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Abstract
In this paper, we study the uniqueness and existence of positive solutions for the
fractional integro-differential equation with the integral boundary value problem. By
means of the Banach contraction principle and the Krasnoselskii fixed point theorem,
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investigated. An example is given to illustrate the main results.
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1 Introduction
It is widely recognized that the memory and hereditary properties of various materials
and processes are well predicted by using fractional differential operators. The differen-
tial equation with fractional order derivative has recently proven to be a strong tool in
the modeling of many phenomena in various fields of science and engineering [, ]. The
fractional differential equation has made a profound impact on some areas such as vis-
coelasticity, diffusion procedures, relaxation vibrations, electrochemistry, signal and im-
age processing, mechatronics, physics, and control theory; see [–].

The Volterra model for population growth of a species within a closed system is char-
acterized by a nonlinear fractional integro-differential equation in the following form:

cDαp(t) = ap(t) – bp(t) – cp(t)
∫ t


p(x) dx, p() = p,

where cDα denotes the Caputo fractional derivative of order  < α ≤ , p(t) is the scaled
population of identical individuals, t denotes the time, a >  is the birth rate coefficient,
b >  is the crowding coefficient, and c >  is the toxicity coefficient, which denotes the es-
sential behavior of the population evolution before its level falls to zero in the long run [,
]. Besides, the nonlinear oscillation of earthquake can be modeled with fractional deriva-
tives [], and the fluid-dynamic traffic model with fractional derivatives can eliminate the
deficiency arising from the assumption of continuum traffic flow []. In the characteriza-
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tion of viscoelasticity’s Hook law, the five parameter generalized Zener model

x(t) + aDα
t x(t) = by(t) + cDβ

t y(t)

or the three parameter generalized Maxwell model

x(t) + aDα
t y(t) = bz(t)

are often used. With suitable initial or boundary conditions, the existence and nonexis-
tence of positive solutions for the above equations are significant and serviceable.

Since theoretical results can help to get an in-depth understanding for the fractional
order model, motivated by the mentioned equation models and their application back-
ground, in this paper, we concentrate on the more complicated and abstract fractional
boundary value problem (FBVP):

⎧⎪⎨
⎪⎩

cDαu(t) + f (t, u(t), Tu(t), Su(t)) = ,  < t < ,
u() = b, u′() = b, . . . , u(n–)() = bn–,
u(n–)() = bn–, u() = μ

∫ 
 u(s) ds,

(.)

where n –  < α ≤ n,  ≤ μ < n – , n ≥ , bi ≥  (i = , , . . . , n – , n – ), cDα is the Ca-
puto fractional derivative. f : J ×R+ ×R+ ×R+ → R+ is a given function satisfying some
assumptions that will be specified later, J = [, ], R+ = [, +∞). T , S are given by

(Tx)(t) =
∫ t


K(t, s)x(s) ds, (Sx)(t) =

∫ 


H(t, s)x(s) ds

with k∗ = supt∈J
∫ t

 K(t, s) ds, h∗ = supt∈J
∫ 

 H(t, s) ds, in which K ∈ C(D,R+), D = {(t, s) ∈
J × J : t ≥ s}, H ∈ C(J × J ,R+).

For the past few decades, many researchers have tried to model real processes using
the fractional calculus. In the mathematical context, several interesting results about the
existence of positive solutions for fractional equation models have been reported [–].
In [], the following boundary value problem of the fractional differential equation was
considered:

{
cDαu(t) + f (t, u(t)) = ,  < t < ,
u() = u′() = u′′() = ,

(.)

where  < α ≤ , cDα is the Caputo fractional derivative. f : (, ] × R+ → R+ is continu-
ous. By the Guo-Krasnoselskii fixed point theorem and the nonlinear alternative of Leray-
Schauder type, the authors in [] established the existence of positive solutions to the
problem (.).

Cabada and Wang [] demonstrated some existence results for positive solutions to the
FBVP (.) relying on the known Guo-Krasnoselskii fixed point theorem,

{
cDαu(t) + f (t, u(t)) = ,  < t < ,
u() = u′′() = , u() = λ

∫ 
 u(s) ds,

(.)
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where  < α < ,  < λ < , cDα is the Caputo fractional derivative. f : J × R+ → R+ is a
continuous function. Xu and He [] researched the FBVP (.) for  < α < .

But up to now, when f contains integral operators T and S, a fractional differential equa-
tion like FBVP (.) has seldom been considered, furthermore, in FBVP (.), bi ≥ , we
generalized the boundary conditions in [, , ]. Inspired greatly by the above men-
tioned works, we establish some new existence criteria of uniqueness and existence of
positive solutions for FBVP (.).

2 Preliminaries and lemmas
Denote C(J ,R+) the Banach space of all continuous functions from J intoR+ with the norm
‖u‖ := sup{|u(t)| : t ∈ J}, Lp(J ,R+) the Banach space of all Lebesgue measurable functions
from J into R+ with the norm ‖y‖Lp := (

∫ 
 (y(t))p dt)


p < +∞,  ≤ p < +∞, respectively.

