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1 Introduction and main results
The inviscid rotating Euler and shallow water equations read, in a bounded two-
dimensional domain �:

∂thε + div
(
hεuε

)
= , (.)

∂t
(
hεuε

)
+ div

(
hεuε ⊗ uε

)
+ hε

(
uε

)⊥ + hε ∇((hε)γ – – hγ –
 )

ε = , (.)

with initial and boundary conditions

(
hε , uε

)|t= =
(
hε

(x), uε
(x)

)
, hεuε · n|∂� = , (.)

where γ ≥ . In (.)-(.), the unknowns hε = hε(x, t) and uε = uε(x, t) = (uε
 (x, t), uε

(x, t))
denote the height of the water and the horizontal component of the fluid velocity, respec-
tively. The orthogonal velocity is denoted by

(
uε

)⊥ =

(
 –
 

)(
uε



uε


)

=
(
–uε

, uε

)

and the strictly positive function h = h(x) describes the bottom topography. The param-
eter ε >  is the Froude number measuring the inverse pressure forcing. Moreover, the
energy for the system (.)-(.) can be defined as follows:

Eε(t) =
∫

�

(



hε
∣∣uε

∣∣ +

ε �

(
hε

)
)

dx, (.)
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where the potential energy

�
(
hε

)
=


γ

((
hε

)γ – hγ
 – γ (h)γ –(hε – h

))
(.)

is a convex function with minimum occurring at hε = h which satisfies �(hε) ≥ . It is
easy to see that the energy inequality associated with system (.)-(.) reads

d
dt

Eε(t) = . (.)

By the initial energy bound (.) below and the following elementary convexity inequality:


γ

∣∣hε – h
∣∣γ ≤ �

(
hε

)
for γ ≥ , (.)

we can assume that the initial height hε
 converges to a nonconstant function h(x) de-

pending on the space variable, so it is reasonable to expect that, as ε → , hε → h, and
(.) yields the limit div(hu) = . The corresponding rotating lake equations are

div(hu) = , (.)

∂t(hu) + div(hu ⊗ u) + hu⊥ + h∇π = , (.)

u|t= = u(x), hu · n|∂� = , div(hu) = . (.)

Thus, roughly speaking, it is also reasonable to expect from the mathematical point of
view that the smooth solution to (.)-(.) converges in suitable functional spaces to the
smooth solution of (.)-(.) as ε → , and the hydrostatic pressure π in (.) is the
‘limit’ of

(hε)γ – – hγ –


ε

in (.). This paper is devoted to the rigorous justification of the convergence of the above
low Froude number limit for smooth solution of the inviscid rotating Euler and shallow
water equations in a bounded two-dimensional domain �. We remark that the existence
and uniqueness of the classical solution of the lake equations (.)-(.) have been proved
in [].

Specifically, when γ = , equations (.)-(.) comprise the rotating and inviscid shallow
water system which models large scale geophysical motions in a thin layer of fluid under
the influence of the Coriolis rotational forcing and is commonly used in oceanography and
atmospheric physics [–]. For the singular limit problems of the shallow water model, we
refer to [, ].

In [], Cheng proved the singular limits and convergence rates of compressible Euler and
rotating shallow water equations (.)-(.) with h =  toward their incompressible coun-
terparts. Recently, using the modulated energy method and by introducing a correction
term which can serve as the acoustic part (density fluctuation) of the modulated energy,
Wu [] justified rigorously the convergence of the classical solution of the rotating shallow
water model (.)-(.) to the classical solution of the rotating lake equations (or anelastic
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system) (.)-(.) when the Froude number tends to zero. However, no convergence rate
was given in []. In this paper, our purpose is to refine the discussions in [] and obtain the
rate of convergence without introducing the correction term. Furthermore, we also prove
the convergence of

√
hεuε to

√
hu with ‖√hεuε –

√
hu‖

L∞([,T];L(�)) ≤ Cε

γ , which is

not contained in [].
In the following, we describe our main result. In order to simplify the presentation, we

suppose that

A: hε
 ≥ c > , (hε

, hε
uε

) ∈ H(�) × (H(�)) (ensuring the local-in-time existence of
smooth solutions of system (.)-(.) and that (hε

, huε
) satisfy some appropriate com-

patibility conditions on ∂�);
A: h ≥ c > , u ∈ (H(�)), div(hu) =  (ensuring the local-in-time existence of

smooth solutions of the rotating lake equations (.)-(.) and (h, u) satisfy some ap-
propriate compatibility conditions on ∂�).

