(3).
Let u be a solution of problem (46). We prove that «(¢t) < u(¢) for all £ € [0, T'.
Let us assume on the contrary that, for some ¢, € [0, T,

max [a(t) - u(t)] =a(ty) — u(ty) > 0.
te[0,T]

If tg €10, T'[, then o' (tg) = u/(t0); hence, ¢(a'(tg)) = ¢ (it (to)). We can find w > 0 such that
for all ¢ € |ty, to + o[, a(£) > u(t). We have

Veelty, by +ol,  y(tu(t)) =alt) and 8(%)/1(); u(t))> =a/(t)
fora.e. t €ltg, Ly + wl.

It follows that, for all ¢ € |ty, £y + @],
(e () - D (1)) = / [(6(o5))) —F(s,a(s), o (5)) + (er(s) - u(s))] s

to

> /t((x(s) —u(s)) ds > 0.

to
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Since ¢ is an increasing homeomorphism, ¢(a'(£)) — ¢(u/'(t)) > 0 = o«'(£) —u/(¢) > 0, a con-
tradiction.
If ty = 0, then

¢ ('(0)) < ¢(4(0)) = go(x(0)) + arctan(u(0) — «(0)) < go((0)),

a contradiction with the definition of a lower solution.
If tg = T, then

¢ (' (1)) = ¢(#(T)) = gr(a(T)) - arctan(w(T) - «(T)) > gr(«(T)),

a contradiction with the definition of a lower solution.

In consequence, we have that «(¢) < u(¢) for all ¢ € [0, T]. Therefore, u is a solution of
problem (1)-(3).

Step 3: Existence of solutions of problem (1)-(3).

Let A = [, 00p1) X [—a,al. Since f is an L!-Carathéodory function, there exists ¢ € L!
such that, for a.e. £ € [0, T] and all (x,y) € A, |[f(¢,x59)| < (2).

Let
1 1
R = max{lad, o + ?(gT(a(T)) —go(oz(O)) —7T) - ?II¢||L1 ,R+ aT}.
By (42), if u € C' is such that |||« < @ and u; > Ry, then
T
/ Pt 10), (0)) dt - g (u(T)) + g5 (1(0)) > 0. (47)
0

Moreover, if u € C' is such that |||l < @ and uy; < —Ry, then

u(t) <oy and u(t) <o+ %(gT(a(T)) —go(a(O)) - rr) - %H(pllLl, vVt e[0,T].
It follows that
T
/(; I (t, u(t), u'(t)) dt — gy (uw(T)) +g; (u(O))
T
= fo (f (6,0 (2), 0 (1)) + u(t) — a(2)) dt — gr((T))
+arctan(u(T) — «(T)) + go (e(0)) + arctan((0) — «(0))
T
<[ (f(t,a(t),a’(n) vap + o (gr((D) ~ (@) ~7) - ol - a(t)) dt
-gr (a(T)) + arctan(u(T) - a(T)) +20 (a(O)) + arctan(u(O) - a(O))
T / 1
<[0 (f(t,a(t),a ) - Thelo+ (o —a(t))) dt
<0. (48)

Using (47), (48), and Theorem 4.1, we deduce that problem (4.6) has at least one solution,
which is also a solution of problem (1)-(3) by step 2. O
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Theorem 4.3 Assume that:
(i) there exists an upper solution B of problem (1)-(3);
(ii) there R > 0 such that

uy <-R and ||u’||OO <a

T (49)
- / (b0, (©)) dt = g (u(T)) + g0 (1(0)) <.
0
Then problem (1)-(3) admits at least one solution.
Proof The proof is similar to that of Theorem 4.2. O

Corollary 4.1 Assume that:
(a) there exists A € R such that f(t,u,v) > A fora.e. t € [0, T] and all (u,v) € R x [-a,al;
(b) lim,_, .00 (go(x) — g7 (%)) = +00;
(c) there exists a lower solution o of problem (1)-(3).

Then problem (1)-(3) admits at least one solution.

Proof By (a) we have

T
/0 f(t, u(t), u/(t)) dt—gr (u(T)) +£0 (u(O)) > AT + go(x) — gr(x). (50)

By (b) there exists R > 0 such that (42) is true. By Theorem 4.2 problem (1)-(3) admits at
least one solution. O

Corollary 4.2 Assume that:
(a) there exists A € R such that f(t,u,v) <Afora.e.t€[0,T] andall (u,v) € R x [-a,al;
(b) lim,— _oo(go(x) — gr(x)) = —00;
(c) there exists an upper solution B of problem (1)-(3).

Then problem (1)-(3) admits at least one solution.

Proof The proof is similar to that of Corollary 4.1. g

Example 4.1 Consider the problem

( Oy _p_34 sin(u(t)) + u/(¢) forae.te[0,1],

71” © __ _ (4(0))2-2 and 71”/(1) =—e"M 47,

We can see that |[f(¢,u,v)| <6 forall (t,u,v) € [0,T] x R x [-1,1], «(¢) = 0 is a lower so-
lution, and lim,_, , o (x? + €* — 4) = +00. Using Corollary 4.1, we deduce the existence of at
least one solution.
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