Next, we introduce some basic definitions and properties of the fractional calculus theory
and auxiliary lemmas in order to obtain the uniqueness and existence of positive solutions
for FBVP (.).

Definition . ([, ]) The Caputo fractional order derivative of order α > , n –  < α <
n, n ∈N is defined as

cDαu(t) =


�(n – α)

∫ t


(t – s)n–α–u(n)(s) ds,

where u ∈ Cn(J ,R), R = (–∞, +∞), N denotes the natural number set, n = [α] + , and [α]
denotes the integer part of α.

Definition . ([, ]) The Riemann-Liouville fractional derivative of order α > , n –
 < α < n, n ∈ N is defined as

Dαu(t) =


�(n – α)

(
d
dt

)n ∫ t


(t – s)n–α–u(s) ds,

where the function u(t) is n times continuously differentiable on J .

Definition . ([, ]) Let α >  and let u be piecewise continuous on (, +∞) and
integrable on any finite subinterval of J . Then, for t > , we call

Iαu(t) =


�(α)

∫ t


(t – s)α–u(s) ds

the Riemann-Liouville fractional integral of u of order α.

Lemma . ([, ]) Let n –  < α ≤ n. Then the differential equation cDαu(t) =  has one
solution as follows:

u(t) = c + ct + ct + · · · + cn–tn–,

where ci ∈R (i = , , . . . , n – ), n is the smallest integer greater than or equal to α.
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Lemma . ([, ]) Let n –  < α ≤ n, u ∈ Cn[, ]. Then

Iα
(cDαu

)
(t) = u(t) + c + ct + ct + · · · + cn–tn–,

where ci ∈R (i = , , . . . , n – ), n is the smallest integer greater than or equal to α.

For h ∈ C(, )∩L(, ), consider the following FBVP (.) with integral boundary value
condition:

⎧⎪⎨
⎪⎩

cDαu(t) + h(t) = ,  < t < , n –  < α ≤ n,
u() = b, u′() = b, . . . , u(n–)() = bn–,
u(n–)() = bn–, u() = μ

∫ 
 u(s) ds,

(.)

where n –  < α ≤ n,  ≤ μ < n – , n ≥ , bi ≥  (i = , , . . . , n – , n – ).

Lemma . Let h ∈ C(, ) ∩ L(, ), then FBVP (.) has an integral representation

u(t) = –
∫ t



(t – s)α–

�(α)
h(s) ds + M(t) +

(n – )tn–

n –  – μ

∫ 



( – s)α–

�(α)
h(s) ds

–
μ(n – )tn–

n –  – μ

∫ 



( – s)α

α�(α)
h(s) ds +

(μM – M())(n – )tn–

n –  – μ
, (.)

where M(t) = b + bt + · · · + bn–tn–

(n–)! + bn–tn–

(n–)! , M() = b + b + · · · + bn–
(n–)! + bn–

(n–)! , M =
b + b

 + · · · + bn–
(n–)! + bn–

n! .

Proof FBVP (.) is equivalent to the following integral equation:

u(t) = –Iαh(t) +
n–∑
j=

uj()
j!

tj

= –
∫ t



(t – s)α–

�(α)
h(s) ds + u() + u′()t + · · · +

u(n–)()tn–

(n – )!
. (.)

Since u() = b, u′() = b, . . . , u(n–)() = bn–, u(n–)() = bn–, we can deduce that

u(t) = –
∫ t



(t – s)α–

�(α)
h(s) ds

+ b + bt + · · · +
bn–tn–

(n – )!
+

u(n–)()tn–

(n – )!
+

bn–tn–

(n – )!
. (.)

The other boundary condition u() = μ
∫ 

 u(s) d(s) implies that

u(n–)()
(n – )!

= μ

∫ 


u(s) ds +

∫ 



( – s)α–

�(α)
h(s) ds

– b – b – · · · –
bn–

(n – )!
–

bn–

(n – )!
. (.)
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Hence, substituting (.) into (.), we have

u(t) = –
∫ t



(t – s)α–

�(α)
h(s) ds + b + bt + · · · +

bn–tn–

(n – )!
+

bn–tn–

(n – )!

+ tn–
(

μ

∫ 


u(s) ds +

∫ 



( – s)α–

�(α)
h(s) ds – b – b

– · · · –
bn–

(n – )!
–

bn–

(n – )!

)
. (.)

Now, integrate (.) from  to  in both sides, we get

∫ 


u(t) dt =

n – 
n –  – μ

(
–

∫ 



( – s)α

α�(α)
h(s) ds + b +

b


+ · · · +

bn–

(n – )!
+

bn–

n!

)

+


n –  – μ

(∫ 



( – s)α–

�(α)
h(s) ds – b – b

– · · · –
bn–

(n – )!
–

bn–

(n – )!

)
. (.)