For a fixed ε > , the local existence and uniqueness of the classical solution of system
(.)-(.) can be obtained under the assumptions A and A.

Proposition . (Local existence of smooth solutions. (See [])) Let s ≥  be an integer.
Under the assumptions A and A, there exist Tε >  and a unique smooth solution (hε , uε)
to the system (.)-(.) defined in the time interval [, Tε], with

(
hε , uε

) ∈ C([, Tε]; Hs(�)
) ∩ C

(
[, Tε]; Hs+(�)

)
.

Now the main result of this paper reads as follows.

Theorem . Let (hε , uε) ∈ H(�) × (H(�)) be the smooth solution of system (.)-(.)
established in Proposition . and let u be a classical solution of the rotating lake equations
(.)-(.) with the initial data u which satisfies assumptions A in L∞([, T∗]; Hs(�)) and
T∗ is the existence time of (.)-(.). Furthermore, we assume that the initial condition


ε

∫

�

�
(
hε


)

dx +
∫

�

∣
∣∣
√

hε
uε

 –
√

hu

∣
∣∣


dx ≤ Cε

γ (.)

holds for some positive constant C > . Then there exists a constant C > , independent of
ε, such that as ε → , we have Tε ≥ T∗ and the following estimate:


ε

∥∥hε – h
∥∥γ

L∞([,T];Lγ (�)) ≤ Cε

γ , (.)

∥
∥
√

hεuε –
√

hu
∥
∥

L∞([,T];L(�)) ≤ Cε

γ , (.)

∥
∥hεuε – hu

∥
∥

L∞([,T];L
γ
γ + (�))

≤ Cε

γ (.)

for all T ∈ (, T∗].

The proof of Theorem . is based on the modulated energy function. We will follow
the same line as in []. However, to obtain the convergence rate, more delicate analyses
on the energy functions are required. The next section is devoted to the rigorous proof of
the main theorem.
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2 Proof of the theorem
We define Tε = min(T∗, Tε) >  so that the exact solution and the approximate solution
are both defined in the time interval [, Tε].

From the energy (.) and the energy equality (.), we have

∫

�

{



hε
∣∣uε

∣∣ +

ε �

(
hε

)
}

dx

=
∫

�

{



hε

∣
∣uε


∣
∣ +


ε �

(
hε


)}

dx ≤ C. (.)

Therefore, from (.), we have the following properties:

√
hεuε is bounded in L∞([

, Tε
]
; L(�)

)
, (.)


ε

∣
∣hε – h

∣
∣γ is bounded in L∞([

, Tε
]
; L(�)

)
. (.)

Thus from (.), we have

∥
∥hε – h

∥
∥

L∞([,Tε ];Lγ (�)) ≤ Cε

γ . (.)

In fact, we will find that ‖hε – h‖L∞([,Tε ];Lγ (�)) →  has a faster rate of convergence.
Now we define the modulated energy functional Hε(t) as follows:

Hε(t) =
∫

�

{



hε
∣∣uε – u

∣∣ +

ε �

(
hε

)
}

dx, (.)

where u is the classical solution of the rotating lake equations (.)-(.). To derive the
integration inequality for Hε(t), we use u as a test function in equation (.) to yield the
following equality:

–
∫

�

hεuε · u dx = –
∫

�

(
hεuε · u

)
(t = ) dx –

∫ t



∫

�

hεuε · ∂su dx ds

–
∫ t



∫

�

hεuε ⊗ uε : ∇u dx ds +
∫ t



∫

�

hε
(
uε

)⊥ · u dx ds

+

ε

∫ t



∫

�

hεu · ∇((
hε

)γ – – hγ –


)
dx ds. (.)