Substituting (.) into (.), we obtain (.). This completes the proof of the lemma. �

Remark . According to Lemma ., we get u(t) ≥ , if h(t) ≥ , t ∈ J . By (.), we have

u(t) = –
∫ t



(t – s)α–

�(α)
h(s) ds + M(t) +

(n – )tn–

n –  – μ

∫ 



( – s)α–

�(α)
h(s) ds

–
μ(n – )tn–

n –  – μ

∫ 



( – s)α

α�(α)
h(s) ds +

(μM – M())(n – )tn–

n –  – μ

= –
∫ t



(t – s)α–

�(α)
h(s) ds +

(n – )tn–

α(n –  – μ)

∫ 



α( – s)α– – μ( – s)α

�(α)
h(s) ds

+
(n –  – μ)M(t) + (μM – M())(n – )tn–

n –  – μ

= –
∫ t



(t – s)α–

�(α)
h(s) ds +

(n – )tn–

α(n –  – μ)

∫ t



α( – s)α– – μ( – s)α

�(α)
h(s) ds

+
(n – )tn–

α(n –  – μ)

∫ 

t

α( – s)α– – μ( – s)α

�(α)
h(s) ds

+
(n –  – μ)M(t) + (μM – M())(n – )tn–

n –  – μ

=


α(n –  – μ)

·
∫ t



(n – )tn–(α( – s)α– – μ( – s)α) – α(n –  – μ)(t – s)α–

�(α)
h(s) ds

+
(n – )tn–

α(n –  – μ)

∫ 

t

α( – s)α– – μ( – s)α

�(α)
h(s) ds

+
(n –  – μ)M(t) + (μM – M())(n – )tn–

n –  – μ
.
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Since  ≤ μ < n – , n –  < α ≤ n, for  ≤ s ≤ t ≤ , we have

tn–( – s)α– ≥ tα–( – s)α– = (t – ts)α– ≥ (t – s)α–, (.)

(n – )tn–(α( – s)α– – μ( – s)α
)

– α(n –  – μ)(t – s)α–

= tn–( – s)α–((n – )α – μ( – s)
)

– α(n –  – μ)(t – s)α–

≥ (t – s)α–((n – )α – μ( – s) – α(n –  – μ)
)

= (t – s)α–(α – ( – s)
)
μ ≥ . (.)

Thus, by (.) and (.), we know


α(n –  – μ)

·
∫ t



(n – )tn–(α( – s)α– – μ( – s)α) – α(n –  – μ)(t – s)α–

�(α)
h(s) ds ≥ . (.)

For  ≤ t ≤ s ≤ , we have

α( – s)α– – μ( – s)α = ( – s)α–(α – μ( – s)
) ≥ . (.)

Then we obtain

(n – )tn–

α(n –  – μ)

∫ 

t

α( – s)α– – μ( – s)α

�(α)
h(s) ds ≥ . (.)

By the definition of M(t), M() and M, since bi ≥  (i = , , . . . , n – , n – ), we know
M(t) ≥ , M() ≥  and M≥ , so

(n –  – μ)M(t) +
(
μM – M()

)
(n – )tn–

≥ (n –  – μ)
(
M(t) +

(
μM – M()

)
tn–)

= (n –  – μ)
(
M(t) – M()tn– + μMtn–) ≥ . (.)

From (.), (.), and (.), we get u(t) ≥ , if h(t) ≥ , t ∈ J .

Remark . By Remark ., combined with the boundary conditions  ≤ μ < n – , n ≥ ,
bi ≥  (i = , , . . . , n – , n – ), we also get u(t) > , t ∈ (, ), if h(t) �≡ .

Lemma . (Krasnoselskii fixed point theorem []) Let X be a closed convex and
nonempty subset of the Banach space E. Let A and B be two operators such that

. Ax + By ∈ X , whenever x, y ∈ X ;
. A is compact and continuous;
. B is a contraction mapping.

Then there exists z ∈ X such that z = Az + Bz.

3 Main results
In the following, we list some conditions to be used later:



Wang and Liu Boundary Value Problems  (2017) 2017:12 Page 7 of 17

(H) f : J ×R+ ×R+ ×R+ →R+ is measurable with respect to t on J .
(H) There exist a constant α ∈ (,α–n+) and real-valued functions m(t), m(t), m(t) ∈

L

α (J ,R+) such that

∣∣f (t, u, v, w) – f (t, u, v, w)
∣∣

≤ m(t)|u – u| + m(t)|v – v| + m(t)|w – w|, t ∈ J , u, v, w, u, v, w ∈R+.

(H) There exist a constant α ∈ (,α – n + ) and a real-valued function h(t) ∈ L


α (J ,R+)
such that

∣∣f (t, u, v, w)
∣∣ ≤ h(t), t ∈ J , u, v, w ∈ D, D ⊂R+ is a bounded subinterval.

Theorem . Assume that (H)-(H) hold. If

� =
�

�(α)( α–α
–α

)–α
+

(n – )
�(α)(n –  – μ)

�

( α–α
–α

)–α

+
μ(n – )

α�(α)(n –  – μ)
�

( α–α+
–α

)–α
< , (.)

where � = ‖m + k∗m + h∗m‖
L


α

, then FBVP (.) has a unique positive solution on J .