From (.)-(.), we find the energy identity of the rotating lake equations:




d
dt

∫

�

h|u| dx = ,

which implies that

∫

�

h|u| dx =
∫

�

h|u| dx. (.)
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Using (.)-(.) and the energy inequality (.), by integration by parts, we can calculate
Hε(t) as follows:

Hε(t) = Eε(t) –
∫

�

hεuε · u dx +



∫

�

hε |u| dx

= Hε() –



∫

�

hε
|u| dx +




∫

�

hε |u| dx

–
∫ t



∫

�

hεuε ⊗ uε : ∇u dx ds +
∫ t



∫

�

hε
(
uε

)⊥ · u dx ds

+

ε

∫ t



∫

�

hεu · ∇((
hε

)γ – – hγ –


)
dx ds –

∫ t



∫

�

hεuε · ∂su dx ds

= Hε() –



∫

�

hε
|u| dx +




∫

�

hε |u| dx

–
∫ t



∫

�

hεuε · ∂su dx ds +
∑

k=

Ik , (.)

where

I = –
∫ t



∫

�

hεuε ⊗ uε : ∇u dx ds,

I =
∫ t



∫

�

hε
(
uε

)⊥ · u dx ds,

I =

ε

∫ t



∫

�

hεu · ∇((
hε

)γ – – hγ –


)
dx ds.

It is noted that the first two terms on the right hand side of the above inequality is canceled
in terms of (.).

Now, we begin to treat the integrals Ik(k = , , , ) term by term. To deal with the ki-
netic part I, we rewrite it as

I = –
∫ t



∫

�

hε
(
uε – u

) ⊗ (
uε – u

)
: ∇u dx ds

–
∫ t



∫

�

(
hεu ⊗ uε

)
: ∇u dx ds

+
∫ t



∫

�

(
hεu ⊗ u

)
: ∇u dx ds –

∫ t



∫

�

(
hεuε ⊗ u

)
: ∇u dx ds

≤ C
∫ t


Hε(s) ds + I + I,

where

I = –
∫ t



∫

�

(
hεu ⊗ uε

)
: ∇u dx ds,

I =
∫ t



∫

�

(
hεu ⊗ u

)
: ∇u dx ds –

∫ t



∫

�

(
hεuε ⊗ u

)
: ∇u dx ds.
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Using integration by parts and the boundary conditions of hεuε and u, we have

I =



∫ t



∫

�

|u| div
(
hεuε

)
dx ds

= –



∫ t



∫

�

|u|∂shε dx ds

= –



∫ t



(
d
ds

∫

�

|u|hε dx
)

ds +
∫ t



∫

�

hεu · ∂su dx ds dx ds

=



∫

�

hε
|u| dx –




∫

�

hε |u| dx +
∫ t



∫

�

hεu · ∂su dx ds.

Furthermore, we have

I =
∫ t



∫

�

hεuiuj∂jui dx ds –
∫ t



∫

�

hεuε
i uj∂jui dx ds

=
∫ t



∫

�

(
hεu – hεuε

) · ((u · ∇)u
)

dx ds.

Therefore, we obtain

I ≤ C
∫ t


Hε(s) ds +




∫

�

hε
|u| dx –




∫

�

hε |u| dx

+
∫ t



∫

�

hεu · ∂su dx ds

+
∫ t



∫

�

(
hεu – hεuε

) · ((u · ∇)u
)

dx ds. (.)

Using the anti-symmetric property (uε)⊥ · u = –uε · u⊥ and the orthogonal property
u · u⊥ = , we obtain

I =
∫ t



∫

�

(
hεu – hεuε

) · u⊥ dx ds. (.)

Finally, we deal with the potential part I. In view of (.) and the boundary condition
of u, we have

u · ∇h = –h div u,
∫ t



∫

�

hγ
 div u dx ds = –

γ

γ – 

∫ t



∫

�

hu · ∇hγ –
 dx ds = .

Thus, we obtain

I =

ε

∫ t



∫

�

hεu · ∇(
hε

)γ – dx ds –

ε

∫ t



∫

�

hεu · ∇hγ –
 dx ds

=
γ – 
γ ε

∫ t



∫

�

u · ∇(
hε

)γ dx ds –
γ – 
ε

∫ t



∫

�

hεhγ –
 u · ∇h dx ds

= –
γ – 
γ ε

∫ t



∫

�

(
hε

)γ
div u dx ds +

γ – 
ε

∫ t



∫

�

hεhγ –
 div u dx ds
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= –
γ – 
γ ε

∫ t



∫

�

[(
hε

)γ – γ hεhγ –
 + (γ – )hγ


]

div u dx ds

≤ C
∫ t


Hε(s) ds. (.)

Inserting the estimates (.)-(.) into (.), we have, from (.),

Hε(t) = Hε() + C
∫ t


Hε(s) ds

+
∫ t



∫

�

(
hεu – hεuε

)[
∂su + (u · ∇u)u + u⊥]

dx ds

= Hε() + C
∫ t


Hε(s) ds +

∫ t



∫

�

(
hεuε – hεu

) · ∇π dx ds. (.)

From the continuity equation (.), the initial conditions (.), the estimate (.), and the
Hölder inequality, we get, by integration by parts,

∫ t



∫

�

hεuε · ∇π dx ds =
∫

�

(
hε – h

)
π dx –

∫

�

(
hε

 – h
)
π dx

–
∫ t



∫

�

(
hε – h

)
∂sπ dx ds

≤ ∥∥hε – h
∥∥

Lγ (�)‖π‖
L

γ
γ – (�)

+
∥∥hε

 – h
∥∥

Lγ (�)‖π‖
L

γ
γ – (�)

+
∥∥hε – h

∥∥
L∞([,Tε ];Lγ (�))‖∂tπ‖

L∞([,Tε ];L
γ

γ – (�))

≤ Cε

γ (.)

and

–
∫ t



∫

�

hεu · ∇π dx ds = –
∫ t



∫

�

(
hε – h

)
u · ∇π dx ds

≤ ∥∥hε – h
∥∥

L∞([,Tε ];Lγ (�))‖u‖
L∞([,Tε ];L

γ
γ – (�))

× ‖∇π‖
L∞([,Tε ];L

γ
γ – (�))

≤ Cε

γ . (.)

Combining (.) with (.)-(.), one gets

Hε(t) ≤Hε() + C
∫ t


Hε(s) ds + Cε


γ , ∀t ∈ (, Tε].

Using the initial conditions (.), we have Hε() ≤ Cε

γ since

∫

�

hε

∣∣uε

 – u
∣∣ dx ≤ 

∫

�

∣∣
∣
√

hε
uε

 –
√

hu

∣∣
∣


dx + 
∫

�

∣∣
∣
(√

h –
√

hε


)
u

∣∣
∣


dx

≤ 
∥∥
∥
√

hε
uε

 –
√

hu

∥∥
∥



L(�)
+ ‖u‖

L∞(�)

∥∥
∥
√

hε
 –

√
h

∥∥
∥



L(�)
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≤ 
∥∥
∥
√

hε
uε

 –
√

hu

∥∥
∥



L(�)
+ C

∥∥hε
 – h

∥∥
Lγ (�)

≤ Cε

γ .

Here, we also have used assumption (A) and the following elementary inequality:

|√x –
√

x| ≤ 
c
|x – x|, ∀x, x ≥ c > , (.)

the Hölder inequality and the finite measure of �. Then, with the help of the Gronwall
inequality, we get

Hε(t) ≤ Cε

γ , ∀t ∈ (, Tε]. (.)

Using the Hölder inequality, we have

∥∥
√

hεuε –
√

hu
∥∥

L(�) ≤ 
∥∥
√

hε
(
uε – u

)∥∥
L(�) + 

∥∥(√
hε –

√
h

)
u
∥∥

L(�)

≤ Cε

γ + C

∥∥
√

hε –
√

h
∥∥

L(�)‖u‖
L∞(�)

≤ Cε

γ (.)

for any t ∈ (, Tε]. In view of (.) and using the Hölder inequality, we have

∥∥hεuε – hu
∥∥

L
γ
γ + (�)

≤ 
∥∥hε

(
uε – u

)∥∥

L
γ
γ + (�)

+ 
∥∥(

hε – h
)
u
∥∥

L
γ
γ + (�)

≤ 
∥∥
√

hε
∥∥

Lγ (�)

∥∥
√

hε
(
uε – u

)∥∥
L(�)

+ 
∥∥
√

hε –
√

h
∥∥

Lγ (�)‖u‖

L
γ

γ – (�)

≤ Cε

γ (.)

for any t ∈ (, Tε]. By a standard argument on the time extension of smooth solutions, we
obtain Tε ≥ T∗, i.e. Tε = T∗. With the aid of (.) and (.)-(.), we conclude that the
proof of Theorem . is finished.
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