Proof For t ∈ J , u ∈ C(J ,R+), by (H), we have

∫ t



∣∣(t – s)α–f
(
s, u(s), Tu(s), Su(s)

)∣∣ds ≤
(∫ t


(t – s)

α–
–α ds

)–α(∫ t



(
h(s)

) 
α ds

)α

≤
‖h‖

L


α

( α–α
–α

)–α
.

Thus, |(t – s)α–f (s, u(s), Tu(s), Su(s))| is Lebesgue integrable with respect to s ∈ [, t] for all
t ∈ J and u ∈ C(J ,R+). Hence, FBVP (.) is equivalent to the following integral equation:

u(t) = –
∫ t



(t – s)α–

�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds

+
(n – )tn–

n –  – μ

∫ 



( – s)α–

�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds

–
μ(n – )tn–

n –  – μ

∫ 



( – s)α

α�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds

+ M(t) +
(μM – M())(n – )tn–

n –  – μ
, t ∈ J .

Let

r ≥
‖h‖

L


α

�(α)( α–α
–α

)–α
+

(n – )
�(α)(n –  – μ)

‖h‖
L


α

( α–α
–α

)–α

+
μ(n – )

α�(α)(n –  – μ)

‖h‖
L


α

( α–α+
–α

)–α
+ M() +

(μM – M())(n – )
n –  – μ

.



Wang and Liu Boundary Value Problems  (2017) 2017:12 Page 8 of 17

Now, define the operator F on Br = {u ∈ C(J ,R+) : ‖u‖ ≤ r} as follows:

Fu(t) = –
∫ t



(t – s)α–

�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds

+
(n – )tn–

n –  – μ

∫ 



( – s)α–

�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds

–
μ(n – )tn–

n –  – μ

∫ 



( – s)α

α�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds

+ M(t) +
(μM – M())(n – )tn–

n –  – μ
, t ∈ J .

Therefore, the existence of a solution of the FBVP (.) is equivalent to that of a fixed point
on Br of the operator F . We shall use the Banach contraction principle to prove that F has
a fixed point. The proof is divided into two steps.

. Fu ∈ Br , for every u ∈ Br .
For every u ∈ Br and δ > , by (H) and the Hölder’s inequality, we get

∣∣Fu(t + δ) – Fu(t)
∣∣

≤
∣∣∣∣–

∫ t+δ



(t + δ – s)α–

�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds

+
∫ t



(t – s)α–

�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds

∣∣∣∣

+
(n – )|(t + δ)n– – tn–|

n –  – μ

∫ 



( – s)α–

�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds

+
μ(n – )|(t + δ)n– – tn–|

n –  – μ

∫ 



( – s)α

α�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds

+
∣∣M(t + δ) – M(t)

∣∣ +
(μM – M())(n – )|(t + δ)n– – tn–|

n –  – μ

≤
∫ t



|(t + δ – s)α– – (t – s)α–|
�(α)

h(s) ds +
∫ t+δ

t

(t – s)α–

�(α)
h(s) ds

+
(n – )|(t + δ)n– – tn–|

n –  – μ

∫ 



( – s)α–

�(α)
h(s) ds

+
μ(n – )|(t + δ)n– – tn–|

n –  – μ

∫ 



( – s)α

α�(α)
h(s) ds

+
∣∣M(t + δ) – M(t)

∣∣ +
(μM – M())(n – )|(t + δ)n– – tn–|

n –  – μ

≤ 
�(α)

((∫ t


(t + δ – s)

α–
–α ds

)–α

–
(∫ t


(t – s)

α–
–α ds

)–α)(∫ 



(
h(s)

) 
α ds

)α

+


�(α)

(∫ t+δ

t
(t + δ – s)

α–
–α ds

)–α(∫ 



(
h(s)

) 
α ds

)α

+
(n – )|(t + δ)n– – tn–|

�(α)(n –  – μ)

(∫ 


( – s)

α–
–α ds

)–α(∫ 



(
h(s)

) 
α ds

)α

+
μ(n – )|(t + δ)n– – tn–|

α�(α)(n –  – μ)

(∫ 


( – s)

α
–α ds

)–α(∫ 



(
h(s)

) 
α ds

)α
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+
∣∣M(t + δ) – M(t)

∣∣ +
(μM – M())(n – )|(t + δ)n– – tn–|

n –  – μ

≤
‖h‖

L


α

�(α)

((
(t + δ)

α–α
–α – δ

α–α
–α

α–α
–α

)–α

–
(

t
α–α
–α

α–α
–α

)–α

+
(

δ
α–α
–α

α–α
–α

)–α)

+
‖h‖

L


α
(n – )|(t + δ)n– – tn–|
�(α)(n –  – μ)

(
 – α

α – α

)–α

+
‖h‖

L


α
μ(n – )|(t + δ)n– – tn–|
α�(α)(n –  – μ)

(
 – α

α – α + 

)–α

+
∣∣M(t + δ) – M(t)

∣∣ +
(μM – M())(n – )|(t + δ)n– – tn–|

n –  – μ
.

Thus, the right-hand side of the above inequality tends to zero as δ → . Therefore, F is
continuous on J .

Next, we prove Fu(t) ≥ , t ∈ J . For any t ∈ J ,

Fu(t) = –
∫ t



(t – s)α–

�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds

+
(n – )tn–

n –  – μ

∫ 



( – s)α–

�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds

–
μ(n – )tn–

n –  – μ

∫ 



( – s)α

α�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds

+ M(t) +
(μM – M())(n – )tn–

n –  – μ

= –
∫ t



(t – s)α–

�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds

+
(n – )tn–

α(n –  – μ)

∫ 



α( – s)α– – μ( – s)α

�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds

+
(n –  – μ)M(t) + (μM – M())(n – )tn–

n –  – μ

= –
∫ t



(t – s)α–

�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds

+
(n – )tn–

α(n –  – μ)

∫ t



α( – s)α– – μ( – s)α

�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds

+
(n – )tn–

α(n –  – μ)

∫ 

t

α( – s)α– – μ( – s)α

�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds

+
(n –  – μ)M(t) + (μM – M())(n – )tn–

n –  – μ

=


α(n –  – μ)

∫ t



(n – )tn–(α( – s)α– – μ( – s)α) – α(n –  – μ)(t – s)α–

�(α)
· f

(
s, u(s), Tu(s), Su(s)

)
ds

+
(n – )tn–

α(n –  – μ)

∫ 

t

α( – s)α– – μ( – s)α

�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds

+
(n –  – μ)M(t) + (μM – M())(n – )tn–

n –  – μ
. (.)
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Since  ≤ μ < n – , n –  < α ≤ n, for  ≤ s ≤ t ≤ , by (.) and (.), we have


α(n –  – μ)

∫ t



(n – )tn–(α( – s)α– – μ( – s)α) – α(n –  – μ)(t – s)α–

�(α)

· f
(
s, u(s), Tu(s), Su(s)

)
ds ≥ . (.)

For  ≤ t ≤ s ≤ , by (.), we know

(n – )tn–

α(n –  – μ)

∫ 

t

α( – s)α– – μ( – s)α

�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds ≥ . (.)

By the definition of M(t), M(), and M, since bi ≥  (i = , , . . . , n – , n – ), we know
M(t) ≥ , M() ≥  and M≥ , thus

(n –  – μ)M(t) +
(
μM – M()

)
(n – )tn–

≥ (n –  – μ)
(
M(t) +

(
μM – M()

)
tn–)

= (n –  – μ)
(
M(t) – M()tn– + μMtn–) ≥ . (.)

From (.)-(.), we obtain Fu(t) ≥ , t ∈ J . So, Fu ∈ C(J ,R+).
Moreover, for any u ∈ Br and all t ∈ J , we have

‖Fu‖ ≤
∫ t



(t – s)α–

�(α)
∣∣f (s, u(s), Tu(s), Su(s)

)∣∣ds

+
(n – )tn–

n –  – μ

∫ 



( – s)α–

�(α)
∣∣f (s, u(s), Tu(s), Su(s)

)∣∣ds

+
μ(n – )tn–

n –  – μ

∫ 



( – s)α

α�(α)
∣∣f (s, u(s), Tu(s), Su(s)

)∣∣ds

+ M(t) +
(μM – M())(n – )tn–

n –  – μ

≤
∫ t



(t – s)α–

�(α)
h(s) ds +

(n – )tn–

n –  – μ

∫ 



( – s)α–

�(α)
h(s) ds

+
μ(n – )tn–

n –  – μ

∫ 



( – s)α

α�(α)
h(s) ds + M() +

(μM – M())(n – )
n –  – μ

≤ 
�(α)

(∫ t


(t – s)

α–
–α ds

)–α(∫ t



(
h(s)

) 
α ds

)α

+
(n – )

�(α)(n –  – μ)

(∫ 


( – s)

α–
–α ds

)–α(∫ 



(
h(s)

) 
α ds

)α

+
μ(n – )

α�(α)(n –  – μ)

(∫ 


( – s)

α
–α ds

)–α(∫ 



(
h(s)

) 
α ds

)α

+ M() +
(μM – M())(n – )

n –  – μ

≤
‖h‖

L


α

�(α)( α–α
–α

)–α
+

(n – )
�(α)(n –  – μ)

‖h‖
L


α

( α–α
–α

)–α
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+
μ(n – )

α�(α)(n –  – μ)

‖h‖
L


α

( α–α+
–α

)–α

+ M() +
(μM – M())(n – )

n –  – μ
≤ r,

which implies that ‖Fu‖ ≤ r. Thus, we can conclude that, for all u ∈ Br , Fu ∈ Br , that is,
F : Br → Br .

. F is a contraction mapping on Br .
For u, u ∈ Br and any t ∈ J , using (H) and the Hölder’s inequality, we have

∣∣Fu(t) – Fu(t)
∣∣

≤
∫ t



(t – s)α–

�(α)
∣∣f (s, u(s), Tu(s), Su(s)

)
– f

(
s, u(s), Tu(s), Su(s)

)∣∣ds

+
(n – )tn–

n –  – μ

∫ 



( – s)α–

�(α)
∣∣f (s, u(s), Tu(s), Su(s)

)

– f
(
s, u(s), Tu(s), Su(s)

)∣∣ds

+
μ(n – )tn–

n –  – μ

∫ 



( – s)α

α�(α)
∣∣f (s, u(s), Tu(s), Su(s)

)

– f
(
s, u(s), Tu(s), Su(s)

)∣∣ds

≤
∫ t



(t – s)α–

�(α)
(
m(s)

∣∣u(s) – u(s)
∣∣ + m(s)

∣∣Tu(s) – Tu(s)
∣∣

+ m(s)
∣∣Su(s) – Su(s)

∣∣)ds

+
(n – )

n –  – μ

∫ 



( – s)α–

�(α)
(
m(s)

∣∣u(s) – u(s)
∣∣ + m(s)

∣∣Tu(s) – Tu(s)
∣∣

+ m(s)
∣∣Su(s) – Su(s)

∣∣)ds

+
μ(n – )
n –  – μ

∫ 



( – s)α

α�(α)
(
m(s)

∣∣u(s) – u(s)
∣∣ + m(s)

∣∣Tu(s) – Tu(s)
∣∣

+ m(s)
∣∣Su(s) – Su(s)

∣∣)ds

≤ ‖u – u‖
�(α)

∫ t


(t – s)α–(m(s) + k∗m(s) + h∗m(s)

)
ds

+
‖u – u‖

�(α)
(n – )

n –  – μ

∫ 


( – s)α–(m(s) + k∗m(s) + h∗m(s)

)
ds

+
‖u – u‖
α�(α)

μ(n – )
n –  – μ

∫ 


( – s)α

(
m(s) + k∗m(s) + h∗m(s)

)
ds

≤ ‖u – u‖
�(α)

(∫ t


(t – s)

α–
–α ds

)–α(∫ t



(
m(s) + k∗m(s) + h∗m(s)

) 
α ds

)α

+
‖u – u‖(n – )
�(α)(n –  – μ)

(∫ 


( – s)

α–
–α ds

)–α

·
(∫ 



(
m(s) + k∗m(s) + h∗m(s)

) 
α ds

)α

+
‖u – u‖μ(n – )
α�(α)(n –  – μ)

(∫ 


( – s)

α
–α ds

)–α
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·
(∫ 



(
m(s) + k∗m(s) + h∗m(s)

) 
α ds

)α

≤
(

�

�(α)( α–α
–α

)–α
+

(n – )
�(α)(n –  – μ)

�

( α–α
–α

)–α

+
μ(n – )

α�(α)(n –  – μ)
�

( α–α+
–α

)–α

)
‖u – u‖.

So, we obtain

‖Fu – Fu‖ ≤ �‖u – u‖.

Thus, F is a contraction mapping by the condition (.). By the Banach contraction prin-
ciple, we can deduce that F has an unique fixed point which is the unique positive solution
of the FBVP (.). �

Theorem . Assume that f : J ×R+ ×R+ ×R+ →R+ is a continuous function, and (H),
(H) hold. If

� ∗ < , �∗ =
(n – )

�(α)(n –  – μ)
�

( α–α
–α

)–α
+

μ(n – )
α�(α)(n –  – μ)

�

( α–α+
–α

)–α
< ,

where � ∗ =
∫ 


(–s)α–

�(α) (m(s) + k∗m(s) + h∗m(s)) ds, � = ‖m + k∗m + h∗m‖
L


α

, then
FBVP (.) has at least one positive solution on J .

Proof Choose

R ≥ ( – � )–
{

	

�(α + )
+

(n – )
�(α)(n –  – μ)

‖h‖
L


α

( α–α
–α

)–α

+
μ(n – )

α�(α)(n –  – μ)

‖h‖
L


α

( α–α+
–α

)–α

+ M() +
(μM – M())(n – )

n –  – μ

}
,

where 	 = max{f (t, , , ) : t ∈ J}. Consider the set BR = {u ∈ C(J ,R+) : ‖u‖ ≤ R}, then BR

is a closed, bounded and convex set of C(J ,R+). We define the operators A and B on BR as

Au(t) = –
∫ t



(t – s)α–

�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds, t ∈ J ,

Bu(t) =
(n – )tn–

n –  – μ

∫ 



( – s)α–

�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds

–
μ(n – )tn–

n –  – μ

∫ 



( – s)α

α�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds + M(t)

+
(μM – M())(n – )tn–

n –  – μ
, t ∈ J .
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By a similar proof to (.)-(.) in Theorem ., we know Au(t) + Bu(t) ≥ , t ∈ J . For any
u ∈ BR, by (H) and the triangle inequality, we get

∣∣f (t, u(t), Tu(t), Su(t)
)∣∣ ≤ ∣∣f (t, u(t), Tu(t), Su(t)

)
– f (t, , , )

∣∣ +
∣∣f (t, , , )

∣∣
≤ m(t)

∣∣u(t)
∣∣ + m(t)

∣∣Tu(t)
∣∣ + m(t)

∣∣Su(t)
∣∣ + 	 , t ∈ J .

Then, for any u ∈ BR and all t ∈ J , we have

∣∣Au(t)
∣∣ =

∣∣∣∣–
∫ t



(t – s)α–

�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds

∣∣∣∣

≤
∫ t



(t – s)α–

�(α)
(
m(s)

∣∣u(s)
∣∣ + m(s)

∣∣Tu(s)
∣∣ + m(s)

∣∣Su(s)
∣∣ + 	

)
ds

≤ R
∫ 



(t – s)α–

�(α)
(
m(s) + k∗m(s) + h∗m(s)

)
ds + 	

∫ 



(t – s)α–

�(α)
ds

≤ � ∗R +
	

�(α + )
. (.)

For any v ∈ BR and all t ∈ J , by (H), we have

∣∣Bv(t)
∣∣ ≤ (n – )tn–

n –  – μ

∫ 



( – s)α–

�(α)
∣∣f (s, v(s), Tv(s), Sv(s)

)∣∣ds

+
μ(n – )tn–

n –  – μ

∫ 



( – s)α

α�(α)
∣∣f (s, v(s), Tv(s), Sv(s)

)∣∣ds

+ M(t) +
(μM – M())(n – )tn–

n –  – μ

≤ (n – )tn–

n –  – μ

∫ 



( – s)α–

�(α)
h(s) ds +

μ(n – )tn–

n –  – μ

∫ 



( – s)α

α�(α)
h(s) ds

+ M() +
(μM – M())(n – )

n –  – μ

≤ (n – )
�(α)(n –  – μ)

(∫ 


( – s)

α–
–α ds

)–α(∫ 



(
h(s)

) 
α ds

)α

+
μ(n – )

α�(α)(n –  – μ)

(∫ 


( – s)

α
–α ds

)–α(∫ 



(
h(s)

) 
α ds

)α

+ M() +
(μM – M())(n – )

n –  – μ

≤ (n – )
�(α)(n –  – μ)

‖h‖
L


α

( α–α
–α

)–α
+

μ(n – )
α�(α)(n –  – μ)

‖h‖
L


α

( α–α+
–α

)–α

+ M() +
(μM – M())(n – )

n –  – μ
. (.)

By (.)-(.), we obtain |Au(t) + Bv(t)| ≤ |Au(t)| + |Bu(t)| ≤ R, u, v ∈ BR, t ∈ J .
For v, v ∈ BR and any t ∈ J , using (H) and the Hölder’s inequality, we have

∣∣Bv(t) – Bv(t)
∣∣

≤ (n – )tn–

n –  – μ

∫ 



( – s)α–

�(α)
∣∣f (s, v(s), Tv(s), Sv(s)

)
– f

(
s, v(s), Tv(s), Sv(s)

)∣∣ds
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+
μ(n – )tn–

n –  – μ

∫ 



( – s)α

α�(α)
∣∣f (s, v(s), Tv(s), Sv(s)

)
– f

(
s, v(s), Tv(s), Sv(s)

)∣∣ds

≤ (n – )
n –  – μ

∫ 



( – s)α–

�(α)
(
m(s)

∣∣v(s) – v(s)
∣∣ + m(s)

∣∣Tv(s) – Tv(s)
∣∣

+ m(s)
∣∣Sv(s) – Sv(s)

∣∣)ds

+
μ(n – )
n –  – μ

∫ 



( – s)α

α�(α)
(
m(s)

∣∣v(s) – v(s)
∣∣ + m(s)

∣∣Tv(s) – Tv(s)
∣∣

+ m(s)
∣∣Sv(s) – Sv(s)

∣∣)ds

≤ ‖v – v‖
�(α)

(n – )
n –  – μ

∫ 


( – s)α–(m(s) + k∗m(s) + h∗m(s)

)
ds

+
‖v – v‖
α�(α)

μ(n – )
n –  – μ

∫ 


( – s)α

(
m(s) + k∗m(s) + h∗m(s)

)
ds

≤ ‖v – v‖
�(α)

(∫ t


(t – s)

α–
–α ds

)–α(∫ t



(
m(s) + k∗m(s) + h∗m(s)

) 
α ds

)α

+
‖v – v‖(n – )
�(α)(n –  – μ)

(∫ 


( – s)

α–
–α ds

)–α

·
(∫ 



(
m(s) + k∗m(s) + h∗m(s)

) 
α ds

)α

+
‖v – v‖μ(n – )
α�(α)(n –  – μ)

(∫ 


( – s)

α
–α ds

)–α

·
(∫ 



(
m(s) + k∗m(s) + h∗m(s)

) 
α ds

)α

≤
(

(n – )
�(α)(n –  – μ)

�

( α–α
–α

)–α
+

μ(n – )
α�(α)(n –  – μ)

�

( α–α+
–α

)–α

)
‖v – v‖.

Therefore, we get

‖Bv – Bv‖ ≤ �∗‖v – v‖.

It follows from (H) that B is a contraction mapping for �∗ < .
The continuity of f implies that A is continuous. Also, A is uniformly bounded on BR,

since for any u ∈ BR, by (H), we have

‖Au‖ ≤
∫ t



(t – s)α–

�(α)
∣∣f (s, u(s), Tu(s), Su(s)

)∣∣ds ≤
∫ t



(t – s)α–

�(α)
h(s) ds

≤ 
�(α)

(∫ t


(t – s)

α–
–α ds

)–α(∫ t



(
h(s)

) 
α ds

)α

≤
‖h‖

L


α

�(α)( α–α
–α

)–α
.

On the other hand, for any u ∈ BR, t, t ∈ J , without loss of generality, we may assume
t < t, for any ε > , choose δ = 

 ( ε�(α)
�

) 
α , � = sup{f (t, u, v, w) : (t, u, v, w) ∈ J ×BR ×Bk∗R ×

Bh∗R}, Bk∗R = {v ∈ C(J ,R+) : ‖v‖ ≤ k∗R}, Bh∗R = {w ∈ C(J ,R+) : ‖w‖ ≤ h∗R}, such that, for
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 < t – t < δ, we have

∣∣Au(t) – Au(t)
∣∣

≤
∣∣∣∣
∫ t



(t – s)α–

�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds –

∫ t



(t – s)α–

�(α)
f
(
s, u(s), Tu(s), Su(s)

)
ds

∣∣∣∣

≤ �

�(α)

∣∣∣∣
∫ t



(
(t – s)α– – (t – s)α–)ds +

∫ t

t

(t – s)α– ds
∣∣∣∣

=
�

α�(α)
∣∣tα

 – tα

∣∣.

Since  < t – t < δ, we have the following two cases:
Case . δ ≤ t < t ≤ .

∣∣Au(t) – Au(t)
∣∣ ≤ �

α�(α)
∣∣tα

 – tα

∣∣ ≤ �

α�(α)
αδα–(t – t) ≤ �

�(α)
δα < ε.

Case .  ≤ t < δ, t ≤ δ ≤ .

∣∣Au(t) – Au(t)
∣∣ ≤ �

α�(α)
∣∣tα

 – tα

∣∣ ≤ �

α�(α)
tα
 ≤ �

α�(α)
(δ)α < ε.

Therefore, A is equicontinuous, by the Arzela-Ascoli theorem, we know that A is compact
on BR, so the operator A is completely continuous. Thus, all the assumptions of Lemma .
are satisfied, by Lemma ., FBVP (.) has at least one positive solution on J . �

4 Example
Now we consider the existence and uniqueness of positive solutions for the fractional dif-
ferential system:

{
cDαu(t) + f (t, u(t), Tu(t), Su(t)) = ,  < t < ,
u() = , u′() = , u()() = , u() = sin 

–cos 
∫ 

 u(s) ds,
(.)

where  < α < ,  < μ = sin 
–cos  < . Let k >  be a constant, choose

f (t, u, v, w) =
e–t

 + k
|u|

 + |u| +
∫ t



e–(s–t)

 + k
|v|

 + |v| ds + +
∫ 



e–t(s + )
( + k)

|w|
 + |w| ds.

So

K(t, s) =
e–(s–t)

 + k
, H(t, s) =

e–t(s + )
( + k)

,

k∗ = sup
t∈J

∫ t


K(t, s) ds =

e – 
( + k)

, h∗ = sup
t∈J

∫ 


H(t, s) ds =


( + k)

,

∣∣f (t, u, v, w) – f (t, u, v, w)
∣∣

≤ e–t

 + k
|u – u| +

e–kt

 + k
|v – v| +

e–t

( + k)
|w – w|, t ∈ J , u, v, w, u, v, w ∈R+,

∣∣f (t, u, v, w)
∣∣ ≤ e–t + e–kt

 + k
+

e–t

( + k)
, t ∈ J , u, v, w ∈R+.
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For t ∈ J , α ∈ (,α – ), α ∈ (,α – ), set m(t) = e–t

+k , m(t) = e–kt

+k , m(t) = e–t

(+k) ∈
L


α (J ,R+), h(t) = e–t+e–kt

+k + e–t

(+k) ∈ L


α (J ,R+), � = ‖ e–t

+k + e–kt (e–)
(+k) + e–t

(+k) ‖
L


α

. Choos-
ing some k >  large enough and suitable α ∈ (,α – ), α ∈ (,α – ), we can arrive at the
inequality (.). Therefore, by Theorem ., we see that FBVP (.) has a unique solution
on J .

5 Conclusions
In this work, we establish the conditions of uniqueness and existence results of positive so-
lutions for a class of fractional integro-differential equations involving the Caputo deriva-
tive of order α (n– < α ≤ n, n ≥ ), the explicit cases, including measurable or continuous
nonlinear term f , are discussed by adopting new assumption conditions. Our results (The-
orems . and .) are based on the Banach contraction principle and the Krasnoselskii
fixed point theorem. In particular, an example is given to show the effectiveness of the
obtained results. Moreover, the sufficient conditions we obtained are very simple, which
provides flexibility for the application and analysis of a nonlinear fractional differential
equation.
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